
TÔpoc TAYLOR

f : [a, b] → R
f (n−1)(x) suneq c ∀x ∈ [a, b]

∃ f (n)(x) ∀x ∈ (a, b)

⇓
∃ ξ metaxÔ x kai x0

f(x) =
n−1∑

k=0

(x− x0)k

k!
f (k)(x0) + Rn(x)

Rn(x) =
(x− ξ)n−p (x− x0)p

p(n− 1)!
f (n)(ξ)

upìloipo Sclömlich-Roche

p = 1 upìloipo Cauchy

Rn(x) =
(x− ξ)n−1 (x− x0)

(n− 1)!
f (n)(ξ)

p = n upìloipo Lagrange

Rn(x) = (x−x0)n

n! f (n)(ξ)



Apìdeixh.

JewroÔme ìti x < x0 (an x > x0 h apìdeixh eÐnai h Ðdia)

x ≤ t ≤ x0

φ(t)
or.≡ f(t) +

x− t
1!

f ′(t)+

+
(x− t)2

2!
f ′′(t) +

(x− t)3

3!
f (3)(t)+

+ · · ·+ (x− t)n−1

(n− 1)!
f (n−1)(t) +A (x− t)p =

=

n−1∑

k=0

(x− t)k
k!

f (k)(t) +A (x− t)p

To A eÐnai dialegmèno ètsi ¸ste φ(x) = φ(x0). Eqoume:

φ(x0) =f(x0) +
x− x0

1!
f ′(x0)+

+
(x− x0)2

2!
f ′′(x0) +

(x− t)3

3!
f (3)(x0)+

+ · · ·+ (x− t)n−1

(n− 1)!
f (n−1)(x0) +A (x− x0)p =

=

n−1∑

k=0

(x− x0)k

k!
f (k)(x0) +A (x− x0)p

φ(x) =f(x)

H sun�rthsh φ(t) eÐnai suneq c gia t ∈ [x, x0] kai up�rqei φ′(t) gia
t ∈ (x, x0) kai φ(x) = φ(x0) �ra apì je¸rhma Rolle up�rqei
ξ ∈ (x, x0) tètoio ¸ste φ′(ξ) = 0.

φ′(t) =

n−1∑

k=0

(
(x− t)k
k!

f (k+1)(t)− k (x− t)k−1

k!
f (k)(t)

)
−

−pA (x− t)p−1 =

=f ′(t) +

(
(x− t)

1!
f (2)(t)− f ′(t)

)
+

+

(
(x− t)2

2!
f (3)(t)− (x− t)

1!
f (2)(t)

)
+

+

(
(x− t)3

3!
f (4)(t)− (x− t)2

2!
f (3)(t)

)
+

+ · · · · · ·+

+

(
(x− t)n−1

(n− 1)!
f (n)(t)− (x− t)n−2

(n− 2)!
f (n−1)(t)

)
+

−pA (x− t)p−1 =

=
(x− t)n−1

(n− 1)!
f (n)(t)− pA (x− t)p−1

φ′(ξ) = 0  A =
(x− ξ)n−p
p(n− 1)!

f (n)(ξ)

To upìloipo Sclömlich-Roche dÐnetai apì ton tÔpo

Rn(x) = A (x− x0)p



An�ptugma Taylor

An h sun�rthsh f(x) èqei fragmènh par�gwgo k�je t�xhc ,

∀n ∈ N f (n)(x) gia x ∈ (a, b) kai
∣∣f (n)(x)

∣∣ < M ⇒

x, x0 ∈ (a, b)  f(x) =
∞∑
k=0

(x− x0)k

k!
f (k)(x0)

An�ptugma Maclaurin

An�ptugma Maclaurin ≡ An�ptugma Taylor gia x0 = 0

f(x) =
∞∑
k=0

xk

k!
f (k)(0)



exp x = ex =
∞∑

n=0

xn

n!
|x| <∞
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sin x

sin x =
∞∑

n=0

(−1)n
x2n+1

(2n+ 1)!
=
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SEIRES MACLAURIN

1

1− x =

∞∑

n=0

xn |x| < 1

ln (1− x) = −
∞∑

n=1

xn

n
|x| < 1

exp x = ex =
∞∑

n=0

xn

n!
|x| <∞

cosh x ≡ ex + e−x

2
=

∞∑

n=0

x2n

(2n)!

sinh x ≡ ex − e−x

2
=

∞∑

n=0

x2n+1

(2n+ 1)!

cos x =
∞∑

n=0

(−1)n
x2n

(2n)!
=

eix + e−ix

2

sin x =

∞∑

n=0

(−1)n
x2n+1

(2n+ 1)!
=

eix − e−ix

2i



An�ptugma Taylor

An h sun�rthsh f(x) èqei fragmènh par�gwgo k�je t�xhc ,

∀n ∈ N f (n)(x) gia x ∈ (a, b) kai
∣∣f (n)(x)

∣∣ < M ⇒

x, x0 ∈ (a, b)  f(x) =
∞∑
k=0

(x− x0)k

k!
f (k)(x0)

� Apìd: QrhsimopoioÔme to upìloipo Lagrange, opìte èqoume:

Rn(x) =
(x− ξ)n

n!
f (n)(ξ) =

=f(x)−
n−1∑

k=0

(x− x0)k

k!
f (k)(x0)

|Rn(x)| ≤M |x− ξ|
n

n!

an =
|x− ξ|n
n!

 an+1

an
=
|x− ξ|
n+ 1

−→
n→∞

0

Epomènwc an −→
n→∞

0  Rn(x) −→
n→∞

0  

f(x) =
∞∑

k=0

(x− x0)k

k!

