ON GRADIENT MICRO/NANOMECHANICS

B Grain Configuration at the Nanoscale

Traditional Polycrystals ...... 10 — 100 um Nanopolycrystals................ 5-100 nm

Grain d
1-50 nm

Grain size (d) of the same order as dislocation core (1)
10 nm grain size: 30% of atoms in the boundary

Nano | Traditional Materials
Yield -1/2
o=kd
Strength
N Amorphous

Grain Size
Plasticity Mechanisms ? Inverse Hall-Petch Relation ?



B Improved/Engineered Properties: Examples

Property Material Bulk  Nano
Density (g/cc) Fe 7.5 6
Modulus (GPa) Pd 123 88
Fracture Stress (GPa) Fe 0.7 8
E, for Self-diffusion (eV) Cu 2.0 0.64

B In-situ TEM Strain Tests/MTU Early Observations

200 nm

Al 0
Al

Schematics & nm Au on Al: Nanovoid Coalescense



Nanovoid Nucleation

25 nm Au on C: Periodic Crack profiles and bifurcation



e Grain Rotation / Dislocation Emergence

1 .
P2 -~ e oy

Elementary Rosette Analysis

Triangle angles (deg) Triangle lengths (nm)

Step o B Y a b c
Start 89 36 55 22.2 27.7 16.4
1 91 35 54 22.6 279 17.4
2 96 36 48 234 31.2 18.9
3 102 33 45 21.7 32.0 18.0

0.05 -0.11 0]
Strain Tensor ~ &=|-0.11  0.16 0| & =20%

10 nm Au: 6-15 degrees
relative grain rotation

100 nm Au film . ~12 nm Ni nanopolycrystals



B Initial Simple-minded Models

e Continuum Two-Phase Model

“Bulk” Phase, Hall — Pel;cch relation - Volume Fraction
S = = //X d3
S /// GG:O-O + — __ -
a # Jd (d+5)
— | <— “Boundary” Phase, Constant .
strength related to - Rule of Mixtures
amorphous material or grain o= fo,+(1—- f)o,
boundary sliding (o)

3.0,0 . ey ] T |

*Continuum Model predicts behavior of
NanoCrystalline Materials

o *Continuum Model can sort out
2 Conper conflicting Materials Science data
= PP
o]
= Model = *Continuum elasticity Model has
o Chokshictal. | | also been developed, which shows
050 t£ 100 nm 10 nm - ) . .
+ * g Fougereetal || the importance of gradients in
. | N I . | . LT /
000 > v - T elasticity of nanophase materials

-12 -1/2
d “(nm ) 5



o Improved Hall-Petch Relation
H=Ho(1=)+Hay | = H=|(d=0) [ [Ho+|d~(d-0) | [Hey

n(‘gd/ro)j
In(3d./r,)

HG:HOG+kGd_1/29 HGB:HOGB+kGBd_1/29 kep = (

(d-6) d3—(d—5) (9 d/r,)

H=H,;+kg T+ 3
d d 9 d./n)
§ T i 14 10
o P ' [ & NbSa
7 ; ] i Q- | NiP
o] :’: l 2 8_— 8 * ; ::;n
~— 6 1 -~ - -0r # il
§ ¢ M EE 10 & 2L X PSS
5 - - 4
e _J E 3 E& — "_'
E 4 - % - % bl n
1 6 g4k J
£ : wN £ £ _
= b - -
5 3 - 34 33 ]
> I f { T,L -
1 1 i __—,4—--_\‘G -+' [l" DM _-:I
| L ) g 1 | S gl T . D|> m P 1
0.0 0.1 M]J‘E 0.3 04 0.5 00 0! 02 U,i'ﬂ 04 (])J% 06 07 08 0.0 005 Q.1 Q15 0 025 01 035 04 045 00 01 02 DJ 04 |]5 06 07 08
d (nm'w) d” (nm™) d™ (nm™% d"? (nm ™

(a) (b) (c) (d

(a) & (b): nanocrystalline metals; (c) & (d): intermetallics ;



B Activation Volume (v)

o J3 KT Olne
oo
Rule of Mixtures

Activation Volume

f=(d-6)/d>

g

50

40

30

0

0l =10006°, v, =300, S=2nm, k,=03nm/b’

20 0 60 80 100 120 140
Grain Size (nm)

1 1 1
PRttt

gb

(l/ug) = (1/U§)+ kga’_ll/2

100 |

10+

1

1
® ni-w
Ni-Co®

10 100
Grain Size (nm)

1
1000

7



B Pressure — Sensitivity Parameter (o)

J7+ap—K:O

Mohr-Coulomb Yield Condition used for the prediction of shear
band Angle in Fe-10%Cu Nanopolycrystals

o Rule of Mixtures o= fa, +(1 —f)a

- [(d-o) [’ (as+kgd-”2>+{1—[<d—5)3/613}}%

025

030 . : .
i 1 . Ni-W

s 025 - ] +— Sm f ted Mi**

c 02 ] =

k3 ] @ %

O [ ™ ] O

&= 020 » R &=

HG_J [ \. ] HG_J .ﬁl‘l‘l |'I

Q Lo ] O 015 ¢ ppho

O ,isf* o 1 O

o S ] 0 ]

