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Abstract—In this paper, detailed mathematical formulation of
a coupled electro-thermal model for transient studies of hightemperature superconducting (HTS) transmission systems is presented. Regarding the thermal modeling, the volume-element
method is used in order heat transfer equations on a twodimensional axisymmetric cable model to be solved and temperature distribution over space and time to be determined. For
the modeling of the electric part, a constant-parameter finitedifference time-domain method is utilized to calculate voltages and
currents over space and time as well. The analysis is conducted on
a bipolar cable suggested by the Electric Power Research Institute for long-distance HTS dc transmission to highlight the electric
and thermal domain interaction under transient conditions. Different test cases are conducted to evaluate the electric and thermal
transient performance of the examined HTS cable.
Index Terms—Coupled electro-thermal modeling, finite-difference time-domain (FDTD), superconducting transmission, transients, volume-element method (VEM).

I. INTRODUCTION
ECENT technological advances, especially on converter
topologies, enabled dc transmission to emerge as a
competitor to ac solution, especially for high-capacity power
transmission with numerous advantages, such as increased controllability and bidirectional power transfer capability [1]. In
parallel, the discovery of high-temperature superconductivity
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[2] was a breakthrough that made feasible the combination
of such advantages with an almost lossless transmission system that utilizes high-temperature superconducting (HTS) cables [3]. Although several HTS transmission projects can be
found around the world, either on laboratory level or in realgrid applications [4], technical obstacles preventing their massive adoption within the modern power grid exist. Issues such
as their cost, the overall complexity, and the cooling-system
reliability need to be considered [5]. Taking into account the
rarity of experimental installations and lab prototypes, design
and analysis of large-scale superconducting equipment on a
modeling/simulation basis becomes more important [6]–[8].
Detailed mathematical formulations and robust/reliable computational tools combined with time-efficient solvers are needed
to define an operation framework for both steady-state and transient conditions. Hence, dealing with complex, typically coupled magneto-thermal [9], electro-thermal [10], or mechanicalthermal [11] problems of applied superconductivity becomes
feasible.
A literature survey on coupled electro-thermal modeling for
HTS cables revealed several recent attempts. In [12], a code
that focuses on the coupled thermal-hydraulic electromagnetic
problem of the current and temperature distribution was presented. The role of thermal-hydraulics on the interpretation of
the conductor test via the self-consistent computation of temperature profiles along and across the conductor combined with the
voltage evolution was addressed, while the results were also experimentally validated. Moreover, in [9], a finite element model
(FEM) of an HTS cable was built considering current and heat
transfer boundary conditions, in order to simulate the magneticthermal coupled field. Focus was given on obtaining thermal stability of the HTS cable under different operating conditions. Furthermore, in [10], a three-dimensional coupled electro-thermal
model of an HTS cable, developed in FEM was presented to determine the current sharing temperature of the cable and to study
the quench phenomena that may occur. Lastly, in [13], a timefrequency domain reflectometry (TFDR) method was proposed
to protect operational failures of grid-connected HTS cables.
The cryogenic system and the status of the grid-connected HTS
cable were both monitored via TFDR in a real-time manner.
Regarding transient analysis of HTS dc cables, in [14] and
[15], parameters that influence the transient voltage distribution
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along the cable and electrical transients that may lead to
permanent damage were discussed, respectively. Moreover,
characteristics under fault conditions for copper and HTS cables were compared in [16]. More recently, in [17] and [18],
detailed transient thermal analysis of HTS dc cables was presented and system contingencies in which the system undergoes
a transition that may lead to quenching were studied. Finally,
thermo-electric responses in the cases of transients, thermal stability, and quench behavior were studied in [19].
The scope of this paper is to present an efficient methodology for the simulation of coupled electro-thermal transients for
HTS dc cables. The volume-element-method (VEM) discretization technique is combined with FDTD, to analyze the coupled electro-thermal transient performance of HTS cables. The
flexible parabolic-elliptic partial differential equations (PDEPE)
solver [20] of MATLAB [21] is used to calculate the temperature profile for all cable layers over varying time and space. Heat
transfer by conduction, convection, and radiation is considered.
FDTD is adopted as a discretization technique to calculate voltages and currents at different cable segments, thus combined
with VEM enables the simultaneous solution of the coupled
electro-thermal problem.
The proposed methodology is generalized and can be used as
a simulation and design tool to analyze any HTS cable configuration. The proposed model predicts the electric and thermal
behavior under various transient conditions and can be useful to
identify a secure operation framework.
In Section II, the thermal problem formulation and VEM
analysis are presented. In Section III, the electrical problem
formulation and FDTD modeling are given. In Section IV, the
electro-thermal coupling is described. Sections V and VI focus
on the case study and the results for various transients, respectively. Finally, Section VII concludes the paper.
II. THERMAL FORMULATION AND VEM ANALYSIS
Thermodynamics and heat transfer laws are expressed by
partial differential equations (PDEs) written in the generic form
of (1). PDEs are introduced into PDEPE solver of MATLAB,
which deals with initial-boundary value problems for varying
space z and time t





