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a b s t r a c t
A general formulation for the determination of the inﬂuence of imperfect earth on overhead transmission
line impedances and admittances is presented in this paper. The resulting model can be used in the
simulation of electromagnetic transients in cases of two-layer earth over a wide frequency range, covering
most fast transient phenomena of power engineering interest. The propagation characteristics of an
overhead transmission line over homogeneous and two-layer earth are investigated using the proposed
model. A systematic comparison of the proposed model with other approaches is also presented and the
differences due to earth stratiﬁcation are reported. Finally, the transmission line parameters calculated
by the proposed formulation are used in the simulation of fast transient surges in a transmission line
excited by double exponential sources.
© 2010 Elsevier B.V. All rights reserved.

1. Introduction
Overhead transmission line (TL) modelling in electromagnetic
(EM) transient simulations requires the detailed representation of
the inﬂuence of the imperfect earth on the conductor parameters.
Although several approaches have been used since many years,
the accurate modelling of earth conduction effects on transmission lines is still an appealing research topic, especially in the high
frequency region for the simulation of fast transients.
Historically, the ﬁrst approach is the Carson’s homogeneous
earth model [1]. Carson proposed the use of earth correction terms
for the series impedances, which are derived using the following
assumptions:
• The relative permeability of the homogeneous earth is considered
to be equal to unity.
• The axial displacement currents in the air and in the earth are
neglected.
• The inﬂuence of the imperfect homogeneous earth on the shunt
admittances is neglected.
• Quasi-TEM (Transverse ElectroMagnetic) ﬁeld propagation is
assumed.
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Carson’s approach has been intensively used in the calculation
of the series impedances of transmission lines. It provided a useful
tool for TL modelling, especially in simulations where the displacement currents and the inﬂuence of the imperfect earth on shunt
admittances can be neglected.
Many efforts to develop more accurate models, mainly for
the earth return impedance calculation in high frequency region
are reported in the literature, in these approaches the axial displacement currents are taken into account either using analytical
formulas [2,3] or approximations. Among the latter are the asymptotic approach of Semlyen [4] and the logarithmic evaluation,
originally proposed by Sunde [5] and extended in [6]. Discrepancies and limitations of these approximate models are discussed in
[7,8].
A different approach, aiming at the calculation of the earth
conduction effects on both the series impedances and the shunt
admittances was proposed by Wise; the Herzian vector has been
used to develop proper earth correction terms for both series
impedances [9,10] and shunt admittances [11] for a single conductor. This semi-inﬁnite homogeneous earth model was further
improved by Nakagawa, who extended the formulas for the series
impedances earth correction terms for cases of multiconductor
lines and for earth conﬁgurations consisting of several horizontal
layers with different EM properties, taking also into account the
displacement currents in the earth [14]. The multi-layered earth
model of Nakagawa is implemented in the Electromagnetic Transients Program (ATP-EMTP) [15]. Additionally Nakagawa proposed
formulas for shunt admittances but only for the homogeneous earth
case [12,13]. The shunt admittance formulation has been extended
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for the case of a two-layer earth by Ametani et al. [16] who also
used a similar approach.
An attempt to ﬁnd an exact solution to the problem was
also suggested by Kikuchi [17]. In his work he investigated the
transition from quasi-TEM to surface wave guide propagation. A
similar approach has been adopted in [18,19]. Pettersson [20] used
Kikuchi’s formulas but instead of an asymptotic expansion he proposed logarithmic expressions, similar to Sunde for their numerical
evaluation. This procedure has been adopted in [21,22], where a
wide frequency TL model is proposed.
Wait extended Kikuchi’s work in [23] by proposing an exact
full wave model for a thin wire above homogeneous earth. Other
attempts to extend this model to multiconductor arrangements are
reported in [24,25].
Scope of this paper is to present a generalized model for the calculation of the inﬂuence of the imperfect earth on the impedances
and the admittances of an overhead TL for the two-layer earth
case. The analysis is based on the assumption of quasi-TEM ﬁeld
propagation. The EM ﬁeld equations are solved using the Herzian
Vector approach. The generalized expressions derived are evaluated numerically, using a proper numerical integration technique
[26]. The formulation, presented in this paper, is a continuation
in the development of impedance and admittance formulas, and
includes most of the above mentioned approaches in a single,
generalized model. A systematic and detailed comparison is implemented, marking the corresponding similarities and differences
between the existing approaches and the proposed formulation.
The proposed model can be used in a wide frequency range, covering most practical power engineering problems. Furthermore, the
provided investigation points out the signiﬁcance of displacement
currents, admittance earth correction terms and earth stratiﬁcation
in the high frequency region.
The proposed formulation is applied to a typical single-circuit
three-phase transmission line for the calculation of the propagation characteristics for different earth structures. The propagation
modes are decomposed using modal transformations [27] and their
modal characteristics are presented for frequencies from 50 Hz up
to 10 MHz, covering a wide range of power engineering operational
states, from steady state up to fast front transients, including applications of power-line communication. The obtained results are ﬁrst
checked against the relative results by other approximations for
the case of homogeneous earth in order to justify the validity of the
proposed methodology. Next, the inﬂuence of earth stratiﬁcation
is examined, by comparing the corresponding results to those for
the semi-inﬁnite earth cases. It is shown that the inﬂuence of earth
permittivity on the earth correction terms for both the impedances
and the admittances must be taken into account for frequencies
higher than hundreds of kHz, especially for cases with a poor earth
conductivity.
Finally, the transmission line parameters, calculated with the
proposed methodology are used in typical EM transient simulations to investigate their impact on the transmission line transient
responses.
The theoretical analysis, combined with the systematic numerical investigation offers a well deﬁned and widely applicable model
for the simulation of fast front transients in transmission lines.
2. Transmission line modelling
For a transmission line of N conductors in the frequency domain
the following telegrapher’s equations apply:
∂V
= −Z (ω)I,
∂x

(1a)

∂I
= −Y (ω)V.
∂x

(1b)
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Fig. 1. Per-unit-length equivalent circuit of one conductor.

