Linear autonomous systems of 2-dimensions

X=ax+by
y=cx+dy

GG

X=Ax, detA=#0, x=(Xy)eR’

a,b,c,d e R (constants)
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Linear autonomous systems of 2-dimensions

All linear systems with constant coefficients have solutions in closed form,
expressed with typical functions, and related with the eigenvalues and
eigenvectors of the matrix A

cmath60.nb

There exist only one equilibrium position at (0,0)

Vector field and area preservation/dissipation

f =ax+Db of
" y divf:a—fx+—y=a+d:traceA

f=(f,f) - ,
y f, =cx+dy OX

The phase space trajectories or an integral of motion F(x,y)=const. can
be derived from the solution of the 15t order ODE

dy cx+dy
dx ax+hy M) cmath61.nb

(1) is an homogeneous equation and can is solved by setting z=y/x
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Linear autonomous systems of 2-dimensions
Solutions for particular cases

A. Real and distinct eigenvalues, A;#ZA,, A eR
Existence of two eigenvectors u,=(u;;,u;,)€R? , u,=(u,,U,,) €R?

. t t
Solution X(t) = cu,,™ +c,u,e”
t t

y(t) = C1u12e21 T Czuzzeﬂ2

2
X(t) =) cue™
i=1

Special cases

* ¢=0 X(t) = C,u,e™, y(t) =CUue™ = y= [U_ﬂ] '
21
u
© 60 X(t) = Clulleﬂlt’ y(t) = Clulzeﬂit = y= [L) '
Uy

The trajectory solutions y=kx are called invariant linear subspaces



Linear autonomous systems of 2-dimensions
Solutions for particular cases

A. Real and distinct eigenvalues, A;#ZA,, A eR

Invariant linear subspace solution for A eR and u=(u,,u,)

X(t) = C(Xo’ yo)uxe/u’ y(t) = C(Xo’ yo)uye/1t — y= (u_zj X

if 1<0 = !im(x, y) =(0,0) Stable subspace ( E¥)

if 1>0 = !im(x, y) = (Fo0, £0) Unstable subspace ( E¥)



Linear autonomous systems of 2-dimensions
Solutions for particular cases

A. Real and distinct eigenvalues, A;#ZA,, A eR

1.0 -4

Al. A >0 and A,>0
two unstable linear subspaces =

Unstable node

A2. A\<0and A,<0

two stable linear subspaces = Stable node



Linear autonomous systems of 2-dimensions
Solutions for particular cases

A. Real and distinct eigenvalues, A;#ZA,, A eR

A3. A>0 and A,<0

one unstable and
one stable subspace = saddle




Linear autonomous systems of 2-dimensions
Solutions for particular cases

B. Equal eigenvalues, A1,=1,=A, AeR
b1) If there exist two eigenvectors we obtain a stable or an unstable node

b2) If there exist one eigenvector u=(u,u,) then

X(t) = (c, +c,t)ue™ +c,we”
y(t) = (c, +c,t)u,e” +c,w,e™

10~ =" - =

Solution X(t) = (c, +c,t)ue™ +c,we”

Linear Subspace for c,=0

0.5]

Y ooo~_~ =~ =~ = ™~ - - - - -
if A<O : stable subspace PR O .
" .. ~F~ ~

if A>0 : unstable subspace

improper node




Linear autonomous systems of 2-dimensions
Solutions for particular cases

C. Complex eigenvalues : 1,=a+ib, 1,=a-ib bz0

Complex eigenvectors  u, +iv; koL u,+iv,

Solution  X(t) =c.e* (u, cosbt +v, sinbt) +c,e* (-u, cosbt +v, sinbt)
y(t) =c,.e*(u, cosbt +v, sinbt) +c,e* (-u, cosbt + v, sinbt)

Periodic terms (T=2mn/b) with amplitude A~e¢t

 0>0 : oscillations of x(t) and y(t) with exponentially increasing amplitude
 0<0 : damped oscillations of x(t) and y(t)

 g=0 : periodic oscillations of x(t) and y(t)



Linear autonomous systems of 2-dimensions
Solutions for particular cases

C. Complex eigenvalues : A,=a+ib, A,—a-ib, bz0

if A;,>0 =
clockwise evolution

a>0 : unstable focus

a<0 : stable focus (sink)




To ypappLkd cvotnua ovopaletal UEPBOALKO av TO
TPAYUOTLKO LEPOC OAWV TWV LOLOTLUMWYV TOU Ttivaka A eival
dladopo tou pundevocg

A linear system is called hyperbolic if the real part of all
eigenvalues is non-zero.



Linear autonomous systems of 2-dimensions

Saddle

Saddle

Parametric space of Stability

p=-traceA=-(a+d) , g=detA=ad-bc

2- =
Stable p*-4q=0

Node

Stable
focus
Center q
Unstable
focus
math64.nb
p2-49=0
math65.nb

* for p=0 the system is area preserving (includes centers (q>0) and saddles (gq<0))
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Canonical form of the system
Al e
- or X=AX
y) (¢ d)y
X=AX — X=PY — Y=BY , Y=®j

B=PAP (Similarity transformation)

A#A,, A ER A=A, =A, A eR A, ,=a+ib € C\R

*

* case for one eigenvector,
p_ [Ull Uzlj or £U1 le or £U1 Vlj and w=(w,,w,) is one

U12 l_l22 u2 W2 u2 V2 ?leli;)z:,ojghe equation
A 0 A1 a b
B= or or
0 4, 0 A b a
X'=AX' X'=AX'+y' X'=ax'+hby’

y' =4y y'=A4y' y'=-bx'+ay’



Aoknon L1 >xebdldote 10 daoLko SLAYPOPHUA TIOPOKATW YPAUULKOU CUCTAMATOC
Kol ypate To o€ Kavovikni popdn

(a) (b) (©)
)'(:_lx+y X:_X-l_y XZ—X+y
y=-2x-2y y =—X-3y

y=-x-3y

* emAé€te éva obotnua kot anooteilete eva pdf pe dvopa apyeiou mou Egkvacel pe To KwSLKO NG
AOKNONC OTN CUVEXELX TO ETIOETO oac (He AATVIKOUC XapaKTrpeg) oto email voyatzis@physics.auth.gr
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