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Abstract.

We study two and three-dimensional resonant periodic orbits, using the model
of the restricted three-body problem with the Sun and Neptune as primaries. The
position and the stability character of the periodic orbits determine the structure of
the phase space and this will provide useful information on the stability and long
term evolution of trans-Neptunian objects. The circular planar model is used as the
starting point. Families of periodic orbits are computed at the exterior resonances
1/2, 2/3 and 3/4 with Neptune and these are used as a guide to select the energy
levels for the computation of the Poincaré maps, so that all basic resonances are
included in the study. Using the circular planar model as the basic model, we extend
our study to more realistic models by considering an elliptic orbit of Neptune and
introducing the inclination of the orbit. Families of symmetric periodic orbits of the
planar elliptic restricted three-body problem and the three-dimensional problem
are found. All these orbits bifurcate from the families of periodic orbits of the
planar circular problem. The stability of all orbits is studied. Although the resonant
structure in the circular problem is similar for all resonances, the situation changes
if the eccentricity of Neptune or the inclination of the orbit is taken into account.
All these results are combined to explain why in some resonances there are many
bodies and other resonances are empty.
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1. Introduction

The interest in studying exterior resonances is continuously growing
after the discovery of many objects at the edge of the Solar System, be-
yond the orbit of Neptune, called Egdeworth-Kuiper (E-K) belt objects
or trans-Neptunian objects (TNO) (Jewitt et.al. 1998, Jewitt 1999,
Jewitt and Luu 2000). A large population of TNO’s exists at the 2/3
mean motion resonance with Neptune, few objects have been found
close to the 1/2 resonance and the 3/4 resonance is almost empty.
There are several papers on the dynamics of the Edgeworth-Kuiper
belt objects: Levison and Stern (1995) studied the stability of orbits
at the 2:3 resonance using numerical integration. The work of Duncan
et al. (1995) is also based on numerical integration. They explored the
whole area between 30 and 50 AU with particular interest to 3/4 and
2/3 mean motion resonances with Neptune. Furthermore, Morbidelli et
al. (1995) investigated the resonant structure of the E-K belt by both
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analytic and numerical means. Using an averaged three-dimensional
model that takes into account both Neptune’s and Uranus’ perturba-
tions, they studied the basic mean motion resonances with Neptune up
to 50 AU, as well as secular resonances. A more recent work is the one
of Morbidelli (1997), who studied exclusively the dynamical structure
of the 2/3 resonance through the evolution of proper elements and with
focus on slowly diffusing orbits. Malhotra (1996) studied the dynamics
of the major mean motion resonances with Neptune from the 5/6 (at
34 AU) up to the 1/3 resonance (at 62.6 AU). Her study was based on
computing Poincaré surfaces of section of the planar circular restricted
three-body problem near these resonances. A circular orbit for Neptune
was also considered by Yu and Tremaine (1999), who studied the four-
body problem Sun-Neptune-Pluto - 2/3 resonant E-K object, (called
Plutino) and thus determined the effect of Pluto on the stability of
the Plutinos’ orbits. Gallardo and Ferraz-Mello (1998) studied also the
dynamics of the 2/3 resonance in the E-K belt. Maran and Williams
(2000) studied the dynamical evolution of bodies initially situated in
the Uranus-Neptune region, to investigate whether some bodies could
evolve to the E-K belt and thus populate this region. Nesvorny and Roig
(2000) made a systematic study of the 2/3 resonance and compared the
results to the observed resonant population. A review of the dynamical
structure of the E-K belt and the origin of the Jupiter family of comets
is made by Morbidelli (1999) and Jewitt (1999).

A major problem which arises is: why some resonances are populated
with a large number of objects, while other resonances are almost
empty? This is obviously related to the topology of the phase space
at these resonances, so that in one resonance trapping is possible and
in another resonance a diffusion mechanism is present, due to chaotic
motion.

The best way to obtain the structure of the phase space is to find all
the basic periodic orbits. We remark that a resonance is associated to
a periodic orbit. It is known that the periodic orbits, or equivalently,
the fixed points on a Poincaré map, determine critically the topology of
the phase space. For this reason we compute families of periodic orbits
and study their stability.

We start our study with the circular planar three body problem.
Although the nonzero eccentricity of Neptune and the inclination of
the orbit of the small body play an important role in the evolution
of the system, because they introduce one more degree of freedom,
the circular planar case is the basic framework in the study of this
problem. This is so because, starting from the circular planar case,
it is easy to understand the more complicated structure of the more
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realistic models, i.e. the elliptic and 3-D case and see in a clear way the
differences between the various resonances.

Malhotra (1996) has made a detailed study of the phase space be-
yond the orbit of Neptune, in the framework of the restricted planar
and circular three body problem. Several resonances are included in this
study. In the present paper we extend the study to include a non-zero
eccentricity of Neptune and we also consider 3-D orbits. As we shall see,
it is in these, more realistic, models that the differences between the
various resonances appear. We start by finding families of symmetric
periodic orbits of the planar circular three-body problem at the 1/2, 2/3
and 3/4 mean motion resonances with Neptune. Several Poincaré maps
are obtained in order to have a full description of the phase space. Using
these families as the basic framework, we extend our study to more
realistic models, elliptic and 3-D. The families of the elliptic problem
bifurcate from the planar circular families at those points where the
period is a multiple of the period of Neptune (in the inertial frame).
The three dimensional families of symmetric periodic orbits bifurcate
from the vertical critical orbits of the corresponding planar circular
problem. Finally we study the stability of these orbits and we draw
conclusions about the motion of TNO’s at the above resonances with
Neptune.

2. Families of periodic orbits of the circular planar problem

We assume that the orbit of Neptune is circular and we consider a
rotating frame of reference Ozyz whose z-axis is the line joining the
Sun, S, with Neptune, N, the positive direction being from S to N,
its origin is at their centre of mass, the y-axis is in the orbital plane of
Neptune and the z-axis is perpendicular to the zy plane. In the usual
normalized units where the radius SN = 1, the gravitational constant
is G = 1 and the total mass mg + my = 1, the differential equations
of motion are the equations of the restricted circular 3-body problem
(Roy, 1982).

In the rotating frame xQOy there exist planar families of symmetric
periodic orbits for the small object, which lie outside the orbit of Nep-
tune and are nearly circular (generated by the continuation of circular
Keplerian orbits around Sun when g = 0, by increasing the mass) or
nearly elliptic (generated by the continuation of elliptic Keplerian orbits
around Sun when g = 0). All these orbits are symmetric periodic orbits
with respect to the rotating z-axis.

A simple symmetric periodic orbit starts at t=0 perpendicularly
from the z-axis (y(0) = 0, £(0) = 0) and crosses again perpendicularly
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The Unperturbed Problem (u=0)
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Figure 1. The characteristic curves of the unperturbed (g = 0) families of peri-
odic orbits. The curve C represents the family of circular orbits and along this
family the semimajor axis a, or the ratio n/n’, varies. At the resonant values
n/n’ = 1/2, 2/3, 3/4 we have a bifurcation of families of elliptic periodic orbits,
along which the semimajor axis ¢ and the ratio n/n’ is constant and the eccentricity
increases, starting with zero values.

the z-axis at the first intersection (y(7'/2) =0, £(T'/2) = 0), where T
is the period of the orbit. We call r-multiple periodic orbit a symmetric
periodic orbit for which the first perpendicular crossing is at the rt?
intersection with the z-axis (in the same direction). In this latter case r
is the multiplicity of the periodic orbit. Since for a symmetric periodic
orbit we have y(0) = 0, £(0) = 0, the initial conditions are z(0) and
7(0). Consequently, a symmetric periodic orbit can be represented by
a point in the plane zg — ¥, or equivalently, by a point in the plane
g — h, where h is the Jacobi-constant. Also, a monoparametric family
of symmetric periodic orbits is represented by a smooth curve in the
plane g — h, which is called the ” characteristic curve”.

