
Di�forec idiìthtec akolouji¸n

Id. 1 : a > 0, n
√
a −→

n→∞
1

Id. 2 : n
√
n −→

n→∞
1

Id. 3 : xn > 0, xn −→
n→∞

x  k
√
xn −→

n→∞
k
√
x

Id. 4 : P (n) = a0n
p + a1n

p−1 + · · ·+ ap−1n+ ap,
Q(n) = b0n

q + b1n
q−1 + · · ·+ aq−1n+ aq

An p = q tìte
P (n)
Q(n)

−→
n→∞

a0

b0

An p < q tìte
P (n)
Q(n)

−→
n→∞

0



UPAKOLOUJIES

Orismìc

Mia epilog  {yk}k∈N = {xnk}k∈N apì �peirouc ìrouc thc

akoloujÐac, me n1 < n2 < n3 < · · · onom�zetai upakoloujÐa thc
{xn}n∈N

(
x1, x2, x3, x4, x5, x6, x7, x8, x9, . . .

)

↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓(
6x1 x2, x3, 6x4 6x5 x6, x7, 6x8 x9, . . .

)

↓ ↓ ↓ ↓ ↓(
xn1 , xn2 , xn3 , xn4 , xn5 , . . .

)

↓ ↓ ↓ ↓ ↓(
y1, y2, y3, y4, y5, . . .

)

ShmeÐwsh gia touc deÐktec: k ≤ nk



Upak.1:

xn sugklÐnei
sto x

⇔
k�je upakoloujÐa

yk = xnk
sugklÐnei sto x

Par�deigma: { n√n→ 1}  
{
n2√
n2 → 1

}

Je¸rhma Bolzano Weierstrass

K�je (�nw kai k�tw) fragmèno apeirosÔnolo A èqei toul�qiston èna
shmeÐo suss¸reushc

Upak. 2:

K�je (�nw kai k�tw) fragmènh akoloujÐa èqei toul�qiston mia
sugklÐnousa upakoloujÐa



UPAKOLOUJIES

Orismìc

Mia epilog  {yk}k∈N = {xnk}k∈N apì �peirouc ìrouc thc

akoloujÐac, me n1 < n2 < n3 < · · · onom�zetai upakoloujÐa thc
{xn}n∈N

(
x1, x2, x3, x4, x5, x6, x7, x8, x9, . . .

)

↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓(
6x1 x2, x3, 6x4 6x5 x6, x7, 6x8 x9, . . .

)

↓ ↓ ↓ ↓ ↓(
xn1 , xn2 , xn3 , xn4 , xn5 , . . .

)

↓ ↓ ↓ ↓ ↓(
y1, y2, y3, y4, y5, . . .

)

ShmeÐwsh gia touc deÐktec: k ≤ nk

∀ k ∈ N ∃m ∈ N : {k ≤ m} ∧ {nk ≤ m}
∀m ∈ N ∃ k ∈ N : {m ≤ nk}

k ≥ m ⇒ nk ≥ m



Upak.1:

xn sugklÐnei
sto x

⇔
k�je upakoloujÐa

yk = xnk
sugklÐnei sto x

Par�deigma: { n√n→ 1}  
{
n2√
n2 → 1

}

� Apìd: {
xn −→

n→∞
x
}
⇔
{

∀ ε > 0, ∃N(ε) > 0 :
k > N(ε)  |xk − x| < ε

}

Epeid  nk ≥ k > N(ε) tìte |xnk − x| < ε

⇒
{

∀ ε > 0, ∃N(ε) > 0 :
nk > N(ε)  |xnk − x| < ε

}
⇒

�



Je¸rhma
Bolzano
Weierstrass

K�je (�nw kai k�tw) fragmèno apeirosÔnolo A èqei
toul�qiston èna shmeÐo suss¸reushc

⇓
Up. 2 K�je (�nw kai k�tw) fragmènh akoloujÐa è-

qei toul�qiston mia sugklÐnousa upakolou-
jÐa

� Apìd:
I An h akoloujÐa èqei mia apeirÐa apì stajeroÔc ìrouc tìte dialègoume thn
upakoloujÐa apì touc stajeroÔc ìrouc kai eÐnai suklÐnousa
I an h akoloujÐa èqei �peirouc mh Ðsouc ìrouc tìte èqoume èna fragmèno
apeirosÔnolo ⇒ up�rqei èna shmeÐo suss¸reushc x ⇒

∃n ∈ N, ∃xkn : x− 1

n
< xkn < x+

1

n

Ara xkn −→
n→∞

x. �




