
LOGISMOS I, Tmhma b+g, Qeim. exam. 2011

Ask seic, Fulladio 7

1. Deixete oti h sunarthsh f : (0, 1] → R, me f(x) = sin( 1x) den einai omoiomorfa suneqhc.

2. Exetasete an oi sunarthseic einai paragwgisimec sto shmeio a = 0.

f(x) =

{
x2 sin( 1x), x ̸= 0

0, x = 0,
g(x) =

{
sin(x)

x , x ̸= 0

1, x = 0,
h(x) = x|x|.

3. Estw f : R → R paragwgisimh me f ′(x) = f(x) gia kaje x ∈ R. Deixete oti uparqei c ∈ R wste f(x) = cex

gia kaje x ∈ R.

4. An f : [a, b] → R einai paragwgisimh sto c ∈ (a, b) deixete oti limh→0
f(c+h)−f(c−h)

2h = f ′(c).

5. Breite th megisth timh thc sunarthshc f(x) = xn(1− x)m sto diathma [0, 1], opou n,m ∈ N kai n,m ≥ 2.

6. Estw f : [a, b] → R suneqhc sto [a, b] kai paragwgisimh sto (a, b), me f(a) = f(b). Deixete oti uparqoun
x1, x2 ∈ (a, b) me x1 ̸= x2 wste f ′(x1) + f ′(x2) = 0.

7. Estw f : (0,∞) → R paragwgisimh me limx→∞ f ′(x) = 0. Deixete oti limx→∞(f(x+ 1)− f(x)) = 0.

8. Estw f : (0,∞) → R paragwgisimh sunarthsh gia thn opoia isquei f ′(x) = 1
x gia kaje x ∈ (0,∞) kai

f(1) = 0. Deixete oti f(xy) = f(x) + f(y) gia kaje x, y ∈ (0,∞).

9. An f : [0,∞) → R einai suneqhc kai to orio limx→∞ f(x) uparqei kai einai peperasmeno, deixete oti h f
einai fragmenh sto [0,∞).

10. An f : (a, b) → R einai suneqhc kai x1, x2, · · · , xn ∈ (a, b) deixete oti uparqei x0 ∈ (a, b) wste f(x0) =
1
n(f(x1) + f(x2) + · · ·+ f(xn)).

11. Deixete oti h sunarthsh f(x) = [x] sin2(πx) einai paragwgisimh se kaje x ∈ R kai f ′(x) = π[x] sin(2πx).

12. Estw f : (0,∞) → R paragwgisimh sunarthsh me f(1) = 0, gia thn paragwgo thc opoiac isquei |f ′(x)| ≤
2x gia kaje x > 1. Deixete oti |f(x)| < 2x2 gia kaje x > 1.

13. Deixete oti h sunarthsh f(x) =

{
1

2 sin(x
2
) −

1
x , 0 < x ≤ π,

0, x = 0,
einai paragwgisimh se kaje x ∈ [0, π].

14. DÐnetai h sun�rthsh f(x) = xex, x > 0 kai f−1 h antistrofh sunarthsh. Na apodeiqjeÐ ìti

d f−1(z)

d z
=

f−1(z)

z (1 + f−1(z))
, gi� z > 0

15. An f : [a, b] → R einai suneqhc kai f ′(x) = 0 gia kaje x ∈ (a, b) tìte h f eÐnai stajer . Efarmog :

(a) arctan x+ arccotx =
π

2
, (b) arcsin

x− 1

x+ 1
= 2 arctan

√
x− π

2
, (c) 2 arcsinx = arccos(1−2x2) gia x ≥ 0.

16. DÐnetai mÐa kampÔlh sto epÐpedo (x, y) upì parametrik  morf  x = sinh t y = cosh t. Na upologisjoÔn oi

par�gwgoi
dy

dx
kai

d2y

dx2
san sunart seic tou t.

17∗ (a) Deixete oti h sunarthsh f(x) =

{
e−

1
x , x > 0,

0, x ≤ 0,
einai apeirec forec paragwgisimh sto a = 0.

(b) Deixete oti h sunarthsh g(x) =

{
e−

1
x
+ 1

x−1 , x ∈ (0, 1),

0, x ∈ (−∞, 0] ∪ [1,∞),
einai apeirec forec paragwgisimh

se kaje x ∈ R.
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