The N vectors V and I are the line voltages with respect to a
reference conductor and line currents, respectively. Axis x is the
longitudinal direction along the transmission line as shown in
Fig. 1.
The N × N matrices Z (ω) and Y (ω) are the per-unit (pu)
length frequency dependent series and shunt admittance matrices,
respectively. These matrices consist of the following components
[13]:
Z (ω) = Zw + Ze = Zw + Zpg + Zg ,

(2)

−1
Y  (ω) = Y e (ω) = jωP −1
e = jω(P pg + P g ) ,

(3a)

Y pg = jωP −1
pg ,

(3b)

Y g = jωP −1
g .

(3c)

P is the potential coefﬁcient matrix. The other terms referred in the
above equations are deﬁned as:
• Z pg and Y pg are the pu length impedances and admittances,
respectively, due to the inﬂuence of the perfectly conducting
earth.
• Z g and Y g the pu length impedances and admittances, respectively, due to the inﬂuence of the imperfect earth.
• Z w is the pu length diagonal internal impedance matrix of the
conductor, calculated by the skin effect formulas [28].
The pu length equivalent circuit describing this system of equations is shown in Fig. 1 for the case of one conductor.
3. Self- and mutual impedances and admittances
3.1. Analytical formulation
For the calculation of the pu length parameters of an overhead
conductor conﬁguration, the general wire arrangement of Fig. 2
is considered, consisting of two uniform, electrically thin perfect
conductors located in the air above the two-layered earth structure. The ﬁrst layer has a depth d, while the lowest layer extends
to inﬁnity. The permittivity and permeability of air are ε0 and 0 ,
respectively. The permittivity of the ﬁrst layer is ε1 , the permeability and conductivity are 1 and  1 , respectively, while the
corresponding characteristics of the second layer are ε2 , 2 and
 2 . Conductor i is of inﬁnite length while conductor j is of pu
length. The heights of the two conductors from the earth surface are hi and hj , respectively, and their horizontal distance is
yij .
The pu length mutual impedance Zeij and admittance Yeij are

derived in (4a) and (4b) using the Hertzian vector components ˘0x
 as explained in Appendix A. Integrating along the inﬁnite
and ˘0z
conductor i, replacing h with hi , z with hj + d, y with yij and assuming the exponential law of propagation along the conductor with
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M + jN =

∞

[Fstrat ( ) + Gstrat ( )]e−

(hi +hj )

cos(yij )d ,

(6c)

0

0 1 (02 − 12 )(s12 + d12 e−2˛1 d )(S12 + D12 e−2˛1 d )
Gstrat ( ) =

− 40 21 2 ˛21 02 (22 − 12 )e−2˛1 d
2

·

,
(6d)

Fig. 2. Geometric conﬁguration of two thin conductors above a two-layered earth.

propagation constant  x [5,9–11] results in:
Ze ij (x ) =

jω0
·
4





∞

a0

0

J0 (u
−∞

jω0



(x ) =
Ye−1
ij



4o2

u

a0

0

∞

×




hj −hi  + e−a0 (hj +hi ) · T  )
1



x2 + yij2 )e−x x dx du,

(4a)

∞

(e−a0



(e−a0



∞

×

u




hj −hi  +e−a0 (hi +hj ) · T  ) + 2a u · T  · e−a0 (hi +hj )
0
1
2



J0 (u
−∞

x2 + yij2 )e−x x dx du,

(4b)

The integral expressions of (4a) and (4b) are very difﬁcult to be evaluated numerically, due to the unknown propagation constant  x .
In the literature [29] the existence of an additional discrete propagation mode is distinguished, characterized as surface-attached or
fast-wave mode, besides the classical transmission line mode. However, a satisfactory approximation is the quasi-TEM propagation
[21], where only the transmission line mode is assumed, and so  x
can be taken equal to the propagation constant of the free space
√
x = 0 = jk0 = jω ε0 0 [20].
Assuming the quasi-TEM ﬁeld propagation, the pul mutual
impedance and admittance for the two-layer earth structure are
derived be the procedure described in Appendix A and have the
form of (5) and (6), respectively.
Pu length mutual impedance
Ze ij

=


Zpg
ij

+ Zg ij



∞

P + jQ =

Dij
jω0
jω0
=
+
ln
(P + jQ ),
2

dij

Fstrat ( ) · e−

(hi +hj )

cos(yij ) · d .