∂T
∂T ∂T
−m ∂
m
=z
z f z, t, T,
c z, t, T,
∂z ∂t
∂z
∂z


∂T
+ s z, t, T,
.
(1)
∂z
All PDEs hold for t0 ≤ t ≤ tf and a ≤ z ≤ b, where t0 and
tf represent the start and end time of simulation, while a and b
represent the sending and receiving end of the HTS cable. Superscript m corresponds to symmetry and can be 0, 1, or 2 for slab,
cylindrical, or spherical symmetry, respectively. Considering
the numerical solution of (1), it is important to define the vector
functions of flux f (z, t, T, ∂∂Tz ) and source s(z, t, T, ∂∂Tz ) terms.
The coupling of the partial derivatives with respect to time is
restricted by multiplying with a diagonal matrix c(z, t, T, ∂∂Tz ),
with diagonal elements either zero for elliptic equations or positive for parabolic equations [20].

Initial conditions for the simulation starting at t = t0 and for
all z, i.e., over the whole cable length, are given by
T (z, t0 ) = T0 (z).

(2)

Boundary conditions for all t and for one of the cable terminations, a or b, are determined by (3) and are expressed in
terms of the flux term f . Therefore, two boundary conditions
are introduced for the whole timespan, one for z = a and one
for z = b. Vector functions p and q are both time and space dependent, whereas only p may also depend on T . The elements
of q are either identically zero or never zero


∂T
p(z, t, T ) + q(z, t)f z, t, T,
= 0.
(3)
∂z
Scalars z and t are considered as inputs, while vectors T
and ∂∂Tz represent the solution T and its partial derivative with
respect to z, respectively. The solution T for the thermal problem is the temperature distribution for varying space and time.
PDEPE calculates temperature distribution over space and time
for all finite volume elements (VEs) of any cable layer. As initial
conditions in this work, the temperature at t = t0 and for all z
is considered for all cable layers.
VEM analysis divides cable layers in finite VEs using cylindrical coordinates for simultaneous discretization over space
and time. Energy equations in terms of thermodynamics and
heat transfer are solved in order to identify the variation of properties, such as temperature, over the cable length, and time. The
analysis that follows results in a system of PDEs, representing
heat transfer between VEs in r and z directions.
Heat transfer by conduction, convection, and radiation is considered. The discretization approach as well as the heat transfer
model expressed by (4)–(10) are based in the analysis of [4],
[22]. Note that the flux term f and source term s of (1) represent
heat transfer on z and r directions, respectively.
A. Conduction
Between two consecutive VEs of solid materials, heat transfer
by conduction on both radial and axial directions takes place.
The expressions for heat conduction in i − 1, i, and i + 1 consecutive VEs of the lth layer are given in (4). Note that all VEs
consist of the same material with thermal conductivity kl and a
cross-section Ar,l on the z direction
⎧
i −1
i
⎨ Q̇il,d,in = − k l A r , l (Ti l−1−T l )
Δz
(4)
k l A r , l (T li + 1 −T li )
⎩ Q̇i
=
−
.
i
+
1
l,d,out
Δ
z