�



DUNAMOSEIRES

Or. Dunamoseir�:
∞∑

n=1

an (x− x0)n

AktÐna sÔgklishc

R = sup{|x− x0| :
∞∑

n=1

an (x− x0)n sugklÐnei}

∀x : |x− x0| < R  
∞∑

n=1

an (x− x0)n sugklÐnei

ShmeÐwsh Sun jwc (OQI PANTA!!!) h aktÐna sÔgklishc R brÐsketai
efarmìzontac
I eÐte to krit rio tou lìgou

lim
n→∞

∣∣∣∣
an+1

an

∣∣∣∣ |x− x0| < 1  |x− x0| < R = lim
n→∞

∣∣∣∣
an
an+1

∣∣∣∣

I eÐte to krit rio thc rÐzac

lim
n→∞

n
√
|an| |x− x0| < 1  |x− x0| < R =

1

lim
n→∞

n
√
|an|

∞∑
n=0

xn =
1

1− x , R = 1 kai
∞∑
n=0

xn

n!
= ex, R =∞



Pr:

An h sun�rthsh f(x) èqei

fragmènh par�gwgo k�je t�xhc

f (n)(x) gia x ∈ (a, b) kai
∣∣f (n)(x)

∣∣ < M ⇒

x, x0 ∈ (a, b)  f(x) =

∞∑

k=0

(x− x0)k

k!
f (k)(x0)

� Apìd: QrhsimopoioÔme to upìloipo Lagrange, opìte èqoume:

Rn(x) =
(x− ξ)n

n!
f (n)(ξ) =

=f(x)−
n−1∑

k=0

(x− x0)k

k!
f (k)(x0)

|Rn(x)| ≤M |x− ξ|
n

n!

an =
|x− ξ|n
n!

 an+1

an
=
|x− ξ|
n+ 1

−→
n→∞

0

Epomènwc an −→
n→∞

0  Rn(x) −→
n→∞

0  

f(x) =
∞∑

k=0

(x− x0)k

k!

�



x0 Topikì Akrìtato
(Local Extremum)
∃ δ : |x− x0| < δ  

f(x)− f(x0) èqei stajerì prìshmo
↙ ↘

Topikì Mègisto
(Local Maximum)

Topikì El�qisto
(Local Minimum)

∃ δ : |x− x0| < δ ⇒ f(x) ≤ f(x0)
∃ δ : |x− x0| < δ

⇓
f(x) ≥ f(x0)

JEWRHMA FERMAT

B f(x) suneq c gÔrw apì to x0

B Up�rqei to f ′(x0)
B To x0 eÐnai topikì akrìtato

⇒ f ′(x0) = 0



JEWRHMA FERMAT, apìdeixh

B f(x) suneq c gÔrw apì to x0

B Up�rqei to f ′(x0)
B To x0 eÐnai topikì akrìtato

⇒ f ′(x0) = 0

Apìdeixh.

∃ f ′(x0) ⇔ g(x, x0) =
f(x)− f(x0)

x− x0
−→
x→x0

f ′(x0)

{
An f ′(x0) > 0

}
⇒ ε =

f ′(x0)

2
∃ δ :

x0 − δ < x < x0 + δ  0 <
f ′(x0)

2
< g(x, x0)

0 < g(x, x0) =
f(x)− f(x0)

x− x0
x < x0



  f(x)− f(x0) < 0

0 < g(x, x0) =
f(x)− f(x0)

x− x0
x > x0



  f(x)− f(x0) > 0

To f(x0) den eÐnai akrìtato .

To Ðdio sumbaÐnei an f ′(x0) <). Ara f ′(x0) = 0. �



f ′(0) = 0 all� to x0 = 0 den eÐnai extremum
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f ′(x0) den orÐzetai, up�rqei extremum
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x0 krÐsimo shmeÐo (critical point)
m

f ′(x0) = 0   f ′(x0) den up�rqei

x0 topikì mègisto
⇓

x0 krÐsimo shmeÐo

⇒ SOS Ta krÐsima shmeÐa den einai p�nta topik� akrìtata
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PROTASH

f(x) suneq c sto [a, b]
∀x ∈ (a, x0)

⋃
(x0, b)  ∃ f ′(x)