(5a)

(5b)

0

Fstrat ( ) = 1

s12 + d12 e−2˛1 d
,
s01 s12 + d01 d12 e−2˛1 d

(5c)

Pu length mutual admittance
,
Ye ij = jωPe−1
ij
Peij = Ppgij + Pgij =

(6a)
Dij
1
1
ln
+
(M + jN),
2ε0
ε0
dij

(6b)

In the above equations is the new integral argument. The integral
terms in (5) and (6) represent the inﬂuence of the imperfect earth
on the conductor impedances and admittances. This is expressed by
proper correction terms, following a notation similar to the original by Carson, which will be called earth return correction terms
hereafter. Neglecting the conductor losses Zw in (2), which can be
calculated individually, the self-impedance and the self-admittance
of conductor i of Fig. 2 are derived from (5) and (6), respectively, by
replacing yij with conductor’s outer radius and hj with hi .
The Gstrat ( ) function is due to radial displacement currents in
the earth. Ignoring Gstrat ( ) results in a purely imaginary propagation constant and a lossless propagation above imperfect earth
[22].
Eqs. (5) and (6) of the two-layer earth model are transformed to
the corresponding generalized expressions for the homogeneous
earth case, assuming that the electromagnetic properties of the two
layers are the same and so  2 =  1 , a2 = a1 .
The proposed methodology can be extended further for the case
of a multi-layered earth with arbitrary number of horizontal layers. In this case (5) and (6) become very complex, including terms
which represent the relation of the electromagnetic characteristics
between the layers.
Eqs. (5) and (6) include semi-inﬁnite integrals. These can be
evaluated numerically, using the integration scheme of [26], which
is a combination of different methods. The proposed scheme has
been proved to be very efﬁcient numerically for the type of the
integrands involved.
3.2. Frequency dependent behavior of earth
The proposed model includes the inﬂuence of axial displacement currents in all media and the inﬂuence of the imperfect earth
on the pu length admittances for a generalized two-layer earth
model. The signiﬁcance of these parameters can be analyzed, considering the frequency dependent behavior of earth [17,18]. This
frequency dependent behavior of earth may be classiﬁed for the
homogeneous earth case, adopting Semlyen’s criteria and the corresponding deﬁnition of the critical frequency fcr [4].
fcr =

1
Hz,
2ε0 εr1

(7)

• If f < 0.1fcr the displacement currents are negligible and earth
behaves as a conductor. This earth behavior is characterized as
low frequency or Carson’s region.
• If 0.1fcr < f < 2fcr the displacement and resistive currents are comparable and the earth behaves both as a conductor and as an
insulator, or otherwise as a quasi-conductor. This earth behavior
is characterized as high frequency or transition region.
• If f > 2fcr the displacement currents are predominant and the earth
behaves as an insulator. This earth behavior is the very high frequency or Semlyen’s region.
In Fig. 3 the plot of the minimum critical frequency fcr,min = 0.1fcr
for different values of the homogeneous earth relative permittivity
εr1 , shows the boundaries of the low frequency region. For frequencies above those boundaries, the inﬂuence of the displacement
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Fig. 3. Plot of fcr,min against earth resistivity for different relative permittivities of
the homogeneous earth.
Fig. 4. 150 kV single-circuit three-phase overhead transmission line conﬁguration.

currents on both impedances [30] and admittances [17] should be
taken into account and the expressions of (5) and (6) must be used.
The above boundaries may exceed the TL frequency limit,
deﬁned as f  c/h, where c is the speed of light and h is the height
of the conductor above ground. However, for problems including
the calculation of voltages and currents along the line or crosstalk
phenomena, the TL approach can be a satisfactory approximation
[21].
3.3. Comparison with other earth models
Eqs. (5) and (6) have a generalized form, capable of handling
cases with arbitrary resistivities, permittivities, and permeabilities
for each of the two earth layers. In this way other stratiﬁed and
homogeneous earth models already proposed in the literature may
be derived by applying the corresponding assumptions. Therefore:
3.3.1. Pu length impedances for the two-layer earth
• Omitting ε0 in the air, setting k = 0 and for arbitrary εk , relation
(5) reduces to Sunde’s formula for the two-layer earth model,
disregarding the displacement currents in the air [5].
• For k =
/ 0 , εk =
/ ε0 , the generalized formulation of (5) is identical with that proposed in [14] for the case of the two-layer
earth.
A systematic comparison of numerical results of the above earth
impedance formulas is presented in [26].
3.3.2. Pu length admittances for the two-layer earth
Eq. (6) is similar to the two-layered earth model for the calculation of the earth return admittance, proposed by Ametani et al.
[16].
3.3.3. Pu length impedances for the homogeneous earth
For 1 = 0 and ε1 = ε0 , or otherwise neglecting 1 , ε1 , 0 and
ε0 , Carson’s [1] formula is expressed, disregarding the displacement
currents in the air and the earth.
Omitting ε0 in the air, setting k = 0 and for arbitrary ε1 ,
Sunde’s formula is expressed for the homogeneous earth case, disregarding the displacement currents in the air [5,6].
For arbitrary 1 , 0 , ε1 , ε0 , the approaches of [2] and [3] are
expressed.
3.3.4. Pu length impedances and admittances for the
homogeneous earth
The formulas for the series impedances and admittances proposed independently by Wise in [9–11] and also investigated in