Similarly, the expressions for heat conduction for consecutive
VEs of the ith cross section of the cable between different l1
and l2 cable layers on r direction are given by
Q̇il1 l 2 ,d = Uli1 l 2 (Tli2 − Tli1 )
while Uli1 l 2 is

⎛

Uli1 l 2 = ⎝

2R l 1
+R l 1
1 −1
2πkl 1 Δiz

ln R l

R l 1 +R l 2
2R l 1
2πkl 2 Δiz
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+

(5)
⎞−1
⎠
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Step 1: Voltages along the line are calculated in terms of the
past solutions, for a fixed time step Δt and n time instants
−1 


Δz
Δz
Δz
Δz
C+
G
C−
G Vkn
Vkn +1 =
Δt
2
Δt
2
−1 


Δz
Δz
n +1/2
n +1/2
C+
G
−
− Ik −1
Ik
(11)
Δt
2

Fig. 1.

Line discretization for the FDTD analysis [23].

where Rl 1 , Rl 2 , and Rl 1 −1 are the radii of layers l1 , l2 , and of
the inner layer before l1 , respectively.
B. Convection
Heat transfer by convection might also exist on both r and z
directions between solid and liquid materials. For mass flow ṁl
and specific heat cp l , heat convection for consecutive VEs on z
and r directions is given by (7) and (8), respectively
Q̇il,v,in = −ṁl cp l (Tli − Tli−1 )
Q̇il,v,out = −ṁl cp l (Tli+1 − Tli )
Q̇il1 l 2 ,v = hl 1 Ail1 ,l 2 (Tli2 − Tli1 )

(7)
(8)

where for Nusselt number Nu and hydraulic diameter Dh , hl 1
equals
hl 1 =

kl 1 Nu
.
Dh

(9)

C. Radiation
Heat radiation occurs outside the cryogenic enclosure, where
vacuum is imposed. Given that Ail corresponds to the cylindrical
surfaces, heat radiation for consecutive VEs of the ith line cross
section between different l1 and l2 cable layers, that surround
vacuum layer, on the r direction is given by


ε
Q̇ir,in = − 1−εl 1l Ail1 B1 − σ(Tli1 )4
1


(10)
ε
Q̇ir,out = − 1−εl 2l Ail2 σ(Tli2 )4 − B2

for k = 2, 3, . . . , NDZ.
Step 2: Terminal conditions at HTS ends are incorporated
using (12) and (13) to determine the corresponding voltages
and currents, i.e., V1 , I1 , and VNDZ+1 , INDZ .
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2
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n
RL G − 1n VNDZ+1
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−
2
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Step 3: Currents are calculated by means of the calculated
voltages and past current values
−1 
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Δz
Δz
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R Ik
=
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Δt
2
Δt
2
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Δz
Δz
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−
− Vkn +1
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(14)
Δt
2
for k = 1, 2, . . . , NDZ.
Given w is the number of conducting layers, C, G, L, and
R are w × w matrices, representing the per-unit length capacitance, conductance, inductance, and resistance matrices of the
transmission line [23], [24], at the frequency of interest [25]. 1n
corresponds to the identity matrix of the same order.
To ensure stability, space and time discretization must satisfy
the Courant Friedrichs Lewy (CFL) [26] condition. For a stable
solution, the CFL condition suggests that the time step must not
exceed the observed propagation time along one Δz

2

where σ is the Stefan–Boltzmann constant, ε is the material
emissivity and B1 and B2 are determined in [22].
III. ELECTRICAL FORMULATION AND FDTD MODELING
In FDTD formulation, the lossy multiconductor transmission
line representation is used [23], as shown in Fig. 1. Specifically,
constant parameter FDTD is used to reduce simulation time,
while ensuring that transient results are on the safe side. The
line is divided into NDZ sections, each of fixed length Δz, and
the total solution time into NDT segments of fixed length Δt.
The solution starts with an initially relaxed line of zero voltage
and current values.