∃ δ > 0 : x ∈ (x0 − δ, x0)  f ′(x) ≥ 0

x ∈ (x0, x0 + δ)  f ′(x) ≤ 0

⇓
To x0 eÐnai topikì mègisto

PROTASH <<niost c parag¸gou>>

f(x) suneq c sun�rthsh orismènh sto [a, b]
x ∈ [a, b]  ∃ fn−1(x) kai eÐnai suneq c
x ∈ (a, b)  ∃ fn(x)
f ′(x0) = f ′′(x0) = · · · = f (n−1)(x0) = 0 kai f (n)(x0) 6= 0 f (n)(x)
suneq c gÔrw apì to x0

⇓
An n �rtioc to x0 eÐnai topikì mègisto

An f (n)(x0) > 0 topikì el�qisto
An f (n)(x0) < 0 topikì mègisto



PROTASH <<niost c parag¸gou>>

f(x) suneq c sun�rthsh orismènh sto [a, b]
x ∈ [a, b]  ∃ fn−1(x) kai eÐnai suneq c
x ∈ (a, b)  ∃ fn(x)
f ′(x0) = f ′′(x0) = · · · = f (n−1)(x0) = 0 kai f (n)(x0) 6= 0 f (n)(x)
suneq c gÔrw apì to x0

⇓
An n �rtioc to x0 eÐnai topikì mègisto

An f (n)(x0) > 0 topikì el�qisto
An f (n)(x0) < 0 topikì mègisto

Apìdeixh.

� Apìd: Me tic proupojèseic isqÔei to an�ptugma Taylor me upìloipo
Lagrange

f(x) =
n−1∑
k=0

(x− x0)k

k!
f (k)(x0) + Rn(x) =

= f(x0) +
(x− x0)n

n!
f (n)(ξ), ξ ∈ (a, b)

n = 2k. An f (n)(ξ) > 0 tìte f(x)− f(x0) ≥ 0 �ra to x0 topikì
minimum.



Orismìc kurt c sun�rthshc

f(x) kurt  (convex)⇔

a ≤ x < x′ ≤ b 0 ≤ λ ≤ 1  

f
(
λx+ (1− λ)x′

)
≤ λf(x) + (1− λ)f(x′)

x x'λ λ)x+(1- x'

f(x)

λf(x)+(1- f(x')λ)

f(x')

f(λ λ)x+(1- x')



Pr:

f(x) kurt  ⇔

x1 <x2 < x3  
f(x2)− f(x1)

x2 − x1
≤ f(x3)− f(x1)

x3 − x1
≤

≤f(x3)− f(x2)

x3 − x2

x1

f(x1)

f(x )< f(x )+(1- f(x )2 1 3λ λ)

f(x )3

x = x +(1- x2 1 3λ λ) x3

f(x )2



Pr:

f(x) kurt  ⇔ g(x) =
f(x)− f(x0)

x− x0
eÐnai aÔxousa sun�rthsh.

x0 x'x=λ λ)x +(1- x'0

f(x )0

f(x)<λf(x )+(1- f(x')0 λ)

f(x')

f(x)

Pr:

f(x) kurt  ⇒ f ′−(x) ≤ f ′+(x)

Pr:

f(x) kurt  ⇔ f ′(x) aÔxousa ⇔ f ′′(x) ≥ 0



Pr:

f(x) kurt  ⇔

x1 <x2 < x3  
f(x2)− f(x1)

x2 − x1
≤ f(x3)− f(x1)

x3 − x1
≤

≤f(x3)− f(x2)

x3 − x2

x1

f(x )1

f(x )< f(x )+(1- f(x )2 1 3λ λ)

f(x )3

x = x +(1- x2 1 3λ λ)

x3

f(x )2

f(x) kurt  ⇔ f ′(x) aÔxousa ⇔ f ′′(x) ≥ 0



f(x) kurt  ⇒

f

(
x1 + x2 + · · ·+ xn

n

)
≤

≤ f(x1) + f(x2) + · · ·+ f(xn)

n

f(x) kurt  ak > 0⇒

f

(
a1x1 + a2x2 + · · ·+ anxn

a1 + a2 + · · ·+ an

)
≤

≤ a1f(x1) + a2f(x2) + · · ·+ anf(xn)

a1 + a2 + · · ·+ an

f(x) = ex  f ′′(x) > 0 ⇒ f(x) kurt 

ak > 0⇒

n
n∑
k=1

1

ak

≤ n

√√√√
n∏

k=1

ak ≤

n∑
k=1

ak

n



ShmeÐo kamp c
(turning point)

⇔ f ′′(x0 − h) · f ′′(x0 + h) < 0

x0

f''(x) < 0
κοίλη

f''(x) > 0
κυρτή

x0 shmeÐo kamp c
∃ f ′′(x0)

⇒ f ′′(x0) = 0

(Shm. to antÐstrofo den isqÔei)



Pr:

f (n)(x) suneq c sto (a, b)

f ′′(x0) = f (3)(x0) = · · · =
· · · = f (n−1)(x0) = 0

f (n)(x0) 6= 0
n perittìc

⇒
x0

shmeÐo
kamp c


