
LOGISMOS I, Tmhma b+g, Qeim. exam. 2011

Ask seic, Fulladio 6

1. Deixete oti h sunarthsh f(x) =

{
x2, an x arrhtoc

1, an x rhtoc,
einai suneqhc sta shmeia −1, 1 kai se kanena

allo shmeio.

2. Se kaje ena apo ta epomena breite to orio,   deixete oti den uparqei

(a) lim
x→0

√
x sin(

1

x
), (b) lim

x→0
sin

(
1

x

)
, (c) lim

x→0
x

[
1

x

]
.

3. Deixete oti an f : [0, 1] → [0, 1] einai suneqhc sunarthsh tote uparqei ξ ∈ [0, 1] me f(ξ) = ξ.

4. Melethsete thn sumperifora twn sunarthsewn konta sto shmeio x0 = 0.

f(x) =

{
x2 sin( 1x), x ̸= 0

0, x = 0.
g(x) =

{
1
x sin(

1
x), x ̸= 0

0, x = 0.

5. Estw f : R → R sunarthsh pou ikanopoiei thn sunarthsiakh exiswsh Cauchy:

f(x+ y) = f(x) + f(y), gia kaje x, y ∈ R.
Deixete oti:
(a) f(0) = 0 kai f(−x) = −f(x) gia kaje x ∈ R.
(b) Uparqei c ∈ R wste f( 1n) =

c
n gia kaje n ∈ N.

(g) f(r) = cr gia kaje r ∈ Q.
(d) An h f einai epipleon suneqhc tote f(x) = cx gia kaje x ∈ R.

6. An a, b einai jetikoi arijmoi breite ta oria limx→0+(
x
a [

b
x ]) kai limx→0+(

b
x [

x
a ])

7. Breite se poia shmeia einai suneqhc h sunarthsh f(x) =

{
0, an x arrhtoc,

| cos(x)|, an x rhtoc.

8. Dwsete paradeigma sunarthshc f : R → R pou den einai suneqhc se kanena shmeio, alla h |f | einai
suneqhc pantou.

9. Estw f : [0,∞) → R sunarthsh me thn idiothta: Gia kaje a > 0, lim
n→∞

f(a+ n) = 0. Epetai tote oti

lim
x→∞

f(x) = 0 ? (upod.: jewrhsete thn f(x) = 1 an x = n
√
2, n ∈ N, kai f(x) = 0 gia x ̸= n

√
2).

10. Estw f : [0,∞) → R sunarthsh me thn idiothta: Gia kaje a > 0, lim
n→∞

f(an) = 0. Epetai tote oti

limx→∞ f(x) = 0 ? (upod.: jewrhsete thn f(x) = 1 an x = n n
√
2, n ∈ N, kai f(x) = 0 gia x ̸= n n

√
2).

11. Estw f : [0, 1] → R mia suneq c sun�rthsh kai f(0) = f(1). ApodeÐxte ìti up�rqei ξ ∈
[
0,

1

2

]
tètoio

¸ste f(ξ) = f(ξ + 1
2).

12. ApodeÐxte ìti to polu¸numo P (x) = x4 + 7x3 − 9 èqei toul�qiston dÔo pragmatikèc rÐzec.

13. DeÐxete ìti

(i) lim
x→1

xn − 1

x− 1
= n, (ii) lim

x→1

xn − 1

xm − 1
=

n

m
14. DeÐxete ìti

lim
x→ξ

max
{
f(x), g(x)

}
= max

{
lim
x→ξ

f(x) , lim
x→ξ

g(x)
}

lim
x→ξ

min
{
f(x), g(x)

}
= min

{
lim
x→ξ

f(x) , lim
x→ξ

g(x)
}

15. Estw f(x) mia suneq c sun�rthsh sto [a, b], pou èqei thn idiìthta

∀x ∈ [a, b] ∃ y ∈ [a, b] wste |f(y)| ≤ 1

2
|f(x)| .

DeÐxete ìti ∃ ξ ∈ [a, b] wste f(ξ) = 0.
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