Δt ≤

Δz
.
u

(15)

IV. ELECTRO-THERMAL COUPLING
For all cable segments considered from the VEM analysis, the
corresponding electrical equivalent circuit based on the FDTD
method is formulated. The coupling between the two problems
is incorporated into the heat generation term Q̇g,l , representing
Joule losses on the conducting layers, that is proportional to
the square of the conductor current Ik . Therefore, given the
conductor resistance R, current at all times for each segment is
translated into a heat generation event by
Q̇g,l = Ik2 R = Ik (Vk +1 − Vk ).

(16)
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Fig. 3.

HTS cable cross section.
TABLE I
MATERIAL PROPERTIES AND INITIAL CONDITIONS

Fig. 2.

Flowchart for the electro-thermal coupling process.
Material

On the other hand, the resistivity of most materials changes
with temperature [27]. In the case of conventional conductors
and insignificant temperature variations, a linear approximation
is typically used
ρ(T ) = ρ0 [1 + α(T − T0 )] = ρ0

Tcr + T
Tcr + T0

LN 2 (1,7)
YBCO (2,4)
PPLP (3,5)
St. Steel (6,8)
Steel (10)

k
(W/mK)

ρ
(kg/m 3 )

cv
(J/kgK)

cp
(J/kgK)

T in it
(K)

0.026
208.45
0.05
9.4
16

808
8800
946
7600
7800

742
300
600
200
500

1040
–
–
–
–

72
72
72
72
299

(17)

where α is the temperature coefficient of resistivity, −Tcr is the
critical temperature at which resistivity becomes zero, T0 is a
reference temperature, and ρ0 is the resistivity at temperature
T0 . For superconductors, resistivity is extremely low, i.e., in the
range of 10−12 Ωm or less, and increases sharply to levels of
10−6 Ωm in case any of the critical conditions (temperature,
current density, magnetic field) is exceeded [28]. The nonlinear
characteristics of the superconductor were addressed by considering a linear approximation of the areas before and after the
point critical conditions occur.
Equations (16) and (17) represent a bidirectional coupling,
since current is translated into heat generation, while temperature variations lead to changes on the material resistivity. The
coupling is summarized in the flowchart shown in Fig. 2.
V. CASE STUDY
The cable geometry examined is illustrated in Fig. 3 and
is based on [4], which is a simplification of the configuration
presented in [29] and [30].
Yttrium barium copper oxide (YBCO) is considered as the
superconductor, while polypropylene laminated paper (PPLP)
and liquid nitrogen (LN2 ) are used for insulation and cooling
purposes, respectively. Note that the superconducting tape is formulated as a homogeneous medium describing all tape layers.
The cable armor and the cryogenic enclosure pipe are made of
stainless steel due to the low temperatures, whereas the outside

Fig. 4.

Heat transfer and volume element discretization.

cable pipe is made of steel. Details on the material properties as
well as on the initial conditions Tinit are given in Table I. The
relative permeability of all materials is 1.0, while the insulation
relative permittivity of the superconductors and the outer three
metallic layers are 2.5 and 1.0, respectively. Lastly, soil resistivity equals 100 Ωm, whereas thermal contact resistances were
not considered.
In Fig. 4, heat transfer reference directions are represented
by arrows between consecutive VEs on both r and z directions.
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Fig. 6.
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Temperature distribution of inner and outer YBCO temperature in the case of short-circuit transient scenarios.

Temperature distribution in the case of energization.