_O 0.10 [ — b _O 01k

> * ] S

(@) [ - ] (@)

O L 1 O

& 005 . < 0.05 -

< ] <

[e) j 1 [e)

= 000 ‘ =
0 50 100 150 200 ola . i . :

1 1EID|.'J

Grain Size (nm) Grain S|ze (nm)

a,=0.02, a,=0.16, 5=2nm, k, = O.7x/nm 8



I. NANODIFFUSION

[Gradient Diffusion at the Nanoscale]

m Double Diffusivity / Diffusion in Nanopolycrystals

0P,
ot
i PPV > P e s =12
o Simplest Model

Ta :_ﬂ-apal : fa' :aaja : C :(_I)Q[KIPI_K2IO2]

op
ot
e Solution

Dit
pr=¢ ", (x DO+ = J,g M [ e LA, (x.6) +Ah, (x,6)ldE

-D, th
h,=V*h, ; ( j L) ; AzZJ;zlz(n)
KD,

_ K, — 2
i: — 9 77
D, D D, D D, —

1

+divj, =c, divT, =f,

0
- Dlvzpl (K0 —K,0,) éotz =D Vzpz + (K0, — K,0,)

[(Dt—f)(é D)7



o Uncoupling / Higher-order Diffusion Equation

~ N2 2

op 0O°p » =0 _» 4
L =L =DV p+D—-V’p—EV
ot ot* P ot P P

T:(K]‘I‘Kz)_l > D:T(K1D2+K2D1) s DZT(D1+D2) > E:TD1D2

o= P opvipy p=D,=—"2_p +—"_p,
ot K, + K, K, + K,
=/ D+ (1-f)D,

e Observations / Experiments

- Grain boundary space

.‘-‘ =

10% .
t —O— intercrystal
- . —— grhain boundary
S ! —A— triple junction —
< 10!
§ 10 r I
3 A
0) 3
§ 10} l
‘_o‘ . . .
> A=1nm ' Triple Junction
3 N . .
10 0 Y 0 0 Grain Boundary
Grain Size (nm) 10




- Diffusion Penetration Profiles

Q
S

fer DA
111 rol

Ll

IJO IIS 21(] 25
X6/5 (105 m’s)

Concentration (arb. units)

*® Fe in compacted n — Pd

X [nm]
100 200 300
1 T T

o
104 |-o -
(o]

Ala.u]
=)
|
- =]
s
NN
o
--.{
o L
8
o x
o
|

o} (o]
100 = | 00 -

_*"Cu in Nanocrystalline Cu

.
x? (10* nm?)

Specific activity (arb. units
6 .

O in nano ZrO,

10.3 1 1
0.0 0.5 1.0 1.5

X [um]

11



= Random Walk Model
* Random Walk on Graphs

S S P1 P1
SRS SENINS S S

«— diffusion path #1

52 52 s2 +—_ mass exchange
S1 pz p2 S1 pz S1 5 S1
“——— diffusion path #2
S1 S1 S1 S1 S1

S2 Sp S2 S2 S2

 SELING SLING 4G 3 B4

Graph: Two dimensional infinite grid

pi - diffusion path #1 )
L p2 - diffusion path #2 2p1 -I—2S1 +7 =1
* Probabilities for jumps: fi - remain in position >
2p, +2s,+r, =1
s2 - exchange #2 to #1 2 2 7 "2
si - exchange #1 to #2 )

» Assumptions: Free particle (pi=qi);
Volume of fraction of paths #1 and #2 the same

12



e Discrete Version

#1: fx,y,t+D=p f (x=1,p,0)+p f (x+1,0,0)+5, f (x,y=1,0)+8, f (x, y+1,6)+7 f (x, y,t)}

#2: Xyt D)=p, f (x=1,y.t)+p, f (x+L,y.0)+s.f (x,y=Lt)+s.f (x,y+L,t)+n f(x,p,t)

e Continuous Version

P P _
ot D0, p + - (5,0, = K,0,), ot +Dy,0,.0, + (519 —K,P,)

_ b ) _ 5] _P
DH_Z ’ D12 _/1_ ’ Dzl_/l_ ’ Dzz _Z )

2 2
g

25, 2s, , At , At

K=— , K,=—=, [im 2=21, lim 2=/17 )
At - At Ax—>0 T Ay—0 <
At—0 (Ax) A;;—>O (Ay)
K K

=0=xD,-x,D, =0

D21 D12

* When mass exchange much slower than diffusion 1.e. A>>A — Di=D2=0 1.e.
cross effects negligible
13