In the following we shall consider direct periodic orbits for the small
object, i.e. the TNO revolves around the Sun in the same direction as
that of Neptune (with respect to the inertial frame). For the normalized
value of the mass of Neptune we have taken p = 5.178 x 1075, The
orbital period of Neptune around the Sun, in the normalized units we
use, is equal to 2. We restrict our study to symmetric periodic orbits.
From the numerical results that we have, we do not find any evidence for
the existence of non-symmetric periodic orbits in the Edgeworth-Kuiper
belt, at least for the major resonances.

In order to obtain a clear view of the resonant structure of the
planar problem, for the Sun-Neptune mass ratio, we start with the un-
perturbed problem: Neptune, with zero mass, revolves around the Sun
in a circular orbit and we study the motion of a massless body in the
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Figure 2. Resonances 1/2 and 3/4. Geometric configuration at ¢ = 0 and ¢ = T'/2:
(a) family I, ¢ = 0 (b) family II, o = =. Resonance 2/3. Geometric configuration
at t =0 and ¢t =T/2: (c) family I, =0 and (d) family II, o = 7.

rotating frame Oy mentioned above. In Figure 1 we present the unper-
turbed family of circular periodic orbits (the small body in the Kuiper
belt describes a circular orbit around the Sun) and the unperturbed
families of symmetric elliptic periodic orbits (the small body describes
an elliptic orbit around the Sun). These latter families bifurcate from
the circular family at the resonant orbits n/n' = 1/2, 2/3, 3/4..., where
n is the mean motion of the small body and n’ that of Neptune (in our
normalized units n' = 1).

Along an unperturbed family of elliptic periodic orbits the ratio n/n'
is constant, equal to the corresponding ratio of the circular orbit from
which this family bifurcates, but the eccentricity increases as we go
“outwards”. We note that in each resonance there exist two different
branches of the resonant family, differing in phase only, defined as type I
and type II. These are shown in Figure 1. Also, a simple geometry gives
the following configurations at t = 0 and ¢ = T'/2 for each resonance:

n/n' =1/2 and n/n' =3/4 [(2v — 1)/2v]

— (i) typel:att=0,S—N—B, (29 >0),att=T/2, B,—S—N
(20 < 0)

— i) typell: at t =0, S —N — By (29 >0),at t=T/2, B,—S— N
(iL‘0<O)

n/n' =2/3 [2v)(2v + 1)]

— (i) typel:att=0,S—N— By, (z9 >0),at t=T/2, B,—S—N
(20 < 0)

— i) typell:at t=0,S—N —B, (zg >0),at t =T/2, B, —S— N
(iL‘0<O)
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where S: Sun, N: Neptune and B: the small body in the Kuiper belt
(B, denotes position at aphelion and B, position at perihelion). The
geometry of this configuration is shown in Figure 2. Note that the
geometry at ¢ = 0 and ¢t = T'/2 for a p/q resonance depends on which
p or g is even or odd.

The unperturbed families of periodic orbits described above can be
continued to u >0. The continuation of the circular orbits of the small
body is possible in all cases except at the resonances of first order
(n/n' = 1/2, 2/3, 3/4). A review on the existence proofs is given in
Hadjidemetriou (1988). In all other cases these orbits are continued as
periodic orbits with a nearly circular orbit of the small body, called
periodic orbits of first kind. The continuation of the elliptic families is
also possible in all cases and we have, for y # 0, symmetric periodic
orbits with nearly elliptic orbits of the small body, called periodic orbits
of second kind. For each resonance we have two branches of resonant
periodic orbits, branch I and branch IT which differ in phase.

As we mentioned before, the continuation of the family of the cir-
cular orbits is not possible at the resonances 1/2, 2/3 and 3/4 with
Neptune. The unperturbed family of circular orbits breaks down at
this point and a gap appears close to the corresponding resonance.
This is shown in Figures 3a, 4a, 5a. As we see, one part of the circular
family is connected with the branch I of the resonant elliptic orbits and
the other part of the circular family is connected with the branch IT of
elliptic orbits. The symbols “S” and “U” denote stability or instability,
respectively.
resonance 1/2: Family I, / is unstable and family 11, /, starts as stable
until a value of eccentricity up to e = 0.035 (z9 = 1.644) and then
becomes unstable. At a very high value of eccentricity (e = 0.96) the
family IT,/, becomes again stable (Figure 3a).
resonance 2/8: Family I3 is unstable and family 11 3 is stable (Figure
4a).
resonance 3/4: Also, family I3/4 is unstable and family 173/, is stable
(Figure ba).

We have used in Figures 3a, 4a, 5a the Jacobi-constant (h), instead
of 99, for the vertical axis. The families of periodic orbits of Figures 3a,
4a, ba are very useful, because they provide a guide as where to take
the energy levels for the Poincaré map, and which resonances to expect
at each level. The corresponding energy levels for which we computed
the Poincaré maps (Figure 12) are indicated at these figures. In this
way we can readily see what fixed points will appear, which is the
corresponding resonance and what is their stability.

In Figures 3b, 4b and 5b we present the periodic orbits at the 1/2,
2/3 and 3/4 resonances, in the axes resonance-eccentricity. In these
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Figure 3. (a) The families of periodic orbits of the first and second kind near the
1/2 resonance, (b) The families of periodic orbits of the second kind near the 1/2
resonance for g > 0 in a diagram n/n’ - eccentricity. The gap at the corresponding
resonance, due to the non-continuation of the circular orbits, is clearly seen close to
e = 0. One more gap appears on I/, due to a collision orbit.
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Figure 4. (a)The families of periodic orbits of the first and second kind near the
1/2 and 2/3 resonances, (b) The families of periodic orbits of second kind near
the 2/3 resonance with Neptune for g4 > 0. The symbols ”S” and ”U” denote for
stability and instability respectively. The gaps at the above resonances, due to the
non-continuation of the circular orbits, is clearly seen in Figure 4a, close to e = 0.
Two more gaps appears on I3 and on 11,3 due to a collision orbit.

diagrams, e > 0 denotes position at perihelion and e < 0 position
at aphelion. The resonant elliptic orbits, along which the eccentricity
increases and the gaps, separating the families I and I1 at e = 0, are
clearly seen. Another feature on the resonant elliptic families I/, and
11, (p/q=1/2,2/3,3/4) is the appearance of collision orbits at e # 0.