[12,13] by Nakagawa, respectively, can be expressed by the proposed model.
The full wave model of Kikuchi [17] and Wait [23], developed for
the homogeneous earth, is also expressed by the proposed model,
assuming lossless propagation with velocity equal to the velocity
of the free space. The electromagnetic scattering model, presented
in [19] can also be expressed, under the assumption of ﬁeld propagation in the conductor’s plane.
Finally, the same expressions of the proposed homogeneous
earth model have been applied by Pettersson [20]. However,
Pettersson suggested an image type approach for the numerical evaluation of the impedance and admittance earth correction
terms, using logarithmic approximations. His work has been also
adopted in [21,22], where it is shown that it can be used sufﬁciently
for frequencies up to 100 MHz, while several authors also use this
model in Power-line Communication (PLC) applications for calculations of voltage proﬁles along the line or of crosstalk phenomena
[31].
4. System under test
4.1. Transmission line conﬁguration
A typical horizontal single-circuit 150 kV overhead TL with ACSR
conductors is used in the analysis. The geometrical conﬁguration of
the line is shown in Fig. 4, while the conductor data are presented
in Table 1. The ground wires are treated like the conductor wires.
However, since in the calculation of transient responses the equivalent phase conductors are used, the ground wires would have to
be numerically eliminated. To avoid the possible introduction of
errors, due to the numerical elimination and in order to have a
better estimation of the inﬂuence of the earth on the actual phase
conductors, the ground wires are neglected in this conﬁguration.
4.2. Earth structures
In order to analyze all possible types of earth behavior, different
two-layer earth models have been investigated, covering a wide
Table 1
Transmission line data.
Conductor type

ACSR

Inner diameter (mm)
Outer diameter (mm)
Conductor conductivity (S/m)
Relative permeability of conductor

10.714
18.2
2.59 × 107
1
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Table 2
Earth conditions.
Case number

εr1

εr2

Homogeneous earth models
H1
H2

10
20

–
–

Two-layer earth models
S1
S2
S3
S4

10
20
10
20

10
20
20
10

range of topologies, where the ratio of the ﬁrst to the second layer
earth resistivity is 1 / 2 = 10, 5, 0.1, 0.2, with 2 = 10, 100, 1000 m.
Different relative permittivities for the two layers are assumed from
1 to 20. The depth of the ﬁrst layer is assumed to be variable, ranging between 5, 10 and 20 m, while the second layer is of inﬁnite
extent. The relative permeability of both layers is considered to be
equal to unity, since most soil types are non-magnetic. The case of
the homogeneous earth model is also examined for the same earth
topologies as in the two-layer earth case, assuming that the electromagnetic properties of the two layers are equal. In Table 2 the
most representative cases are presented for a ratio of 1 / 2 equal
to 10 and 2 = 100 m for the two-layer earth and 1 = 1000 m
for the homogeneous earth.

Fig. 5. Magnitude of ground mode characteristic impedance for the different
approaches for the homogeneous earth.

5. Homogeneous earth analysis
The proposed expressions of the homogeneous earth are used
for the calculation of impedance and admittance earth correction
terms of the overhead line conﬁguration of Fig. 4. The wave propagation characteristics are calculated by the application of proper
modal decomposition [27].
First of all the validity of the results of the proposed model is
checked by comparing them to the corresponding by [11,12,17]. For
all cases examined and over the whole frequency range, all models
gave identical results.
Then, the wave propagation characteristics are compared with
the corresponding obtained by other approaches, which use different assumptions or numerical approximations. The ﬁrst of them is
Carson’s model [1] since it is the most typical model used extensively for the calculation of the inﬂuence of the homogeneous earth
return path on the TL impedances. The second model is Sunde’s
model [5], which is an extension of [1] and is proposed for the simulation of fast-wave transients in multiconductor conﬁgurations
[8]. Finally the model proposed by Pettersson [20] is examined.
Although this model adopts the same assumptions as in the proposed model, differences in the results occur, due to the different
methods used for the numerical evaluation of the impedance and
admittance earth correction terms, as explained previously. Furthermore a considerable drawback of the model of [20] is that it is
limited only for cases of homogeneous earth.
The magnitude of the ground mode characteristic impedance
and the attenuation constants of the ground and aerial #1 modes
as a function of frequency are presented in Figs. 5–7, respectively,
for the H1 case of Table 2.
The percent differences between the results for the attenuation constants are calculated using (8). The results by the proposed
model are used as a reference. Similar differences are also calculated for the other propagation parameters as well as for the
pul self-impedance and admittance of the conductor of phase a in
Tables 3 and 4, respectively.



˛other model − ˛proposed 


Difference (%) =
× 100,
˛proposed 

(8)

Fig. 6. Ground mode attenuation constant for the different approaches for the
homogeneous earth.