Special Case
* M2>>\i; Si=pi, S2=p2

* Discrete equations and continuous version in a similar way

9, 0
§ - Dlaxxlol o (KIIOI - K2p2) ) 8/;2 — Dzaxxpz + (KIIOI — szz)
D, D,
 Extra condition =0=x,D,-x,D,=0
K, K

* Diffusion of C& in polycrystal y-Fe
D, ~4.34x107,D, ~1.36x107" ,x, ~4x107*,x, ~4x10”
= k,D,-x,D, =1 0~ 1'°

* Diffusion of Ca&" in MgO single crystal
D, ~7.64x107",D, 6.65x107 k, 5x107,x, #1.5x107°

— K2D1 — KID2 ~107%



II. NANOELASTICITY

[Gradient Elasticity at the Nanoscale]

m Gradela: Gradient Elasticity for Nanopolycrystals

5 == / “Bulk” Phase

e “Bulk” phase and “boundary” phase
occupy the same material point and d 4
interact via an internal body force Hfggun dary”
Phase

e FEquilibrium
dive, =1, dive,=—1 .....for each phase

dive =0, ©6=0,+0, .... total

e Elasticity for each phase
Assume that each phase obeys Hooke's Law and that the interaction force is
proportional to the difference of the individual displacements
o =Lu, k=12; f=ca(u, —u,)

L, =AG+uV; G=Idiv; V=V+V’

15



Uncoupling —

iV 0+ (A+ p)graddiva —cV7 | 1V u+ (A + p)graddiva | =0

o Gradela

The above implies the following gradient-elasticity relation

6 = A(tre)l + 2 ug —cV’ [i(tra)l -+ 2/18]

L.e.
elasticity of nanopolycrystals depends on higher — order gradients in strain

e Ru-Aifantis Theorem
u—cVu=u,
U ... Gradela Solution

u, ... Classical Elasticity Solution

16



Gradela Dislocation Nanomechanics

_
;| [of]
V APVPEPN N PR 1 NT72Y\ g _ ij
® Uvrdaéeia. u—cV){ }_

& €.

e Screw Dislocation : _ b, {

A (A
gxz-b[ T A IR

r->0 = Kl(r/\/Z)—>£ = (cxz,ayz)—m

- Stress / Strain :

r
: /Jb2 E
- Self —energy : W_= - ln— =0.577; Euler constant
A7 2\Je
r >0 = noneedfor ad hoc dislocation core r,
.
v "‘b




e Dislocation Dipoles [insight to nucleation / annihilation]

1

&

]

Y
WS

v

i 1
A I R
- b 2'1'-!

,,,»* d = 2\/6 - dle\/E ir—/\‘
. 0" I |
R

N &\HA
2 x/e 2 5 x/ANe

d ~ 10+/c.. characteristic distance of “strong” interaction

o Mode III Crack [continuous distribution of dislocations n(x)/

n(x) of -
-10 |
- 0 5
u/«/z 5 X
1.5N sf 2.5 5 7.5 X/\/E

. Barenblatt’s “smooth closure” condition 18



We(eV/A)

o Comparison with MD Simulations (Stilliger — Weber Potential)

b2 R R \/E R 2C 7o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
W = 1 +y+2K, | — [+22K | — |- =
i (e (R |

ot
< 15}
>
°
s
o8r W, calculated by atomistic simulations
0
0 50 ; é .'I3 4:1 é é 7" é SIJ 1‘0 1‘1 1‘2 1‘3 1‘4 15
3
2.5
ot
< 15k
0.5F st 3
' . e Atomistic g
W . calculated by atomistic simulations }Gradela o .
0 core o W, calculated by atomistic simulations
— Elasticity 0
_05 1 1 1 1 1 1 1 1 1 1 1 1 1 1
o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 N
-050 1 2 3 4 5 6 7 AB 9 10 " 12 13 14 15
R(A)

Jo=02-22 A

g
M—033+0 008eV W (b)\f =0.3£0. 008ﬂ

T A b A

19

Invariant Relations:




e Image Force — Inverse Hall Petch Behavior

Gb’| R R ]
- Self - : W = I FrK,| —
elf -energy - {nzx/g+y + O(JEJJ

Gb[1 1 d
— ’ T 1 K
Image Stress. Kl {d 2e l(zﬁﬂ

derived by differentiation and evaluation at R =d/2 (d ... grain diameter)

- stress to move a dislocation situated at the center of a grain of diameter d

0.001 |} ‘\

0.0008 d %

d*~9 nm

6 1‘0 1‘5 2‘07
d/b
i.e. d° critical grain size for inverse Hall-Petch behavior 20



m Gradela Crack Nanomechanics (Mode I1I)
o Gradela: Mode III Cracking

- Gradela: (1-cA)o;=0;, &  (1-cA)g;=g; ; o =Atre"1+2pe’