A simple geometry shows that along the families of type I/, (o = 0,
w = 0 at t = 0), where at ¢ = 0 the small body is at perihelion, we
have a collision orbit with Neptune when the eccentricity satisfies the
relation a(1—e) = 1, where a is the semimajor axis of the corresponding
resonant orbit. These collision orbits are at e = 0.37 for n/n' = 1/2,
e = 0.24 for n/n' = 2/3 and e = 0.17 for n/n' = 3/4 (Figures 3b, 4b,
5b). The existence of the collision orbits has an effect on the stability
of the periodic orbits of a family I, /,. Thus, the family I/, is unstable
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Figure 5. (a) The families of periodic orbits of the first and second kind near the
1/2, 2/3 and 3/4 resonances, (b) The families of periodic orbits of second kind near
the 3/4 resonance with Neptune (for g > 0). The symbols ”S” and ”U” denote for
stability and instability respectively. The gaps at the above resonances, due to the
non-continuation of the circular orbits, is clearly seen at e = 0. Two more gaps
appear on I3/, and on I3, due to a collision orbit.
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Figure 6. Periodic orbits along the family I/, (a) e=0.027, U (b) e=0.30, U (close
to collision), (¢) e=0.50, S and (d) e=0.75, S. Note the evolution of a collision orbit
and the change of multiplicity from 1 to 2 as the eccentricity increases.

up to e = 0.41 and then becomes stable. The multiplicity changes from
1 to 2 at e = 0.31 (before the collision orbit) and then remains the
same, equal to 2. The family I3 is unstable up to e = 0.29 and then
becomes stable. The multiplicity changes from 1 to 3 at e = 0.28 (after
the collision orbit) and then remains equal to 3. The family I3/, is
unstable up to e = 0.24 and then becomes stable. The multiplicity
changes from 1 to 2 at e = 0.14 (before the collision orbit) and then
changes again from 2 to 4 at e = 0.61. No other collision orbits exist
along the families Iy /9, Iy/3 and Iy/4.
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Figure 7. Periodic orbits along the family II;/, (a) e=0.025, S (b) e=0.25, U (c)
e=0.50, U and (d) e=0.965, S. Note the change of multiplicity from 1 to 2 as the
eccentricity increases. No collision orbit with Neptune exists on this branch.
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Figure 8. Resonance: 2/3 - Family I3 (a) e=0.08, U (b) e=0.18, U (close to colli-
sion), (c) e=0.44, S and (d) e=0.83, S. Note the change of the multiplicity from 1
to 3 after the collision, as the eccentricity increases.
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Figure 9. Resonance: 2/3 - Family I1,/; (a) e=0.07, S (b) e=0.44, S (c) e=0.791,
U (close to collision) and (d) e=0.901, S. The development of a non-perpendicular
collision orbit and the change of the multiplicity from 1 to 5 is clearly seen.

Along the resonant families of type I, (0 = 7, w = 7 at t = 0)
we start with multiplicity » = 1 but the multiplicity changes after a
certain value of the eccentricity. More precisely, for the family 1T,/ the
multiplicity changes from 1 to 2 at e = 0.312. No collision orbits exist
along the family I, 5. Along the family I15/3 the multiplicity starts
equal to 1 until e = 0.80, where a collision with Neptune occurs. At this
point the multiplicity changes from 1 to 5. Along the family I13/4 the
multiplicity changes from 1 to 2 at e=0.14. After this point, a collision
occurs at e = 0.60 and the multiplicity changes from 2 to 4. It changes
again from 4 to 6 at a large value of eccentricity (e = 0.914). The
change of multiplicity along the families as the eccentricity increases,
is due to geometric reasons, because we study the periodic orbit in a
rotating frame.

The collision orbits along the families Iy, Iy/3 and I3/4 that we
mentioned before, are perpendicular collisions, i.e. the small body crosses
perpendicularly the z-axis during the collision. We also have collision
orbits with Neptune on the resonant families of type I}, namely IIy3
and Il3/4. These correspond to non perpendicular crossing of the z-
axis during the collision. The evolution of the periodic orbits along the
resonant families I,/, and I/, in the rotating frame, the change of the
multiplicity as the eccentricity increases and the appearance of collision
orbits is shown in Figures 6-11. The symbols (+) and (e) denote the
position of the Sun and Neptune, respectively, on the rotating z-axis.
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Figure 10. Periodic orbits along the family I3/, (a) e=0.07, U (b) e=0.134, U (close
to collision), (c) e=0.287, S and (d) e=0.734, S. Note the evolution of a collision
orbit and the change of the multiplicity from 1 to 2 and from 2 to 4 for higher
eccentricities.
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Figure 11. Periodic orbits along the family Il3,,: (a) e=0.07, S (b) e=0.286, S
(c) e=0.574, U (close to collision) and (d) e=0.733, S. The development of a
non-perpendicular collision orbit and the change of the multiplicity from 1 to 2
and from 2 to 4 is clearly seen.

3. The method of surface of section

For systems with two degrees of freedom a very useful numerical tool
is the computation of the Poincaré mapping on a surface of section (for
the details see Hénon, 1983, Lictenberg and Libermann, 1983). In the
rotating Oy frame of reference, a convenient way to define the surface
of section is to take y = 0 and h = hg, where h is the energy (Jacobi)
constant and Ay the energy level at which we take the mapping. The
Poincaré mapping is two dimensional, in the space = & and defines the
topology of the phase space on the surface of section. The consecutive
points of the mapping may lie on a smooth curve, called invariant curve,
if we are in an ordered region of phase space, or may be scattered if
we are in a chaotic region. In many cases the distinction between these
two extreme cases is sharp, but in some other cases the difference may
not be clear.

An important feature of the mapping is the existence of fized points.
These correspond to the periodic orbits of the system and their position
and stability characteristics determine critically the topology of the
phase space. This makes clear the importance of the knowledge of the
families of periodic orbits in the study of the problem.

In Figures 12a-d we present several Poincaré maps at the energy
levels hy, ho, hg and hy, indicated in the Figures 3a, 4a and 5a. In this
way we can readily see the relation of the fixed points of the map and
the resonant periodic orbits.
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Figure 12. Poincaré maps at different energy levels: (a) hi = —1.574563
(e = 0.02524), (b) hy = —1.573304 (e = 0.05057), (c) hs = —1.524950, (d)

hs = —1.512069 of Figures 3a, 4a, 5a. The resonances at the corresponding fixed
points are indicated. The circular fixed point is indicated by C. Note that for low
energy levels namely (a) and (b), only the 1/2 resonance appears. The eccentricities
in (a) and (b) are at the 1/2 resonance. As the energy h increases, more resonances
appear and their overlap results to chaotic motion, which is stronger at higher energy
levels.

In Figure 12a we present the Poincaré map at the energy level
hi = —1.574563 (Figure 3a). We note that there exist three basic
fixed points: a stable fixed point, which corresponds to the 1/2 stable
resonant elliptic periodic orbit of the family IT; /5, an unstable fixed
point which corresponds to an 1/2 unstable resonant elliptic periodic
orbit of the family I 5, and one more stable fixed point, denoted by
C in Figure 12a, which is the closest fixed point to the circular part of
the family. The stability region around this fixed point is very small,
because the fixed point on the branch I/,, which is close to it, is
unstable (Figure 3a). Only symmetric librations are found here, around
the stable resonant fixed point. One separatriz is present. As we go
"outwards” there exist only closed invariant curves which surround the
separatriz. The phase space is regular in this case.

In Figure 12b we present the surface of section at a higher value of
the energy, ho = —1.573304 (Figure 3a). We observe that the topology
of the phase space is different from that of Figure 12a. In place of the
stable fixed point (corresponding to family I1;/5) we have an unstable
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fixed point and a double stable fixed point. This latter double fixed
point corresponds to a new 1/2 resonant stable family (not shown in
Figure 3) which bifurcates from II; /2 at the critical point, where the
stability of the family I, o changes from stable to unstable. The eccen-
tricity of this critical point is e = 0.035. Two separatrices are present:
one surrounds the asymmetric librations and the other separates the
inner and the outer circulation region. As we go ”outwards” there exist
only smooth invariant curves and the phase space remains regular. The
stable librations around the non resonant circular fixed point C are due
to the stable periodic orbit on the circular branch of the family of the
periodic orbits, as one can see from Figure 3a, energy level ho. It is
clear that no other important resonances exist at the energy levels h;
and h2.