Fig. 7. Aerial mode #1 attenuation constant for the different approaches for the
homogeneous earth.
Table 3
% Differences in the self-resistance and inductance of impedance Z11 using different
approaches. Homogeneous earth case.
Frequency

100 kHz
500 kHz
1 MHz
2.5 MHz
5 MHz
7.5 MHz
10 MHz

Carson

Sunde

Pettersson

R11

X11

R11

X11

R11

X11

3.14
13.23
20.77
23.93
8.73
10.13
28.26

0.27
4.09
13.88
72.60
247.90
494.07
793.42

3.49
4.66
4.35
0.33
3.38
4.39
4.73

2.33
0.75
1.64
8.24
12.00
12.55
12.6

3.13
3.29
2.78
1.10
0.05
0.18
0.14

2.37
1.37
0.42
1.58
1.88
1.23
0.79
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Table 4
% Differences in the self-conductance and susceptance of admittance Y11 using different approaches. Homogeneous earth case.
Frequency

Real part

Imaginary part

100 kHz
500 kHz
1 MHz
2.5 MHz
5 MHz
7.5 MHz
10 MHz

11.08
19.54
27.90
50.20
282.86
299.51
329.83

0.01
0.13
0.30
2.07
1.53
1.24
1.10

As shown in Figs. 6 and 7, the ground and aerial mode attenuation
constants, calculated by the models of [1] and [5] are both monotonically increasing functions of frequency, while the corresponding
results calculated with the proposed model are non-monotone
functions.
Differences in the modal propagation constants between the
models of Carson and the proposed are recorded for frequencies higher than the minimum critical frequency fcr,min , which for
the examined case is 180 kHz. For frequencies up to 1 MHz are
attributed mainly to the differences in the pul impedances as shown
in Table 3, due to the omission of the inﬂuence of earth permittivity
[30], while for higher frequencies also due to the omission of the
imperfect earth on the shunt admittances.
In Sunde’s model the inﬂuence of earth permittivity is taken
into account, thus differences in the modal attenuation constants,
related to the small differences in the pul impedances of Table 3,
have been reduced in the kHz range. The small differences in the pul
parameters are due to the omission of the displacement currents in
the air. However, the divergence of the results in the propagation
terms in the MHz range is considerable, due to the omission of the
inﬂuence of the imperfect earth on the shunt admittances.
The wave propagation characteristics obtained by [20] and by
the proposed model are almost identical for frequencies up to
3 MHz, since differences do not overcome 10% for all wave parameters, since the differences in the pul impedances and susceptances
are negligible. In the upper frequency range both models show the
same behavior, while high differences are recorded mainly for the
ground attenuation constant, since signiﬁcant differences in the
shunt conductances are recorded, as shown in Table 4.
In Table 5, the relative differences in the propagation characteristics are shown for different homogeneous earth cases of Table 2,
assuming earth resistivity equal to 500 m. Differences in the rest
propagation characteristics are not signiﬁcant [32] and so they are
not presented.

Fig. 8. Magnitude of ground mode characteristic impedance for different two-layer
methods.

6. Two-layer earth analysis
As in the homogeneous earth case, the modal propagation characteristics of the proposed method are compared to those obtained
by other approaches. The stratiﬁed earth topology for case S1,
described previously, with depth of the ﬁrst layer equal to 5 m is
used in the following analysis.
First a simpliﬁed model is assumed, where both the inﬂuence
of the permittivity of the earth and the inﬂuence of the admittance earth correction terms are neglected. This model, which is
similar to Carson’s model but suitable for stratiﬁed cases, will be
characterized as “Low frequency (LF) Stratiﬁed earth model”.
The second model is a slight improvement to the latter in the
high frequency range, since it takes into account only the effect of
the air and the earth permittivities on the earth impedances. This
model is equivalent to that proposed by Nakagawa for the two-layer
earth case.
The ground and aerial mode attenuation constants, calculated
by the three models are presented in Figs. 9 and 10, respectively.
The corresponding curves of the LF Stratiﬁed model are monotonically increasing functions with frequency, much similar to
Carson’s model for the homogeneous earth, since they both use
the same assumptions. For the ground mode, signiﬁcant differences
are recorded for frequencies higher than the minimum critical frequency of the ﬁrst layer. In the high frequency region the ground
mode characteristics by the two models show a completely different behavior.

Table 5
% Differences in the ground mode attenuation constant with different models.
Homogeneous earth case.
Cases

Frequencies
500 kHz

1 MHz

5 MHz

10 MHz

Carson’s model
H1
H2

22.17
24.86

27.31
27.89

35.53
59.51

221.57
260.87

Sunde’s model
H1
H2

13.15
10.05

14.14
6.89

60.95
56.82

199.71
150.56

Pettersson’s model
H1
5.4
H2
5.01

6.4
4.83

22.3
17.17

51.75
43.08

Fig. 9. Ground mode attenuation constant for different two-layer methods.
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Fig. 11. Ground mode attenuation constants of the two-layer and homogeneous
earth models.
Fig. 10. Aerial mode #1 attenuation constant for different two-layer methods.

Although Nakagawa’s model is an improvement to the LF model,
the differences with the proposed model still remain signiﬁcant,
especially in the high frequency region. This is due to the increasing inﬂuence of the admittance earth correction terms, since the
proposed and Nakagawa’s models give identical results for the
series impedances. The ground mode attenuation curve presents
almost the same behavior as the corresponding of the LF Stratiﬁed
model up to several MHz. However, in the upper frequency range
a maximum peak point is recorded, due to the inﬂuence of earth
permittivity on the series impedances.
The magnitude of the ground mode characteristic impedance
is shown in Fig. 8. The three models show a signiﬁcant different behavior, leading to considerable differences in the result. In
Table 6, the corresponding relative differences are shown for different two-layer earth cases of Table 2, assuming 1 = 500 m and
m.
1 = 100
7. Remarks on the numerical results.
Summarizing the analysis for the homogeneous and the twolayer earth cases, the following remarks can be concluded.
• Modal attenuation constants of the proposed models are nonmonotone functions of frequency, since they present a maximum
peak value in the transition region.
• The proposed earth correction terms must be used for frequencies
higher than fcr,min of the homogeneous earth or of one of the two
layers.
• Carson’s formula for the homogeneous earth can be only used in
the low frequency region.
• Sunde’s formulation for the homogeneous earth can be generally
used only up to 1 MHz in cases of high earth resistivity and high
earth permittivity.
• Depending on the characteristics of the earth layers of the twolayer earth, resonant oscillations may be observed.