Target: Non-Singular Stresses/Strain Estimation at the crack tip

- Boundary Conditions

Far field coincidence of stresses: limo;; = .
\ ij
r—0o0
Vanishing of stresses at the origin: limo; =0
r—0

. +
Zero tractions on crack surfaces: 6,,(x,05)=0 ; [x|<a

21



o Nonsingular stress distribution in Mode II1

G, = \/Kzli{sm (1 expL r/IJ)} csyz:%{cosz(l eXp[ r/\/g])}

Gradient Stress non-singular Gradient Stress non-singular
XY T, O®
2a
©O QJO, : :
Classwal Stress s1ngu1ar te Classical Stress singular

‘\ —

Note: (l—e‘r/*/g)/\/; max at r;1.25\/g

Lot — g™ ~(.254 Ky ~ Ky

yz Xz \/— \/—

(Stress Fracture Criterion) K;; =1, \/_



B Effective Moduli of Nanopolycrystals

o Ildealized Unit Cell
T

h _____ F}_g_ - - } }_, ______ - ng
P —
G
g
h
TOO

=K, (y)-cVy=1"

Bc's

9

(

0V =0 , y=0
Yo =7
g gb }> , )4 ::(1/:2
a.‘yyg:ayygb
v, =7"/G , |yj=h+d/2

o Average Strain/Effective Modulus

1 (d/z

h+d/2

[ vady+ [ v.dy ) G =77/7
) 0

" (h+dr2)|
L |
Gy |
3

" b (nm)

‘— I.Oj | | | ‘E
4 0.8; *
0.4; ' ’
027 7

h (nm)

23



o Size Dependence / Experiments

061 o Nanocrystalline Fe

0 20 40 60 80 100
Grain Size d (nm)

o Observations

s 0.076
A < S
oL ~
= 0.091 2 ooma Fe
.g g .
S a
S :
= ] © 0.0724
£ 0.06| =
< S
IIlll.l.illlj. B REERS HES RN E NANEN RO NNIN NN < 0'070 T T T T T T T T T
-150 0 150 -10 -5 0 5 10

Distance from Interface Plane (A) Distance from Interface Plane (A)



B Gradela Dynamics:Euler—Bernoulli Beam(EBB)
o Standard Relations

M=[ yodA

_ R ... radius
A = 2mRt ... area [h ... thickness

I = R3¢t ... moment of inertia
ce =+ E/p ... elastic bar velocity

« Stress - strain relations - Internal Inertia

> . [Z ... static internal length
— 12 2 S
o=k (8 L € xx ) TP lde [% ... dynamic internal length

=>M = —El(u,xx - ls,z-u,xxxx) - p”éﬁ,xx
S pAU =My, = —El(u,4x - l.?u,6x) — p”czlﬁﬁlx

25



e Wave Solution
u(x,t) = flexp [2k(x — ct)]

o Comparison with MD

fI amy

k wave number

¢ phase velocity

1+ [2k>

2k?

C

Ce

plitude

Ik?

A

1+

a0aor
7000
J<Jalalu] 3

; sa00k

g

T 4000}

B

£ anant
2000

1000

and inartia gradiants

o MD{W ng and Hu, 2005)

o I R

EBB theory
(5 5) armchair CNT

7

anaor
7000
000k
£ 5000¢
% 4000f
£ anaot

20001

1000

a 10
awve number leg, (K}

= = =girain and inertla graduantsl
o MD {Wang and Hu, 2005} EBB thGOI'y

it (10,10) armchair CNT

10
wave number log, (K}

26



III. NANOPLASTICITY
[Gradient Plasticity at the Nanoscale]

B Motivation from Dislocation Slip

* Momentum Balance for Dislocated State

divi®=f; T°=S-T'; divS=0
TP...dislocation stress; f...dislocation-lattice interaction force

N

* Yield Condition: f=f-v=0; f=(6c+Bj—?tL)v, =T"-M

ny v®n), D’ =y"M; T°=t M+t N

max{trTLDp}; trM =0, ttM*=1/2 = DP= Y

21
i-x(r)

TV: J= %tr(TL'TL')

27



o Inhomogeneous Back Stress: T =aq+T™

- @ = homogeneous back stress ... as before
™ = g(n,v,Vyp)
R [n@Vyp +(Vyp)®n}+[v ® VyP +(Vyp)®v]
divI™ = (n+v) V" + (gradzyp )(n +v)
(diVTi“h ) VRV 4y (vivj + vinj)
- Integrate over all possible orientations of (n,v)
(divT™)-v —> V3’
LT = K(yp ) — cszp
* Same Procedure for Nanopolycrystals

- Representative slip plane — Representative planar GB

28



B Motivation from Averaging
e Self - Consistent Approximation

- Simple Shear
T=7— Ay
T=Kk(7), B=au{l-2S,,} , Ay=y-7y
1 4 5
= [rcenar vt =

4
y(x+r)=y(x)+Vy-r +%V(2)7-r r+...; IV2”+17-F2”+1dV =0

7

R2

7Ry VT R=d/2
7—=5v
2 IB:aﬂ
r=k() = (FERVY { 150-)
10 h=dr/dy

R’ )
czﬁ(,ﬁ#h) = c=Cd

29



Various Models for o

Lin 1954 a=1/(1-5,,)