As the energy level of the Poincaré map increases, many more reso-
nances appear, as can be seen in Figures 12¢ and 12d. The correspond-
ing energy levels are shown in Figure 4a for the Figure 12¢ and in Figure
5a for the Figure 12d. The identification of all the major resonant fixed
points with the periodic orbits is clearly seen. From Figures 3a, 4a,
ba we can see that as h increases, more and more fixed points appear
on the Poincaré surface of section. Their overlap is the reason of the
appearance of the chaotic zones. On the surface of section, apart from
the basic first order resonances 1/2, 2/3 and 3/4, several other higher
order resonances appear. The corresponding stable and unstable fixed
points are the intersection of the line h = hg with the higher order
resonant periodic orbits, which exist in Figures 4a, 5a (not shown in
these figures).

In Figure 12¢ we present the surface of section at the energy level
hs = —1.524950 (Figure 4a). We note that apart from the two mean
motion resonances 2/3 and 1/2, several other high order resonances are
present: n/n' = 2/3 at e = 0.05, n/n’ = 3/5 at e = 0.165, n/n’ = 4/7
at e = 0.20 and n/n’ = 1/2 at e = 0.278. These resonances appear
in the region "between” the two main first order resonances. In this
energy level, a chaotic zone appears around the 1/2 resonance.

In Figure 12d we present the surface of section at the energy level
hy = —1.512069 (Figure 5a). We note that in this case all three major
resonances of first order, 1/2, 2/3, 3/4 appear. The corresponding ec-
centricities, at the center of the resonance are: e = 0.31, ¢ = 0.16 and
e = 0.05, respectively. In addition, several other higher order resonances
appear, namely n/n' =4/7 at e = 0.25, n/n' = 3/5 at e = 0.22. Large
chaotic zones appear at this energy level, due to the overlap of the
several resonances.

All the results above are in agreement with those found by Malhotra
(1996).
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The number of fixed points on the Poincaré surface of section, cor-
responding to a certain resonant periodic orbit, depends on the multi-
plicity of the periodic orbit, i.e. the number of intersections with the
z-axis (in the same direction, say y >0). For a simple periodic orbit,
with multiplicity » = 1, we have only one fixed point. As however the
energy level increases, the fixed point corresponds to larger values of
the eccentricity (see Figures 6 - 11) and the multiplicity changes. The
resonant orbit is now represented by a multiple fixed point (a set of
fixed points). This is seen in Figures 12c-d.

Closing this paragraph, we remark that the circular planar problem
is the simplest model for the study of the resonant motion. In most cases
it is not a realistic model, because important information is missing.
The ellipticity of the orbit of Neptune introduces the time explicitly
and this is, in a sense, equivalent to an increase of the degrees of
freedom. The three-dimensional motion introduces one more degree of
freedom. In both these cases new resonant periodic orbits appear, at the
corresponding resonance we study, and this changes the topology of the
phase space and consequently the evolution of the system (compared
to what we obtain with the circular planar model). The existence,
or nonexistence, of the new resonances that appear when we extend
the circular planar model to the elliptic problem or to the 3-D model,
or both, plays a crucial role for the topology of the phase space and
consequently for the evolution of the system,, as we shall see in the
following.

4. The planar elliptic restricted three-body problem

In this section we will study the resonant structure of the elliptic re-
stricted three body problem. The corresponding periodic orbits will be
considered in a rotating frame xQOy with the origin O at the center of
mass of the Sun-Neptune system and the positive z-axis along the line
Sun-Neptune. The orbit of Neptune is considered to be an elliptic orbit
with a fixed eccentricity ey. The xOy frame is a non-uniformly rotating
frame, where the angular velocity of rotation is a known function of the
time and Neptune moves on the rotating z-axis according to Keplerian
theory. We have an non autonomous Hamiltonian system with two de-
grees of freedom, that depends periodically on time, with period equal
to 27 (this is the period of the orbit of Neptune). The energy integral
does not exist in this case. This means that the stability depends on
two pairs of eigenvalues, instead of one in the circular case (in this
latter case the second pair was always equal to +1).
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TABLE 1
Bifurcation from the 2-D circular to the 2-D elliptic problem

‘ Resonance ‘ ares(in A.U.) ‘ Period ‘ Bifurcation Points ‘

|12 | 4arTr | 4r | e=0.070 |
|2 | 4arTr | 4w e = 0.637 |
| 2/3 | 39398 | 6r |  e=0.469 |
| 3/4 | 36415 | 8r |  e=0329 |

We shall study families of periodic orbits of the elliptic problem at the
1/2, 2/3 and 3/4 mean motion resonances with Neptune. For a fixed
value of the eccentricity of Neptune the periodic orbits of the elliptic
problem are isolated. We can define a family of periodic orbits if we
consider the eccentricity of Neptune, ey, as a parameter. These families
bifurcate from the families of periodic orbits of the circular problem at
those orbits whose period is ezactly equal to a multiple of 27. Note that
the period along the unperturbed (¢ = 0) families Iy, Iy/3, I3/4 and
I1, 9, 1133, 1134 is exactly equal to 47, 6m and 8, respectively, and
the perturbation p > 0 slightly changes this value. Whether on the
perturbed families there exist orbits with period an ezact multiple of
27, and at what eccentricity, depends on the particular family. From
the numerical computations it turns out that there exist periodic orbits
along the families I'ly /o, IIy/3, 113/, whose period is ezactly equal to
47, 67 and 87 respectively, shown in Table 1. No bifurcation points
exist on the families I /5, I3 and I3/4. From each of the above orbits,
there bifurcate two families of periodic orbits of the elliptic problem,
with ey as a parameter. We shall call these families E,’,’/ 9 and EP/
(p/q = 1/2,2/3,3/4). On family E, Neptune is at perihelion and on
E, Neptune is at aphelion, at t = 0. The geometric configuration of the
families of type E; and Es is shown in Figure 13.

The periodic orbits of the elliptic problem that are known, are all
symmetric with respect to the z-axis of the rotating frame. These orbits
start perpendicularly from the z-axis and at the same time the velocity
of Neptune on the z-axis is equal to zero (i.e. Neptune is either at aphe-
lion or perihelion). In this case the initial conditions of a periodic orbit
are given by: zg,yo = 0, (dz/dt)o = 0, (dy/dt)o (in the rotating frame)
for each value of the eccentricity of Neptune (ey). We can represent
a family of symmetric periodic orbits by a characteristic curve in the
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Figure 13. Elliptic problem - Geometric configuration at ¢ = 0 and ¢t = T/2. Res-
onances 1/2 and 3/4: (a) family E,, 0 = m,v = 0 (b) family E, (¢ = 7, v = =).
Resonance 2/3: (c¢) family E,, o = m,v =0 (d) family E, (o = 7w, v = 7).

space g — Yo — €N, with an indication whether Neptune is at perihelion
or aphelion.

The families of periodic orbits in the elliptic problem are with ey as
a parameter. So, for the present value of the eccentricity of Neptune,
ey = 0.011, we have a set of isolated pairs of periodic orbits.

The 1/2 Resonance

There are two pairs of families of periodic orbits bifurcating from
the planar orbits on the family IT; o, at the eccentricities e = 0.07 and

e = 0.637, respectively. One pair is EIII/,2, Ellf and the other is E;f,
E;f Along the families E%f, Eéf we have 0 = m, v = 0 and along

the families Eif, E;f we have ¢ = w, v = 7. The angles o, v are
defined as
o=-XN+2D2—-w, v=4+N -2+

where A is the mean longitude, w the longitude of perihelion of the
small body, and the primed quantities refer to Neptune.