8. Comparison of the two-layer with the homogeneous
earth
The corresponding results for the stratiﬁed and the homogeneous earth topologies are compared in order to check the inﬂuence
of earth stratiﬁcation. For this purpose the proposed models for the
two earth topologies, as well as the homogeneous earth and the
two-layer earth models of Sunde and Nakagawa are chosen to be
examined.
For the two-layer earth topology the depth of the ﬁrst layer is
d = 5 m, earth resistivities are 1 = 1000 m and 2 = 100 m and
the relative permittivities of both layers are equal to 10, corresponding to case S1 of Table 2, while the homogeneous earth EM
characteristics are assumed to be equal to those of the ﬁrst layer,
corresponding to case H1 of Table 2. The ground mode attenuation
constant is presented in Fig. 11.
The differences in the results by the proposed method between
the homogeneous and the stratiﬁed earth cases are shown in Fig. 12.
They are calculated as percent using (8) with the homogeneous
earth case as the reference. In the kHz frequency range differences
are in average over 30% and tend to minimize, until the corresponding curves in Fig. 11 intersect. For higher frequencies, although
differences have been reduced, they still remain signiﬁcant and
reach 20%. This is better explained if we consider the ﬁeld penetration depth [4], given by (9). Fig. 13 shows the variation of the
penetration depth with frequency and earth characteristics. The
penetration depth tends asymptotically to non-zero values even
in high frequencies, especially for cases of high earth resistivity.
Therefore, although signiﬁcant differences to the homogeneous
earth case have been recorded for the earth return impedance [14]

Table 6
% Differences in the ground mode attenuation constant with different models. Twolayer earth case.
Cases

Frequencies
500 kHz

1 MHz

5 MHz

10 MHz

LF statiﬁed
H1
H2

24.61
27.80

40.73
44.02

10.62
50.01

224.98
226.91

Nakagawa
H1
H2

27.18
25.76

51.37
42.67

48.71
45.00

62.64
63.56

Fig. 12. Differences in the ground mode attenuation constant between the stratiﬁed
and the homogeneous earth models.
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Fig. 13. Plot of the penetration depth vs. frequency for different earth resistivities.
Relative earth permittivity is 10.
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Fig. 14. Ground mode receiving end step voltage of different models.

9.2. Actual phase responses
and shunt admittance [16] in the kHz frequency range, the stratiﬁcation of earth must be taken into account in the high frequency
region as well.
1



ı=
ω

ε1 1 /2(

.

(9)

1 + (12 /(ω2 · ε21 )) − 1)

9. Transient responses
The propagation characteristics of the overhead transmission
line of Fig. 4 are used in the simulation of fast transients in order to
check the inﬂuence of the parameters, calculated by the proposed
methodology on the transient response of the system.
The wave propagation characteristics of the overhead transmission line have been calculated for the same semi-inﬁnite
homogeneous and two-layer earth models as previous, assuming
the same earth topologies and characteristics.
The time domain, distributed parameter traveling wave transmission line model of the ATP-EMTP [15] has been used. This model
has been modiﬁed, using a cascaded series of line sections and
adding shunt lumped resistances to simulate the conductance of
the admittance earth correction terms. In order to check the validity of the modiﬁed model in high frequencies, results obtained for
the steady state case using this model, were checked to those calculated by an exact frequency domain model using telegrapher’s
equations [19]. Negligible differences occurred, when the length
of each cascaded equivalent line model is shorter than the wavelength of the applied voltage and the time step of the simulation
procedure was is the order of nanoseconds.

9.1. Modal responses
First the equivalent single-phase circuit of the ground mode is
considered, for a line length equal to 5 km, to allow very fast transients. A voltage step source with 1 pu magnitude is connected at
the sending end S of the conductor, while the receiving end R is
open ended. In Fig. 14 the recorded transient voltages at the line
receiving end are presented.
Differences in the transient responses between the stratiﬁed and
the homogeneous earth case are recorded, for both the proposed
and the two approximate models. Comparing the proposed model
results to the corresponding of Sunde and Nakagawa, signiﬁcant
differences are recorded especially for the homogeneous earth case,
while for the stratiﬁed earth case the differences appear over a long
time period.