Kroner (1958) / Budiansky — Wu (1962) a=1

Berveiller — Zaoui 1979 o= 1 , H = z
(Secant Model) I+ (u/2H) 4

h(7-5v")
{6,11(4 —5v)+15h(1 - V')} (1-25,,,)

Hill (1965) / Hutchinson (1970) o =
(Tangent Model)

V,_vh+y(1+v). h_@
h+2u(l+v)  dy

30



B Motivation from Internal Variable Theory

o Adiabatic Approximation (Defect Kinetics)

t=k(y,0) ; a=Dda+§(y,a)
{T.:ﬁ(y)_m ;  {A,A,M} =constants
a=Da  +Ay—Ma
¢, =-Dq’a, +Ay,-Ma, ; a, =0, Dl\jllz «<l = az%y—%yxx
()= k(1) -1

t=x(y)-cy. ;5 S




m Implications to Localization of Plastic Flow
[Shear Bands & Necks]

o Constitutive Equation h

S'=—pl+2uD

T T
M= ) )
4 {7:«/2D-D r=x(y)—cVy r”

0 )

’ ‘\\
B
/l " Q! m

L G
o Linear Stability / SB Orientation
| - h =0
V= LooX + ’\‘Iequ"‘COt ) >0 (&wmax) — ecr - Z &
e Nonlinear Solution /SB Thickness SRy
x(y) 1
Cyzz:K(j/)_TO T

e Necks/Front Propagation o Y

Same Procedure \_> transitions

32




m Multiple Shear Banding

- Compression of Bulk Nanostructured Fe — 10% Cu Polycrystals
d ~540 nm, o, ~960 MPa

d ~1370 nm, o, ~750 MPa

angle ~ 499
S .
A o
95} UL w0 -
8 400 0 — !.:‘ %
Cj/:) ) | gp ~ 4 A) 7 C% ”n,
( 1 0.02 0.03 0.04 ﬂ.l)ﬁ. 0.06 0.07 0.08 0.09 2 mm
Strain
. . 1800
- Shear band width analysis d 1 .
2
T=Kk(y)—cVy 1400
/é\ 1200
2
w~Ac;  c~d* (B+h) g o
O 800
— N
B=aG 7—5v 7 :
15(1-v) 3=
) 5 *
0 A(r) ’
C = —h = s, W~ \/Z, C ~
or 0

200 /

angle ~ 49°
] % -
| Ep 4./0 g
e 2 mm
Strain
N | . P t N 1 1 1 1 '
] (o}
-———Model 7

0 Experiment

Self-consistent

i | ISP R |

Probabilistic

i

) I i 1

200 300

Shear Band Width (microns)

400 500 600

800 900
—_

w

700
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B Front Propagation in a Disordered Field

e [-D Gradient Model

2
G=K(5)—055 do/ox=0= 0o =0,

2
02¢
Ci
Ox?

* Front Propagation

— Transition-type solution

— Fronts propagate only when o,=0, (Maxwell stress)

* Introduction of Disorder/Perturbations
E>e+oeg; Oy — 0y +0 0,

Fluctuating strength: k() > x(&)+9 f (&,x); o “small” random parameter

GO=K(€)+5f(8,x)—Caz(§ (c~1)
Ox

34



BC's:¢, (+0)=0, &(»)=¢,=0, &(-o)=¢,=4¢,>0

2 0

g—éx+0'05—V( )—5jf(5,x')g’x,dx’=03(ao >0, +00) )=
&> - F
X t+o,e-V(g)=0; Vie)= J‘K(g)g’xdx

= -
501:i]9f(5 x) & dx’

A, 2 =0

— Front “locus” shifts along specimen &=¢&(x—x,)

E 4

35



e Statistical Properties of Stress Perturbations

— Assume short-range correlated:

f(ex)=h()g(x); (g(x)g(x))=¢E8(x—x)

2 o0
(50?)=¢ (j ; [ (e)euds  E=ty, (1
gf 00
b D.ﬁ? 88—52/2
st |V = 1(1-¢ %)

04}

03f random
} ¥
0.2 i

01f




e Implementation

K(g) —ce yke ; k = const. ... linear hardening
V(g):e_gz/2 —%52
f(g x) =ge_‘92/2g(x)
j‘ de
X—X, =

j (—2{@“92/2 K2 +oye -V (&, )Dgz e de
2

37



S W

Scaled Stress

0.6 -
0.5 - - —
a . = ' 7 7 ~
£04- / 1@
£04- i
] §0.3 -
’J .
—— homog. constit. curve 0.2 1
——  simulation (6=0.01) 0.1 7 vﬁ@f;ﬁﬁiﬂﬁﬁ%ﬂiﬁ?ﬁiﬁ:ﬁﬁ%ﬂ:ﬁm
0.1 0.2 0.3 0.4 0.5 0.6
: 0.0 0.2 0.4 0.6 0.8 1.0
Strain Position (X/L)
05 0.6
.% 0.4 0.5
S
)
5
Z 0.2 0.3
0.1 0.2