({2 and

The numerical computations revealed that the families E%
E;f join in one family, at a maximum eccentricity at ey = 0.24. These
families are shown in Figure 14a. Both of them are unstable. The curves
on the zg, (dy/dt)y plane are the two families of the circular problem

that are given in Figure 3b.

The 2/3 Resonance

There is one pair of families of periodic orbits bifurcating from the
planar orbits on the family Iy 3, at the eccentricity e = 0.469. The pair
is: Eg/?’ 2/3. Along the family E,%/?’, we have 0 = 7, v = 0 and along

bl

the family Eg/ % we have o = 7, v = m. The angles o, v are defined as

c==2N4+3-w, v=+2X-3\+w'.
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16 Th. Kotoulas, J.D. Hadjidemetriou

Figure 1. Families of periodic orbits of the elliptic restricted three-body problem
at: (a) 1/2 resonance, (b) 2/3 resonance and (c) 3/4 resonance. The symbols “S”,
“U” denote stability or instability, respectively.

These families are shown in Figure 14b. Both of them are unstable.
The curves on the zg, (dy/dt)o plane are the two families of the circular
problem that are given in Figure 4b.

The 3/4 Resonance

There is one pair of families of periodic orbits bifurcating from the
planar orbits on the family I]3,4, at the eccentricity e = 0.329. The pair

is: E{Z’M, 2/4. Along the family E{Z’M, we have 0 = 7, v = 0 and along

the family E;:’/ * we have o = 7, v = m. The angles o, v are defined as
c=-3N+4\—-w, v=4+3N -4+

These families are shown in Figure 14c. Both of them are unstable. The
curves on the zy, (dy/dt)o plane are the two families of the circular
problem that are given in Figure 5b.

5. The 3-D restricted circular three-body problem

We present in this section resonant families of periodic orbits of the
three dimensional circular restricted 3-body problem, at the resonances
1/2, 2/3 and 3/4. These families, if there exist, should bifurcate from
the families of type I or II of the planar circular problem at those
orbits whose stability is critical with respect to perturbations along
the z-axis. For the computation of the vertical stability we used the
method developed by Hénon (1973). The computations have revealed
that the families Iy/9, Iy/3 and I3/4 are vertically stable; so, no 3-D
periodic orbits can bifurcate from these families. Also, the families of
circular orbits close to the resonances 1/2, 2/3 and 3/4 are vertically
stable. So, simple 3D-bifurcations do not exist for the circular branch
of the plane families (with ¢ >0). On the other hand, vertical critical
orbits do exist along the families I j5, IIy/3 and II3/4. The results are
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presented in Table 2. The families of the three-dimensional periodic
orbits which bifurcate from these vertical critical orbits are described
below.

TABLE 2
Bifurcation from the 2-D circular to the 3-D circular problem

‘ Resonance ‘ ares(in A.U.) ‘ Bifurcation Points ‘

| 1y2 | 4armir | e=0.059 |
| 12 | 4armir | e=0.066 |
| 2/3 | 39398 | e =0.421 |
| 2/3 | 39398 | e =0.450 |
| 2/3 | 39398 | e = 0.968 |
| 3/4 | 36415 | e = 0.291 |
| 3/4 | 36415 | e = 0.307 |
| 3/4 | 36415 | e = 0.663 |
| 3/4 | 36415 | e =0.753 |
| 3/4 | 36415 | e = 0.767 |

There are two types of three-dimensional symmetric periodic orbits
on the rotating Ozyz frame:

Type 1: Symmetric periodic orbits respect to the zz-plane.

A 3-D simple symmetric periodic orbit starts at ¢ = 0 perpendic-
ularly from the zz-plane (y(0) = 0, £(0) = 0, 2(0) = 0) and crosses
again perpendicularly the zz-plane at the first intersection (y(7/2) =
0, £(T/2) = 0, 2(T/2) = 0), where T is the period of the orbit. For
a multiple symmetric periodic orbit the first perpendicular crossing
is at the r** intersection with the zz-plane in the same direction,
where r is the multiplicity of the periodic orbit. Since for a symmetric
periodic orbit we have y(0) = 0, £(0) = 0, 2(0) = 0, the non-zero
initial conditions are: z(0), ¥(0) and z(0). Consequently, a symmetric
periodic orbit can be represented by a point in the space xg — 9o — 2o, or
because of the existence of the Jacobi integral, by a point in the space
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3-D periodic orbit of type 1 3-D periodic orbit of type 2

(@) (b)

Figure 15. (a) The geometric configuration of a 3-D symmetric periodic orbit of
Type 1 (w = =/2). (b) The geometric configuration of a 3-D symmetric periodic
orbit of Type 2 (w = 7).

o — ho — 2g, where hg is the Jacobi-constant. Also, a monoparametric
family of symmetric periodic orbits is represented by a smooth curve in
the space z¢g — hg — 29, which is called the “characteristic curve”. From
the geometry of the orbit it can be seen that at ¢ = 0 the argument of
pericenter is equal to w = 7/2 or w = 37/2 depending on whether the
small body is at perihelion or aphelion (Figure 15a).

Type 2: Symmetric periodic orbits respect to the x-axis.

A 3-D simple symmetric periodic orbit starts at ¢ = 0 perpendic-
ularly from the z-axis (y(0) = 0, 2(0) = 0, £(0) = 0) and crosses
again perpendicularly the z-axis at the first intersection (y(7/2) =
0, 2(T/2) =0, £(T/2) = 0), where T is the period of the orbit. For a
multiple symmetric periodic orbit the first perpendicular crossing is at
the rt* intersection with the z-axis, where r is the multiplicity of the
periodic orbit. Due to the fact that for a symmetric periodic orbit we
have y(0) = 0, z(0) = 0, £(0) = 0, the non-zero initial conditions are:
z(0), 9(0) and 2(0). Consequently, a symmetric periodic orbit can be
represented by a point in the space x¢ — o — 29. So, a monoparametric
family of symmetric periodic orbits is represented by a smooth curve in
the space x¢ — 9o — 29, which is called the “characteristic curve”. From
the geometry of the orbit it can be seen that at ¢ = 0 the argument of
pericenter is equal to w = 0 or w = 7, depending on whether the small
body is at perihelion or aphelion, respectively (Figure 15b).

The resonant angles ¢ and o, are defined as

c=—@P+N +pr+qw, o, =—(p+gN +pr+4¢Q, (1)

where w is the longitude of perihelion of the small body and 2 is
the longitude of the ascending node. The 1/2 resonance corresponds

K-H.tex; 27/03/2002; 8:44; p.18



Resonant Periodic orbits 19

top =2, ¢ = —1, the 2/3 resonance to p = 3, ¢ = —1 and the 3/4
resonance to p = 4, ¢ = —1. The argument of perihelion w = w — 2
is given by w = o0, — . For the families of type 1 we have ¢ = ,
0, =7/2, w=7/2, 37/2 and Q = 7/2 and for the families of type 2
we have o =7, 0, =0, w = 0, 7 and 2 = 0. The inclination ¢ can be
computed from the initial conditions from the equation cosi = L,/L,
where L is the angular momentum.

We shall present here the families of 3-D resonant periodic orbits
at the 1/2, 2/3 and 3/4 exterior resonance for u=5.178x107°. All
the results are referred to the rotating frame of reference Ozyz. The
eccentricity and the inclination vary along a family, but the semi-
major axis is almost constant, a;, = 1.58740, ag/3 = 1.31037 and
az/4 = 1.21141 (in non-dimensional units). It is worth noting that the
Kozai resonance occurs when w librates around 0 (or 7) and 7/2 (or
37/2). Then large oscillations of e and 4 are coupled with the motion
of circulation/libration of w. So, the 3-D symmetric periodic orbits of
Type 1 are associated with the Kozai resonance around w = 7 /2, 37/2
and the orbits of Type 2 are related with the above resonance around
w=0, 7.