Next, for the investigation of the actual transmission line transient response, the test conﬁguration of Fig. 15 has been used.
The transmission line of Fig. 4 is considered with a length of
1 km. A double exponential voltage source with a magnitude of 1 pu
and variable time constants is connected on the sending end S of
conductor of phase a. Each conductor open terminal is terminated
with its characteristic impedance [27].
The examined test cases and the recorded absolute differences
in peak transient voltages indicating the quantitative inﬂuence of
the different formulations are presented in Table 7. The percent
differences are calculated keeping Sunde’s model as the reference
in all cases, since it is commonly used in surge type simulations
[8]. In Figs. 16 and 17 the recorded transient voltages at the line
receiving end R, for the different models are presented for the test
cases A and D.
The comparison of the proposed model to Sunde’s model for
the homogeneous earth case leads to signiﬁcant differences for
cases B and D. These cases involve frequencies at the region where
the modal propagation constants and especially the ground mode
attenuation show a considerable divergence. The recorded differences vary for the different test cases. Sunde’s model gives the
worst transient in cases A and B, while in cases C and the proposed
homogeneous model presents the worst transient voltages.
Comparing the two stratiﬁed earth models, signiﬁcant differences on the transient voltages are also observed especially for
the test case D. Furthermore, the two stratiﬁed earth models result
in signiﬁcantly different results to the homogeneous earth model,
especially in cases of a very steep voltage ascent and therefore of
transients in the higher frequency range. These results justify the
need to include earth stratiﬁcation in the transient transmission
line model.
The most severe transients have been observed in cases A, B and
C for Nakagawa’s model, while in case D, the proposed two-layer
earth model gives the worst transient. A direct interpretation of

Fig. 15. Test conﬁguration of the transient simulation.
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Table 7
Peak relative (%) differences.
Test cases

Front time/tail time (s)

A
B
C
D

2/50
1/50
0.67/50
0.5/50

% Differences
Proposed (homogeneous)

Nakagawa (stratiﬁed)

Proposed (stratiﬁed)

6.53
11.28
3.60
33.59

19.11
28.54
29.46
25.38

12.82
4.44
24.55
61.73

Fig. 16. Receiving end transient voltages of different models for case A.

approaches for the homogeneous and the two-layer earth cases,
by the application of the corresponding assumptions. Finally, they
may be also extended to include multi-layer horizontally stratiﬁed
earth structures.
The propagation characteristics of a typical single-circuit threephase overhead TL conﬁguration has been analyzed for several
earth topologies of arbitrary EM characteristics for a frequency
range from 50 Hz to 10 MHz. The validity and accuracy of the proposed model has been veriﬁed, by comparing the obtained results
with the corresponding by other known approaches.
From the comparative analysis of the results, it is shown that
the inﬂuence of the earth permittivity for the line impedances and
admittances must be taken into account. This is most evident in
cases where the earth does not behave as a conductor but also as
an insulator. Furthermore, earth stratiﬁcation must be not omitted
in the simulation of high frequency phenomena, especially when
the penetration depth of the EM ﬁeld extends deeper than the upper
earth layer.
Finally, the inﬂuence of the parameters calculated by the proposed model on the transient response of a transmission line is
checked, by simulating typical fast transient surges. Results show
that the new correction terms introduced by the proposed models
have a signiﬁcant inﬂuence on the transient responses, especially
in the MHz frequency range.
The proposed theoretical model together with the numerical
integration scheme can be used for any type of overhead line conﬁguration, offering a useful tool in the calculation of parameters of fast
transient overhead line models and thus enhancing the simulation
of various earth structures.
Acknowledgements

Fig. 17. Receiving end transient voltages of different models for case D.

the results is not easy, due to the complex differences in the modal
propagation characteristics of the different models, especially in
the high frequencies. However, the recorded differences in the transient responses justify the need for a more precise estimation of the
transmission line model parameters.
10. Conclusion
A generalized formulation for the calculation of the inﬂuence of
the imperfect earth on the series impedances and shunt admittances of overhead transmission lines in high frequencies for
stratiﬁed earth cases is presented in this paper. Special emphasis
is given to the inﬂuence of the axial displacement currents and the
radial displacement and conducting currents. These currents must
be taken into account in the high frequency region, the range of
which depends on the electromagnetic characteristics of the earth.
The proposed generalized expressions, derived under the
assumption of quasi-TEM propagation, can handle all practical cases of overhead multiconductor arrangements, taking into
account the topology and the electromagnetic properties of
all involved media. These expressions can include all existing

This work was supported by the Greek General Secretariat for
Research and Technology (PENED 03). The helpful recommendations of Dr. D.A. Tsiamitros are greatly acknowledged by the
authors.
Appendix A.
A.1. Determination of the dipole EM ﬁeld
We assume a dipole with a moment IdS along the x-axis, placed
in the height h = hi of conductor i over a two-layer earth, as shown in
Fig. 18. Since the ﬁeld is symmetrical with respect to the x–z plane,
the y component ˘y is zero. The x- and z-components of the resultant Herzian vector in the air, the ﬁrst layer and the second layer
 , ˘  , ˘  , ˘  and ˘  , ˘  , respectively. Their analytical
are ˘0x
0z
1x
1z
2x
2z
expressions are:
A.1.1. Air

 ∞(z≥ d)
u −a |z−(d+h)|
−a z

+ g0 · e 0 J0 (ru)du,
C  e 0
˘0x =
a0
0

˘0z

x
=
r



∞

p0 · e
0

−a z
0

· J1 (ru)du.

(A.1a)

(A.1b)
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 + d e
0 1 (02 − 12 )[s12
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∞


=
˘1x

f1 · e

0

˘1z
=



x
r

∞



a z
1

p1 · e

+ g1 · e
a z
1

−a z
1

+ q1 · e

−a z

(A.2a)



1

J1 (ru)du.