0.1

0.0 0.2 0.4 0.6 0.8
Position (X/L)
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m Multiple Shear Banding in UFG Polycrystals

- Voronoi tessellation of 60%20 hexagonal regularly distributed cells

- 2-D Gradient model

o0 = x(£)—c {625 0%e }

ox*> oy’

k(&) :Egexp[—gz/a] +ke
- 2-D Stochasticity-enhanced Gradient model

02e 02c 02c ; o 2
o, =k(&)—c| cosb —+COS(9 —+COS¢9 - ;
Lo ? or? > ord

Randomness in  « (¢) oy

LO0x10°}

2 8.0x10%k
k(g)=6 Egexp(—gj +ke
o K(é‘) 6.0x10°F

o : Weibull random variable 20x10°F




- Compression Tests

d ~1370 nm, o, ~750 MPa

d ~540 nm, o, ~960 MPa

angle ~ 49° angle ~ 49°
ol = '
= = i
N~ 600 ? N~ 0| 0/ :
400 - (C; ~ 4 /Q |
% 400 6‘ ~ 4% % p
o 00 p % O mp ]
% ! ! . % HIU(J/ 0.01 0.02 ():J? 0.04 0.05 0.06 0. ‘07 ():]X 0.09
G0 oo om om  om n.os. 006 007 008 009 2<I_n’m " : R o . e ’
Strain Strain
- Simulation Results 70-
x 10° 60
14 B
- 50
. 40
E=110 GPa 30
a=0.005
k=10 GPa - 20 -
£=(c/E)"?=1pn
¢ =1.5 107 10
0.64 0.66 0.68 011 O.‘12 0!
e[ ]




B Size Effects in Tension/Compression
e Lack of Macroscopic Gradients in Tension

a) Steel cylindrical macro-bars b) Ag micro-wires
D=15 mm -
™ . = . 240‘_ 20 20 40 S0pm
D=1.5 mm - — 200, ,V —
' if Ees ! \\ i \‘1, %150; 20 30 40 _S50um
o w0 E?f ;i A c%; 120
eng i 5 ' d=3.5um
£ B (T —— d=40_6pm
et : S
i i 0 00 005 010 0.95 020 025
,o 10 2 " w 5 © = Engineering Strain {mmyrmm)
Data from ECA et al 1998 Ceng Data from Ngan 2011
Size effect modeling? — Gradient Internal Variable "«
_ | : 2
o=x(e)+A(a) ; az—jadu L a=DVa+Ae! —-Ma
. U U
1.C.

"o "depends on ¢ and an averaged internal variable "a" whose microscopic

counterpart "a" evolves inhomogeneously: V? transport term
42



e Adiabatic Elimination of “a” (a ~0)

- Radial symmetry — a=a(r)

c=D/M
:>a(r)zAKO(r/\/E)+BIO(r/\/E)+25q {ZEA/M
BC’s : a(r) finite  Vr>0=4=0
oo % _ A8 . zero flux of o atr=10

e e

k(€)=Y +ke" (*); A(a)=ka" ... Ludwigtype

or

- Assume

o=Y+ke&" +k,[1e]” [1 +2 [’ ]m (%%)

(++*) Interprets the size effects in tension of previous slide

- Note : Grain size dependence can be introduced in (*), e.g. according to
H-P relation, in order to capture intrinsic (d) and extrinsic (D) size

effects simultaneously 43



o Size Effects on Tensile Strength of Mg Microwires

Engineering Stress (MPa)

k,=40MPa; m=n=0.6; q

240120 30 40__ 50um

{7 =
200- % g

0 30 40 50um
a0l — d=3.5um
1 ;v - -=---d=40.6um
404
0

0.00 0.05 0.10 0.15 0.20 0.25
Engineering Strain (mm/mm)
(Chen & Ngan, 2011)

=1; /=35um
5 D=40
6[MPa] | o, D30 pm :
20p 0 D=50 um
200 f
180 f
160
d=3.5um Y =165 MPa
40F ko =260 MPa Y =150 MPa
0.;)5 O.IIO 0.I15 0.I20 E [0]25
5 [MP
c[MPa] | D=20 um

140 |

120 ¢

100 } /e

80

60

D=30 um

D=40 um

/ 0.02

D=50 pum
Y =80 MPa
. Y =70 MPa
*d=40.6um Y =50 MPa
ko =400 MPa Y =25MPa
0.04 0.06 0.08 0.10 0.12 14