The 1/2 Resonance

There are two bifurcation points from the circular planar family
I3 to 3-D orbits, at the eccentricities e = 0.059 and e = 0.066, from
which bifurcate the 3-D families A; and A, respectively. Family A,
is of Type 1 and family A, is of Type 2. In Figure 16a we show the
family A, of 3-D periodic orbits in the g — hg — 2o space, which starts
from the vertical critical orbit A; [e = 0.059, ¢ = 0.0] with multiplicity
1 and terminates to a collision orbit with e = 0.986 and ¢ = 78.72°,
with multiplicity 2. Along the family A; the multiplicity of 3-D periodic
orbits changes from 1 to 2, from 2 to 3 and finally from 3 to 2. In Figures
16¢ and 16d we show the projections of this family to the zy — ¢ and
i — e planes. We observe that the eccentricity takes zero values at two
points where the inclination is equal to 27.5° and 98.4°, respectively.
The stability is shown in Figure 16d. The family A; is unstable except
for a small stable region between ¢ = 55.7° and ¢ = 63.8°. This means
that we cannot have stable three dimensional motion of the small body
in the 1/2 resonance, except for a small region with eccentricity close
to e = 0.012 and the inclination between ¢ = 55.7° and ¢ = 63.8°. Ounly
in this region we can have stable librations around w = 7/2, associated
with the Kozai resonance.

In Figure 17a we present the family Ao (of Type 2) in the space (o,
(dy/dt)e, (dz/dt)o), which starts from the point Ay [e = 0.066, i=0.0]
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Figure 16. Resonance 1/2: (a) The family A; in the o — ho — 2o space, where h is
the Jacobi-constant. (b) A 3-D symmetric periodic orbit of type 1 with multiplicity
r = 1. (c) Projections of the family A; to the zo — g0 plane and (d) to the i — e
plane. The negative values of the eccentricity in Figure 16d stand for perihelion of
the small body.

with multiplicity 1 and terminates at the point [e = 0.0, ¢ = 180°],
belonging to the retrograde family of planar periodic orbits (R) at
the resonance 1/2 with multiplicity 3. In Figures 17c-d we give the
projections of this family to the zy — Z¢ plane and to the ¢ — e plane.
The eccentricity takes zero values at two points along this family, with
inclinations 51.9° and 93° respectively. Family As is unstable (Figure
17d), so no libration could exist around w=0.

The 2/3 Resonance

Three vertical critical orbits along the family Ily/3 of the planar
problem were found from which bifurcate the 3-D families of periodic
orbits. These points correspond to the eccentricities e; = 0.421, ey =
0.450 and e3 = 0.968. From the first point there bifurcates the family
By which is of type 1 and from the second and the third points there
bifurcate two families, which in fact coincide, so we have one more
family of 3-D periodic orbits, Bog which is of Type 2.

The family B; of 3-D symmetric periodic orbits is presented in Fig-
ure 18a, in the zo—(dy/dt)o— 2o space. It starts from the vertical critical
orbit By [e = 0.421, ¢ = 0.0] with multiplicity 1 and terminates to a
collision orbit F; [e = 0.984, ¢ = 70.18°] with multiplicity 5. Along this
family the eccentricity increases continuously up to a maximum value

K-H.tex; 27/03/2002; 8:44; p.20



Resonant Periodic orbits 21

r, | Family AZ\ (a)

06 |

2.
=
’5 0.4
=
=
0,2 —
le=0.066—___
0,0 L™ D 77/:0‘6
1,6 1.2
S T as (&Y
Xo 2,0 &t
200 @
0,8 ©)
18]
150
0,6 - .
2 o0 U
= 04 = 100
N =
el
=02 50
0,0 |
[\
1,5 1,6 17 1,8 1,9 2,0 2,1 2,2 -0,1 0,0 0,1 0,2 0,3 04
Xo ecc

Figure 17. Resonance 1/2: (a) The family A, in the zo—1y0— 20 space, D:direct orbits,
R:retrograde orbits. (b) A 3-D symmetric periodic orbit of type 2 with multiplicity
r = 1. (c) Projection of the family A, to the £ — 2 plane, and (d) to the i — e
plane. The negative values of the eccentricity denote the position of the small body
at perihelion.

e = 0.984 at a collision orbit. The stability of this family is shown in
Figure 18d. We note here that a large section of the family is stable and
instability appears only at high eccentricities. So, we can have stable
librations around w = 7/2, 37/2 for quite large values of eccentricity
and the inclination. This type of motion is associated with the Kozai
resonance at the 2/3 resonance region (Morbidelli et al, 1995).

In figure 19a we present the family Bos (of Type 2) in the space
(zo —e—1), which starts from the point By [e = 0.450, ¢ = 0.0] of 11,3,
with multiplicity 1 and terminates at the point Bs [e = 0.968, i = 0.0]
of IIy/3, with multiplicity 5. In Figures 19¢c-19d we show the projections
of the family Bag to the z¢—(dz/dt)o plane and to the i —e plane. Along
this family the eccentricity increases continuously starting from large
values (e = 0.45) but the inclination starts from zero values, takes the
maximum value at %,,,,=79.03° and finally terminates to zero values
again. The stability is shown in Figure 19d. The family is unstable,
so no libration could exist at the 2/3 resonance region, for non-zero
inclination, around w = 0.

The 3/4 Resonance

Five vertical critical orbits along the family 13/, of the planar prob-
lem were found. These are: C; (e = 0.29), Cy (e = 0.31), C5 (e = 0.66),
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Figure 18. Resonance 2/3: (a) The family B in the zo — o — 2o space. (b) A 3-D
symmetric periodic orbit of type 1 with multiplicity » = 1. (c¢) Projection of this
family to the zo — e plane and (d) to the 7 — e plane.
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Figure 19. Resonance 2/3: (a) Family Bjs in the space zo — eg — io. (b) A 3-D
symmetric periodic orbit of type 2 with multiplicity » = 1. (c¢) Projection of this
family to the zo — 2o plane and (d) to the e — ¢ plane.
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Figure 20. Resonance 3/4: (a) Family C; in the zo — go — 20 space, R: family of
retrograde orbits. (b) A 3-D symmetric periodic orbit of type 1 with multiplicity 2.
(c) Projection of this family to the zo — 2o plane and (d) to the e — ¢ plane.

C4 (e = 0.75) and Cs (e = 0.77). The families of 3-D symmetric periodic
orbits which bifurcate from the points C;, C3, C4 have symmetry of
Type 1 and the families which bifurcate from the points Cs, Cs have
symmetry of Type 2. As we shall see in the following, the families which
bifurcate from the points Cy and Cy coincide.

In Figure 20a we present the family C of 3-D periodic orbits in the
zo — (dy/dt)o — z¢ space, which starts from the point C; [e = 0.29, i =
0.0] with multiplicity 2 and terminates at the point [e = 0.0, 7 = 180°],
which belongs to the retrograde family of planar periodic orbits (R)
at the resonance 3/4, with multiplicity 7. The multiplicity of the 3-D
orbits changes from 2 to 3, from 3 to 5 and finally from 5 to 7. In
Figures 20c-20d we give the projections of the family C to the ¢ — 2zg
and to the 7 — e planes. Along this family the eccentricity decreases
continuously and takes the minimum value (e, = 0.0) at the orbit
G. The stability of this family is shown in Figure 20d. A large section of
the family is unstable, from ¢ = 54° (e = 0.28) to 7 = 160.5° (e = 0.033)
and stability appears at low to moderate values of eccentricity. So, we
can have stable librations around w = 7/2, for small values of the
eccentricity and the inclination. This type of motion is associated with
the Kozai resonance at the 3/4 resonance region.