Heat transfer by conduction, convection, and radiation is represented by blue, green, and red color arrows, respectively.
For the HTS cable cross section and the heat transfer representation illustrated in Figs. 3 and 4, respectively, PDEs that
represent the application of the first law of thermodynamics are
derived for the ith VE of all layers. Nine PDEs are formulated,
since for the perfect vacuum layer no PDE is considered. All
PDEs are expressed in the form of (1), in which on the left-hand
side of the equation is the coupling term c, whereas the righthand side contains the flux f and source s terms. Heat transfer
on the z axis, i.e., Q̇il,d,in and Q̇il,d,out , represents the flux term
f . Heat transfer on the r axis, i.e., Q̇il1 l 2 ,d , Q̇ir,in , Q̇ir,out , and Q̇e ,
represents the source term s. Q̇e is the amount of heat exchange
by conduction from the environment. Finally, heat generation
on conductors, expressed as Q̇g,l , is also part of the source term
s and embodies the coupling process expressed in Section IV.
For brevity, PDE expressing only the first cable layer (inner LN2
channel) is presented in (18), whereas the remaining ones are
defined in detailed in [4]


∂T1i
i
= Q̇i1,v,in − Q̇i1,v,out + Q̇12,v .
cv L N 2 ρLN 2 Ar,1 Δz
∂t


   



source s
flux f
coupling c

(18)
Considering the electrical formulation, the cross section presented in Fig. 3 consists of five metallic layers; therefore, matrices C, G, L, and R are of order 5 × 5. Although the cable
is buried, the electromagnetic field propagation velocity approaches the speed of light c, due to the vacuum layer enclosure.
For the electro-thermal coupling part, the special characteristic of the superconductors temperature-dependent resistivity is

considered, based on [31]. YBCO resistivity is considerably low,
but after the critical temperature of 92 K the material becomes
rapidly resistive. This is of crucial importance, since exceeding
the critical temperature is translated on a rapid increase of the
HTS resistivity, leading to sharp heat generation increase, accordingly. For the steel and stainless steel layers, data from [32]
are used.
Regarding the discretization and time-efficiency of the proposed model, 30 VEs are considered for a 300-m cable, i.e.,
Δz equals 10 m. For the time discretization, the computational
burden is significantly affected by the CFL condition presented
in (15); therefore, for a simulation duration of 1 ms, Δt equals
3.33 × 10−8 s to be able to accurately capture the transient phenomena. Although a smaller Δz could be selected to capture
local quenches or similar events, this would lead to increased
simulation duration. In this context, in the proposed methodology, nonuniform discretization in areas of high interest with
dense discretization can be adopted, while others can be divided
into less segments. For the given discretization setup, the computational burden is 85 h, using an Intel Core i7-5500U, 2.4 GHz,
RAM 8 GB personal computer, and MATLAB implementation.
VI. RESULTS
A series of scenarios are examined in order to calculate the
temperature increase on HTS cable layers under transients conditions. More specifically, short-circuits, cable energization as
well as lightning surges are examined.
A. Short-Circuits
A core-to-ground short-circuit (C2G-SC) and a core-tosheath short-circuit (C2S-SC) are investigated. A dc voltage
source of ±50 kV is applied on the superconductors, whereas
all remaining metallic layers are grounded at both cable ends.
In the case of C2G-SC scenario, the cable core (inner YBCO) at
the receiving end is short-circuited to ground, while in the case
of C2S-SC scenario, the cable core and sheath (inner and outer
YBCO) at the receiving end are short-circuited with each other.
Results considering the thermal response of the cable system
are summarized in Fig. 5. Temperature distribution for only the
inner and outer YBCO layers are presented, since temperature
increase in all other layers is negligible, i.e., lower than 1 K
for the considered simulation period. Fig. 5(a) and (b) indicates
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Temperature distribution of inner and outer YBCO temperature in the case of LI transient scenarios.