T[]



o Modified H-P Relation: Application to Ag Nanowires

*

ky ky
Y=Y, +\/, d
D/d>3: kY:3OOMPa\/um (H-P)

D/d<3: k, =100 MPa\um; k,=210N/m (Modified H-P)

Y [Pa] | —— — according to the modified H-P relation

1.5x108'F

1.0x108'}

5.0x107'} =

d- 10 [um1/2]
[Data by Chen & Ngan, 2011]
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o Size Effects in Yield of Micropillars

G=Y+k8n-|—k*8[1-|—2ﬁeg/2J  B=

Flow Stress at 10% Strain (MPa)

Engineering Stress (MPa)

1000

m

100 |-

-0.64
v o = 353D where D < 30 pm

macroscopic CRSS ~

10 1 1
1 10 100
Microcrystal Diameter (um)
(Dimiduk et al, 2005)
= Single Crystal <001 >=-oriented FIB'd Gold Pillars:
Diameters Range: 300 nm - 7450 nm
1000 | -
_ Critical Diameter
" L B
] =i:l
ol
100 l- . - &
‘ [

R L
1000 10000

Pillar Diameter (nm)

(Greer et al, 2005)

20 Y +kln

(1+§)n+k*ln(1+§)(l+4é(l+€))m

——>0=
D (1+%)
1000f '
500 €=0.01Y=k=30 MPa;n:O.Z;:
*
oy [MPa] k' =280 MPa;m=1.6;/ =1pm
200 |
100 o
1 2 5 10 20
D [um]
* T
20001 s*:O.I;Y:4O MPa;k =20 MPa;n =0.25; |
oy [MPa] 1500l k =240 MPa;m=1.8;/=0,3 um

500

200

100




B Stochasticity & Serrations in Compressed Micropillars

Shear Stress (MPa)

Shear Stress (MPa)

40 -

w
o

»n
o

-
o

80

60

20

Pure Ni <2 6 9>
18 um Diameter Samples
and Larger

d7dy=50 MPa

—=—18.0 pm
- 20.1 pm
*—19.4 pm
—+—20.6 um
222 ym
- 30.7 pm
—e—39.7 pm
= Bulk Crystal
0 0.05 0.1 0.15
Shear Strain
‘Pure Ni<269>
4 to 6 pm Diameter Samples
oo J! "
i ey
—+—4Tpm —>—4.9um
*—48um —+—62um
+— 4.8 um +— 5.3 ym
4.9 pm . 8.7 um
—+—49um —— Bulk Crystal
L F |
0 0.05 0.1 0.15
Shear Strain

o Shear Stress (MPa)

Shear Stress (MPa)

70

60

[
o

3

@
o

[
o

-
o

350

300+

250

200

150

100

50

"Pure Ni <2 6 9>
10 to 11 pm Diameter Samples e
g =]
+—10.0 ym
—+—10.0 ym
+—10.1 pm
-— 101 pm
+—10.7 um
- 10.8 ym
—+—11.2m
+— Bulk Crystal
T
0 0.05 0.1 0.15
Shear Strain
Pure Ni<269> ramm = o o 2am
2.5 um Diameter ) : z: . “:‘:’;‘ ki
and Smaller Samples | ' T R
Opm ——24um
e o :
4
0 0.05 0.1 0.15

Shear Strain

Dimiduk et al, 2005
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e Serrated Plastic Flow in Micropillars
- Governing Deterministic Equations

IRTReRY! ¢
p ( Laver 4 Ly D
o =" (gi & ) B c
Laver 3 L Ga[——— s
d’eP . )
B;e” — ﬁiﬁ dle = (Go - Yl) LS Layer 2 L ol
(Zhang and K E. Aifantis, 2011) L lr'fir 'U }w.;

e

e
(]
ol
[
]
gl
ol

- Serrations

Strain bursts (Ag) are obtained due to the occurrence of discontinuity of
the hyperstress t=p/¢*(d’¢? /dx’) between “elastic/no-yielding” and

“plastic/yielding” layers
- Introducing Stochasticity
Y; = Y0+ v = (143) YO
k(3) ~(80)" . < 2\ _ a2 =2
PDF(0) = X(Xj e » o =AT|1+(1/x) |, <5 >= KT 1+(2/x)|-3

K/A : shape/scale parameters 48



o Cellular Automata Simulations

« Lattice of 6dx1 cells of size 0.5 umx d um (3:1 height to diameter ratio)
* Force controlled simulation
*  Weibull distributed cell yield stress

o Intermittent Size-dependent Micropillar Plasticity

E=5GPa; B=150MPa; /=0.5um; Y’ =80MPa

3r

x 10

X d=1 pm: A=2.5, k=9
M1 d=2.4 pm: A=1.2, k=3
d=10.1 um: A=0.75, «=4
1um 1 d=39.7 um: A=0.4, k=8
24 pum
. 10.1 pm
39.7 um