In Figure 21a we show the family Cos in the space (zg — ep — ),
which starts from the point Cs [e = 0.31, ¢ = 0.0] with multiplicity 2
and terminates at the point Cs [e = 0.77, ¢ = 0.0] with multiplicity
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Figure 21. Resonance 3/4: (a) Family Cas in the space o — eo — é0. The gap along
the family II5,4 of the planar problem is that of Figure 5b. (b) A 3-D symmetric
periodic orbit of type 2 with multiplicity 2. (c) Projection of the family to the e — ¢
plane and (d) to the zo — eo plane.

4. In Figures 21c-d we show the projections of the family Cos to the
zo — (dz/dt)o and z¢ — eg planes. Along this family the eccentricity
increases continuously but the inclination starts from zero values, takes
the maximum value at 4,,,,=51.33° and ends again to zero values. The
stability is shown in Figure 21d. Two stable areas appear along the
family: one between e = 0.4 (i = 41.9°) and e = 0.54 (¢ = 51.3°) and
the other between e = 0.75 (¢ = 21.2°) and e = 0.77 (i = 0.0°). So, we
can have stable librations around w = 0, 7 at these regions of e and i.
In Figure 22a we present the family C3 of 3D-periodic orbits. It
starts from Cs [e = 0.66, ¢ = 0.0] with multiplicity 4 and terminates
at the point G3 [e = 0.35, ¢ = 180°] which belongs to the retrograde
family of planar periodic orbits (R) at the resonance 3/4, mentioned
above, with multiplicity 7. Along the family C3 the multiplicity of the
3-D orbits changes from 4 to 2, then from 2 to 3, to 5 and finally to
7. The projections of this family on the planes z¢g — 29 and ¢ — e are
given in Figures 22¢-22d, respectively. Along this family the eccentricity
decreases continuously and finally takes the minimum value (e, =
0.35) at the point G3. The stability of the family Cj is presented at
Figure 23d. The family C3 is unstable except for two regions: one is
located between i = 7° (e = 0.655) and i = 10° (e = 0.650) and the
region between 7 = 120° (e = 0.44) and ¢ = 180° (e = 0.35). So, stable
librations around w = /2 can exist at these regions of e and 1.
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Figure 22. Resonance 3/4: (a) Family Cs in the o — o — 20 space. (I3/4, I13/4:
families of direct orbits described in Figure 5b, R: family of retrograde orbits). (b)
A 3-D symmetric periodic orbit of type 1 with multiplicity 4. (¢) Projection of the
family C3 to the plane zo — zo and (d) to the 7 — e plane.

Finally, the family Cy of 3D-periodic orbits is shown in the Figure
23a. It starts from Cy [e = 0.75, ¢ = 0.0] with multiplicity 4 and
terminates at a collision orbit G4 [e = 0.97, ¢ = 65.96°]. The multiplicity
of 3-D periodic orbits remains the same along the family Cy and no
maximum appears. The eccentricity increases along this family starting
from high values; the inclination increases, starting from zero values.
The stability is presented in 23d. Family C} is unstable up to i = 14.4°
(e = 0.795) and then becomes stable. We note that a large section of the
family is stable, and instability appears only at high eccentricities but
small inclinations. So, we can have stable librations around w = 7/2,
for quite large values of the eccentricity and the inclination. This type
of motion is associated with the Kozai resonance at the 3/4 resonance
region.

6. The 3-D Elliptic Restricted 3-Body Problem

As far as the 3-D elliptic restricted three-body problem is concerned,
we remark here that families of periodic orbits of the 3-D elliptic
restricted three-body problem, with the eccentricity of Neptune as
a parameter, bifurcate from the families of the 3-D circular problem
mentioned above. The bifurcation can take place only at those orbits
of the circular problem whose period is equal to 7 or 27 or a multiple
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Figure 23. Resonance 3/4: (a) Family Cj4 in the xo—go — 20 space. The gap along the
family I15,, is that of Figure 5b. (b) A 3-D periodic orbit of type 1 with multiplicity
4. (c) Projection of the family C4 to the plane zo — eo and (d) to the plane e — 4.

of it. Examining the variation of period T' along each family of the 3-D
circular restricted 3-body problem, we found that there exist periodic
orbits along the families A;, Ao at the resonance 1/2, whose period is
equal to 47 and along the families C;, C5 at the resonance 3/4 with
period exactly equal to 8w. There are not any periodic orbits of the
3-D circular problem at the resonance 2/3 with period equal to 6.
The results are summarized in Table 3.

TABLE 3
Bifurcation from the 3-D circular to the 3-D elliptic problem

‘ Resonance ‘ a(in A.U.) ‘ Period ‘ Family ‘ Bifurcation Points ‘

|12 | 4arrmr | 4m | Ay | e=0.05,i=80.02° |
|12 | 4rTr | 4n | Ar | e=0.27,i=113.80°
|12 | 41TTr | 4m | Ay | e=0.04, i=101.66°
| 3/4 | 36415 | 87 | Ci | e=0.29,i=7584" |
| 3/4 | 36415 | 87 | Cs | e=0.52,i=93.74° |
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Another way to find periodic orbits that give bifurcation to the 3-D
elliptic restricted three-body problem is to study the vertical stability
of periodic orbits of the planar elliptic problem. Following the same
methodology as in the circular case, we computed the vertical stability
of the planar elliptic problem. In the case of 1/2 resonance, the com-
putations revealed that there exists one vertical critical orbit on the

family Ey/” at ¢ = 0.218, ey = 0.474. We note here that family E,/’
is vertically stable for ey <0.474 and becomes vertically unstable for
en >0.474. This bifurcation however is of no interest for the study of
the Edgeworth-Kuiper belt, because the value of ey is very high.

The families Ellf, E;f and E;f of the 1/2 resonance, the families

Ez/ 3 and Eg/ 3 of the 2/3 resonance and the families ES’/ 1 and EZ’/ 1 of
the 3/4 resonance are all vertically stable. So, no vertical critical orbits
exist and consequently these families cannot give bifurcation to the 3-D
elliptic periodic orbits.

7. Discussion

The stability and the evolution of a small body in the Edgeworth-
Kuiper belt is determined by the topology of the phase space. This
depends on the model we use in our study. The complete problem
involves all the major planets, so we have a system with many degrees
of freedom. This makes it very difficult to obtain a view of the phase
space and the only way to study the evolution of a small body is to use
numerical integrations. In this case, the selection of the initial condi-
tions is a major problem. A grid in the whole phase space involves too
many initial conditions, and consequently too much computing time,
which is costly, even with the present computers. The most important
problem however is the study of the vast amount of output that we get
in this way. So, there is the danger to be lost in unnecessary details
and miss the main properties of the phase space.

A different approach is to simplify the physical problem, by con-
sidering the averaged Hamiltonian. In this way the problem becomes
manageable (in fact by generating ignorable coordinates by a series
of canonical transformations), but at the expense of losing degrees of
freedom. This is theoretically correct if the system is integrable, or,
approximately, if we are in an ordered region of the phase space. Since
however the problem in non integrable, chaotic regions are expected
and consequently the perturbation series in the averaged model are
not convergent. So, important information may be lost.

