DYNAMICAL SYSTEMS

Dynamical variables (quantities) : X;,Xo,Xs, ..., X,

x=x{(t) € R, xcEcC R", teR Xn

Xio=Xi(t)) = (X10.X50, ----,X0) : INitial conditions/state at t=t,

X=X (t) = (X;,X,, ....,X,) : State of system at time t

EcR":

Dynamical system : Mapping ¢ :RxE > E

v

Phase space tracectory

¢tO(X):Xo @, © Py (x) = P 4, (X)

teR
teoreN

 Deterministic systems

» Stochastic systems



CONTINUOUS DYNAMICAL SYSTEMS

Xlz fl(X1’X2""’Xn’t) Xlle(t;xlo""’xno)
. = f X Xt ] Xy =X, (6 X0 X,
X, 2(X1 :Xz X, ) [ X= f (X,t) ] — 2 2( : ) [ X:X(t,XO) ]
Xn = fn(Xl,Xz,...,Xn,t) X, = Xn(t;xlo""’xno)
ot< to,i past IS given in parametric form

t=1t, : present
«t> 1, : future

s Vector field of the system
f=(f,f,. f .
(f. 1, ) or velocity field

Cauchy Theorem

) o of. o Existence and uniqueness of solutions
Existence and continuity of ., 87' , VI,J, teR — in the extended phase space

j Rn+1= R XE



in the following

We always assume domains where the Cauchy
conditions for uniqueness and existence of

solutions are satisfied by the vector field of the
ODEs



Example: Chemical reactions (oregonators)

X =kaY —k,XY +k,aX —k,X?
Y =—k,aY —k, XY +%k52

Z = 2k,axX —k.Z

Normalization : reduction of parameters)

>‘<=£(x+ Yy —Ox° — Xy)

E
V=—Y+Z-—Xy (t—>1)
Zzi(x—z)

P



Xl - Vxl

yl = Vyl

X, =V,

y2 = Vy2

X3 = Vi3

Y3 =Vy3
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Example: The planar three body problem

Gm
Xz) _r—zs(xl - X3)

13

Gm
Y,)— r—23(y1— Ys)

13

(X _X1)_ 3(X2—X3)

I‘-23

Gm
yl)—r—;“(yz ~Ys)

23

Gm
1) - —21 (Xs o Xz)
I3

Gm
yl) _r—gl (Y:s o Y2)

23

i =06y, Vi (Vi Vi)

F; :\/(Xi _Xj)2+(yi _yj)2

21

29

1
——(my, +m,y,),
- (my, +m,y,)

23

Cauchy conditions are not satisfied at collisions

Reduction of number of equations

fm (21, 2,)

1
X3 =—— (m1x1 + mzxz)v

1
Vig =—— (m1Vx1 + mzvxz)
3

1
V., = _F (mlvy1 + mzvyz)

3

y3

Normalization of units
,0=1 m+m+m=1 G=1



The two main categories of Dynamical systems

A. Linear systems

n Solutions given by
X, = Z a. xX. +b - > «Standard functions
I ij 7 i : :
j=1 Special function
« Convergent series

B. Non-linear systems — ?

If we can compute the general analytic solution of a dynamical system we
know its evolution for all initial conditions and all time intervals

cmathll cmath12

In general we cannot find analytic solutions for non-linear systems of 2 or
more dimensions with standard functions and numerical solutions should be
computed


cmath11.nb
cmath12.nb

The basic notion of numerical solution

dx
ODE e f(t,x) initial condition x(ty)=x,
dx dx : X(t, + At) — x(t,)  x(t, + At) — x(t,)
= =f(t,x = =lim 0 0/~ 20 = (At
itholds N (%) and o LT M o ¢ (At<1)
So  X(t, + At)= X(t,) + At f (t,,X,)
Euler’s approximation
f2 = fadlt Shpt2At
b =ttt

xa=wat AF i xa]
xa=xp+ At fit,xn)

Y
0

B = Ry rdE Shafk-1)0AE

xp=xpt A R )



The basic notion of numerical solution

A numerical solution

* is adiscrete map of a partial solution of an initial value problem

* consists of a set of points A(t,x) ={(t X, )e R"™ k=0,1...,N}

* Isvalidin a restricted time interval t ,<t<t

max

e suffers from numerical errors

Numerical solutions in Mathematica

NDSolve[Initial Value problem, {x,;, X,

Output : Interpolating function, one for each variable

cmath15 cmathl6

S N Y

tmin,

tmax} ]


cmath15.nb
cmath16.nb
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