that in the case of C2G-SC, temperature on both YBCO layers
exceeds the critical temperature of 92 K; therefore, the cable is
quenching. The temperature of the inner YBCO layer is mostly
affected, since it is short-circuited. Similarly, Fig. 5(c) and (d)
corresponds to the C2S-SC setup. This SC scenario is more
severe and the temperature increase is higher, exceeding even
130 K. Increase on the outer YBCO layer is evident, since this
layer is at a greater radius distance from the (LN2 ) channels
than the inner one. Consequently, the temperature increase on
an YBCO layer depends on the layer’s distance from coolant, the
environment as well as on the subjected to the fault conductor.
B. Energization
The dc voltage source of ±50 kV is applied as a step source
on the superconductors at the sending end. The temperature of
all superconducting materials is already 72 K and, as seen in
Fig. 6, a temperature increase of 10–15 K is observed. Although
this increase does not put the superconducting state at risk,
thermal initialization at temperatures lower than 72 K might be
necessary for other setups.
C. Lightning Surges
Lightning surges are simulated by applying a lightning impulse (LI) 1.2/50 μs double-exponential voltage source with a
peak of 195 kV at the cable sending end. This peak value is
selected as a worst case scenario, based on [33]. Both off-load
and on-load condition cases are considered. In the latter, a resistive load equal to 25 Ω is connected to the HTS receiving
end. In Fig. 7, the temperature distribution over space and time
for the inner and outer YBCO layers is presented. Fig. 7(a) and
(b) corresponds to the off-load case, while Fig. 7(c) and (d) to
the respective on-load scenario. Although the lightning surge is
abrupt, a temperature increase up to 0.1 K at the inner YBCO
layer is observed. Accordingly, temperature increase in all other
layers, including outer YBCO layer, is insignificant. Finally, the
applied voltage at the sending end of inner YBCO, VS1 , as well
as the voltage response for both YBCO layers at the receiving
end, VR1 and VR2 , are illustrated in Fig. 8, for the off-load case.
Note that surge arresters are not considered as well as corresponding cable physical properties such as dielectric breakdown
strength are not included in the analysis as an attempt to focus
particularly on the HTS cable modeling and performance and to
examine the worst case scenario setup.

Fig. 8.

Voltage response on both YBCO layers for LI off-load.

VII. CONCLUSION
In this paper, a detailed mathematical formulation regarding
the electro-thermal modeling of HTS cables is presented, combined with an efficient numerical solution. Simultaneous discretization over space and time based on the FDTD and VEM
techniques is implemented and combined with a time-efficient
solver to constitute an accurate simulation tool in order to systematically investigate the coupled electro-thermal behavior of
HTS cables under transient conditions.
The proposed method is a useful tool to identify a secure
framework, within safe operation of superconducting equipment
is ensured, avoiding quenching or severe damage. A series of
energization and intense transient scenarios are investigated in
order to clarify how temperature distribution at all cable layers
is affected. The proposed approach can be applied on any cable
configuration given that necessary thermal and electrical data as
well as appropriate initializations are provided.
Due to the absence of experimental results and coupled
electro-thermal models for HTS cable configurations, the validity of the proposed model can be based on the reliability of
the VEM [4], [17], [18], [22], and FDTD [34], applied for the
analysis of the thermal and electrical problems, individually or in
different types of cable configurations. Moreover, comparisons
of the calculated results with [17], [18], [22], and [14]–[16],
respectively, indicate that the proposed model can be used to
analyze the electro-thermal behavior of HTS cables for varying
time and space under different operating conditions.
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Conclusions to the actual design and fabrication of an HTS
cable are listed as follows.
1) In case of short-circuits, the temperature increase along
the HTS cable is significant and most probably lead to
quenching and overall equipment deterioration.
2) In case of cable energization, a temperature increase along
the HTS cable is observed; however, it is not enough to
cause damages to the equipment.
3) In case of lightning surges, temperature increase along the
HTS cable is negligible due to the short duration of the
phenomenon.
For the future research, assessing the impact of thermal contact resistances on the thermal part of the analysis and addressing
the non-linear characteristic of the superconductor in alternative
ways are considered.
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