The selection of the model which we will use is a crucial point. In the
present study we use Neptune as the main perturbing body. Although
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the other major planets affect also the evolution, the topology of the
phase space, as obtained by the simpler model Sun - Neptune - small
body, will give us useful information for the evolution of the small body.
In fact, the chaotic regions in this model will remain chaotic when the
effect of the other planets is included. On the other hand, stable regions
of the simple model are not expected to become chaotic, if we are not
close to secular resonances.

The complete model in the present study is the three dimensional
elliptic three body problem, with the Sun and Neptune as primaries and
Neptune in a fixed elliptic orbit. This is a non autonomous system with
three degrees of freedom, and is already quite complicated. The simplest
model is to consider the orbit of Neptune circular and study planar
orbits (circular planar model). This is a simple autonomous system with
two degrees of freedom, whose phase space can be easily studied (note
that the Poincaré map on a surface of section is two dimensional). This
model is not realistic, because the ellipticity of the orbit of Neptune
and the inclination of the orbit of the small body introduce additional
degrees of freedom, which affect critically the topology of the phase
space.

Malhotra(1996) has made a systematic study of the topology of the
phase space in the circular planar model and several resonances were
included. Both regular zones appear, where we have stable librations
and also chaotic zones, due to overlap of resonances, where diffusion
can take place. In the present study we started with this simple model
and we extended the study to the complete model.

The basic idea in the present work is based on the fact that the
topology of the phase space, in any model, is shaped by the position
and the stability character of the periodic orbits. It is in the vicinity
of a stable periodic orbit that librations are expected. On the contrary,
it is close to an unstable periodic orbit that chaotic motion appears.
In addition, the closeness of the families of resonant periodic orbits is
an indication of the extent of the stable libration and the generation of
chaotic regions due to resonance overlap. Furthermore, the absence of
low order resonant periodic orbits implies a smooth phase space, with
ordered motion only. For this reason, instead of being lost in a vast set
of initial conditions, the periodic orbits should be used as the basic tool
to select the initial conditions. In this way, no important feature of the
phase space can be lost.

We started the study with the simplest model, the circular planar
model, as the starting point. The topology of the phase space of the
circular planar model is shown in Figure 12, where the Poicaré maps
for different energy levels are computed (see also Malhotra, 1966). The
guide for the selection of the energy levels was provided by the Figure
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1 (and Figures 3-5 in more detail). The relation between the families
of periodic orbits and the appearance of the corresponding fixed points
on the maps is clear. In fact, a crude idea of the topology of the phase
space, as shown in Figure 12, could be obtained from Figures 1,3-5
alone.

From Figure 12 we note that there are stable libration zones in all
basic first order resonances, namely 1/2, 2/3 and 3/4, corresponding
to the stable fixed points/periodic orbits. As the energy level increases,
more and more resonances appear and consequently the stable libration
zones shrink, and chaotic regions appear, due to resonance overlap. If
we restricted ourselves to the circular planar model, we would come
to the conclusion that the 1/2 resonance should be the one with the
larger population, because this resonance is not very close to the other
resonances and consequently large libration zones exist.

The above picture for the topology of the phase space close to the
1/2, 2/3 and 3/4 resonances changes drastically when we go to the
more realistic model, by considering the inclination of the orbit of the
small body and the ellipticity of the orbit of Neptune.

elliptic planar model

— In section 4 it is found that in the 1/2 resonance the topology
of the phase space in the elliptic planar model is shaped by two
pairs of families of unstable periodic orbits, one of them with very
small eccentricities (e = 0.07) of the small body, which are close
to each other. This means that there exist two unstable periodic
orbits, close to each other, in the system Sun - Neptune - small
body (exy = 0.011). Consequently, large chaotic regions appear
as the eccentricity of Neptune is introduced, for small values of e,
and this changes dramatically the picture we had from the circular
model.

— In the 2/3 resonance we found that no periodic orbits exist for
small values of the eccentricity. A pair of unstable families exists
only at high values of the eccentricity (e = 0.47), and consequently
two unstable periodic orbits exist for ey = 0.011. This means that
the phase space is smooth, in the elliptic model, for small values
of the eccentricity.

— In the 3/4 resonance a pair of unstable periodic orbits exists, at
eccentricities e = 0.33 and consequently two unstable periodic
orbits exist for exy = 0.011. For smaller eccentricities the phase
space is smooth, but in the circular planar model this region is
quite chaotic and the libration zone is quite small (Figure 12).
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Figure 24. Bifurcations from the circular planar model to the elliptic planar model
and to the circular 3-D model, and stability.

3-D circular model

— In section 5 it is found that in the 1/2 resonance there exist two
families of unstable periodic orbits for very small values of the
eccentricity (e = 0.07) and values of the inclination smaller than
i = 60°.

— In the 2/3 resonance a stable family exists for eccentricities close
to e = 0.42 and inclinations which can reach high values, up to
i = 60°. This family of periodic orbits if of type 1, so the stable
librations in its vicinity are around w = 7/2 or w = 37/2.

— The topology of the phase space of the 3-D model at the 3/4 res-
onance appears very complicated. Four families of periodic orbits
exist, all with e > 0.29. Only one of them, with eccentricity close
to e = 0.29 and values of the inclination 0 < 7 = 40° is stable. This
corresponds to stable librations around 2 = 7/2. Stable regions
appear also on some of the other families, but for large values of
both e and i.

From all the above results, which are summarized in Figure 24, we
note that the only resonance in which stable regions exist is the 2/3
resonance: In the region 0 < e < 0.42 there are not periodic orbits in
the 3-D case, so the phase space is smooth. This property of the phase
space is not destroyed when the ellipticity of the orbit of Neptune is
introduced, because up to these values of e the phase space is smooth
in the elliptic model (the two unstable periodic orbits for ey = 0.011
appear for e > 0.47). This means that we can have stable librations at
these values of the eccentricity and the inclination, which are around
w = 7/2, 37/2. This type of libration is associated with the Kozai
resonance.
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In the 1/2 resonance we have an unstable region in the elliptic
model, for small values of the eccentricity. This means that we cannot
have trapping at this resonance, for small values of e. In addition,
unstable motion appears in the 3-D circular model for small values of
the eccentricity. So, we cannot have trapping in this region. However,
the region e < 0.07 and ¢ > 0 does not contain any periodic orbits.
This implies that the phase space is smooth and we can have bodies in
this region, in a semistable motion (stable chaos).

In the 3/4 resonance the instability starts from the circular planar
model. However, the phase space in the elliptic model and the 3-D
model appears as smooth, for eccentricities smaller than e = 0.30 and
inclinations smaller than ¢ = 40° (because in this region there are not
periodic orbits in the elliptic model, and there exist stable periodic
orbits in the 3-D model).

The above conclusions are based on the study of the bifurcation
points to families of periodic orbits of the circular 3-D problem or the
planar elliptic problem. This study made clear the importance of the
position and the stability character of these bifurcation points. This
phenomenon is also evident in the asteroid belt, as shown by Tsiganis
et. al (2001). It is also made clear that the topology of the simplest
model, the circular planar model, does not represent the real model.

The above results are in accordance with the observations, that the
2/3 resonance region is populated with many objects and the other
resonances are almost empty.

The above analysis was based on the exploration of the phase space
of the elliptic three dimensional restricted three body problem, by
making use of the position and the stability character of the low order
resonant periodic orbits of the system. A more detailed analysis, based
on exact numerical integrations and taking into account all major
planets, can be made using as initial conditions those regions of the
phase space (of the Sun - Neptune - small object system) which are
close to stable periodic motion, or far from periodic motion, to detect
stable librations. Or using initial conditions close to unstable periodic
orbits, or regions where many resonances exist close to each other, to
detect chaotic regions and study the diffusion of a small object and the
mechanism it may become a short period comet.
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