1 1 1 1
0.05 0.1 0.15 0.2 0.25

e[]

K.E. Aifantis & Konstantinidis, forthcoming
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e Random Response of Same Diameter (4.9 mm) Micropillars

| Pillar 1
Pure Ni <26 9> x 10’
80| 4 to 6 um Diameter Samples Pillar 2
7,
. Pillar3 o
e / m— . _ uiar 6r 4f ] e
s o J ] == ﬁfw I
§.. ]1 = —— 2 5r fj)ﬁﬁ
. . o
E ; — - o) [Pa]4— f
,g Al j Pillar 1
5 F b E=5GPa
L s - | A=lk=4
—=—4.9um =— Bulk Crystal |
0% 0.05 0.1 : 0.15|B =150 MPa % 00z o004 006 008 01 012 014 016
c Shear Strain {=0.5um el ]
x 10 x 10’
8 T 8 ; ; : T
— < |Y?=80MPa °
- @Y UL 7= t
6 - ¢ 6 §+ e sex
s i 5!
5 [Pal, o [Pal, | /
1] Pillar 2 - 3 Pillar 3
1
E=6GPa - 2r E =3 GPa
k=3 ) |
| h=1k=3 | A=0.8, k=3
0 0.62 0.64 0.66 0.68 011 0.‘12 0.‘14 0.‘16 0<() 0_62 0_64 0_66 0,68 011 0,‘12 0_‘14 0.16
el] el] =



- Example: Simulation Details for Pillar 2

35- o 012 35- 025
0.11
0.2
| | | |
T009 3 <
25 [a W [l
[ s — —
2 -5 2
L0007 & 5
2 = =
| 0% w2
L -0.05 = La01 =
15 7 97
L 004 HH 8
10 0.05
5 0 1 1 L | 0 1
10 0 001 002 003 004 0 0.05 0.1
Macr. Strain ) Macr. Strain
x 10
35- 8.
0.3 . B
30- /ﬂ—J
==0.25 ?6,
Shear Bands = B
5,
— -j02 £
O
20 = 4-
)
015 U
+ 3
15 7
10
0.05 1
5 0\ 1 1 1
10 15 20 0 005 01 015 02

Macr. Strain

E=6GPa; Pp=150MPa; ¢(=0.5um; Y’=80MPa; A=lk=3



B Input from Entropy Statistics
e Boltzmann-Gibbs Entropy
S=—kz> P(I)InP(I); ky=138065-10" J/K
e Tsallis Entiropy
Sq(P):ﬁ{l—ZI:(P(I) )q} ; g=1 : entropic index

- Maximum entropy principle leads to g-exponential distribution

P(1)=[t+(q-11]""

- Generalization

p(I)=A[1+B(g-1)1]"""" (instead of p(I)~I"
as commonly done)
Note: Using the Tsallis entropy formulation the “events” with

high probability but low intensity are not ignored, as is the
case with power-law formulations 52



 Strain Bursts in Mo Micropillars under Compression

102; e T T T T T
10y ©o '\0\ (Zaiser et al, 2010) -
] 5] ]
10°4 c 0 \ E
o 08 \ A=-1.5 ]
T 10 3 g E
E 1021 ‘ ]
= 10" E
(%) ]
=1 1U_J*§ 3
10 4— ® window 0.2s —
5 @ window 0.8s i
1077 | O window 2.4s 3
10-6- L | LR | L L | rorTTTT
0.01 0.1 1 10 100 1000
Burst size S [nm]
207 ® e 4. (Nganetal, 2007)
%g 1.5+ xx;;. "\- /\= '2.7
No! 1 N N
O 1.04 &
£ : o g
D 054 R
a 00'- 1 mN/min, k= 3.0+0.3, R2=0.96?‘@.“."‘~F‘
~l® 10 mN/min, k =2.8+0.1, R’ = 0.985 u
0.5 l® 100 mN/min.k = 2.7+0.2, R® = 0.990

-2.4

2.0
log (Ah/h)

-1.6

-1.2

|
p(s)

| = s (strain burst)

0.1}
0.01;
A=1.5
001 p_q5
0+ g=1.65
0.0 0510 50100 _ 5001000

log (probability)

Burst size s [nm]

-24 -22 -20 -18 - 1.6 -14 -1.2

log (Ah/h) 53



* Extracting Information on Randomness / PDF

Probability of bursts of size s Burst size relation to local yield stress
L loc GJZ/OC loc loc
P(S)zA[1+(q—1)BS]1—q s=nLg, =nLT; P(O'y )EP(gy )

(L: cell size)
Probability of strain bursts from n “sites”
P(s/L)=P(el*)P(£l)...P(cl*) = Pl )

loc

> 1/(1—q)n
P(Gioc) = AV ll—i—(q—l)Bn;:}

_loc, (x),.]
o) (o) =1.5[1+0.0456 |~ n=1 o

Weibull PDF : A=1, x=0.5
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