(A.2b)

∞


=
˘2x

f2 · e

a z
2

0

˘2z
=

x
r



∞

p2 · e

a z
2

· J1 (ru)du.

(A.3b)

0

In the above equations, the prime indicates the Herzian vector
of the dipole, as opposed to that of an inﬁnite line. J0 ( ) and J1 ( )
are the Bessel functions of the ﬁrst kind and zero and ﬁrst order,
respectively, k2 = jωk (k + jωεk ), ak =
u2 + k2 , where k = 0, 1,
2, r =
x2 + y2 , cos ϕ = x/r, j is the imaginary unit, u the integral
variable and C is equal to I · dS · jω0 /402 .
The unknown functions f and g in Eqs. (A.1)–(A.3) are obtained
from the boundary conditions between the different media. The
boundary conditions between two horizontal media a and b are
generally deﬁned as [14]:


a2 · ˘ax
= b2 · ˘bx
,

a2
a

·


∂˘ax

=

∂z

b2
b

·

(A.7d)

=

(am n

− an m ),

(A.7e)

=

(m n2 am

2 
+ n m
an ),

(A.7f)

=

(m n2 am

2 
− n m
an ),

(A.7g)

∂z





∂˘bz
∂˘bx
∂˘az
∂˘ax
=
+
+
.
∂z
∂x
∂x
∂z

(A.4d)

The above set of equations is applied to each separating surface at
z = d and z = 0. First, the x-components are determined separately
and then are used in ﬁnding the z-components. Therefore, substituting (A.1a), (A.2a), and (A.3a) in (A.4a) and (A.4b) and also (A.1b),
(A.2b), and (A.3b) in (A.4c) and (A.4d) the unknown functions g0
and p0 of (A.1a) and (A.1b), respectively are derived in (A.5a) and
(A.5b).

p0 = 2Cu · e

0

(A.5a)

· T2 ,

(A.5b)

T1 and T2 are given in (A.6a) and (A.6b), respectively, while their
components are presented in (A.7).
=


1


=

 s + s d  e
d01
12
01 12
 s + d  d  e
s01
12
01 12

Cu −a |z−(d+h)| Cu −a (h+z−d) 
+  e 0
e 0
· T1
a0
a0



x
r

1
1

2Cu2 · T2 · e

−a (h+z−d)
0

J1 (ru)du.

(A.8b)

Next, the x and y components of the electric ﬁeld intensity are
expressed in rectangular coordinates and are deﬁned by the wave
function ˘ and the intermediate functions P(r) and Q(r) in (A.9a)
and (A.9b) [5].

Ex = − 02 ˘0x
+

Ey =

∂
∂y





∂
∂x


∂˘0x

∂x


∂˘0x

∂x

+


∂˘0z

∂z

+


∂˘0z

∂z


= IdS





= IdS −P(r) +



∂2 Q (r)
, (A.9a)
∂x2

∂2 Q (r)
,
∂x∂y

(A.9b)

P(r) and Q(r) are used in the determination of the pul earth correction terms of a line with an inﬁnite length in the following
expressions [5]:



∞

x2 + y2 )e−x x dx,

P(

(A.10a)

−∞



∞

x2 + y2 )e−x x dx,

Q(

(A.10b)

−∞

Substituting in (A.9) Eqs. (A.8a) and (A.8b) and using (A.11), (4a)
and (4b) are derived.
∂J0 (ru)
= −cos ϕ · u · J1 (ru),
∂x

(A.11)

A.2. Derivation of the impedance and admittance formulas
Since  x is equal to jk0 , the second integral of (4) can be calculated using (A.9) [14].





∞

−∞

=

⎧
⎪
⎨
⎪
⎩2

x2 + yij2 e−jk0 x dx
0,

u < k0

u2 − k02

cos yij
u2

− k02

,
,

(A.12)

u > k0

2 , the terms a for k = 0, 1, 2 transk
2 +  2 + k2 , T  and T  to T and T , respectively.
1
2
0
1
2
k

Assuming the relation u2 − k02 =

−2a d
−2a d

∞

J0 (ru)du, (A.8a)

0

J0 u

Cu −a (h−d) 
·e 0
· T1 ,
a0
−a (h−d)


=
˘0z



(A.4c)

2

∞

=

Ye−1
(x ) =
ij

a2 
˘ =
˘ ,
a az
b bz

T1



(A.4b)

b2

g0 =

where the m, n indices, take the values 0, 1, 2, corresponding to the
air and the two earth layers, respectively.
Thus, the ˘  function in the air is completely deﬁned and (A.1a)
and (A.1b) take the following respective form:

Ze ij (x ) =
,

(A.7b)

,

=

(A.4a)


∂˘bx

(A.7a)

(A.7c)

0

(A.3a)

,

−2a d
1

1

+ an m ),


˘0x

· J0 (ru)du,

(A.6b)

(am n

0
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earth layer (z < 0)
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D12
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S01
S12


dmn

A.1.2. First
 earth layer (0 ≤ z < d)
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= d01
s12
+ s01
d12
e
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Fig. 18. Dipole conﬁguration over a two-layer earth.


2





= s01
s12
+ d01
d12
e

1

1

−40 21 2 a 21 02 e−2a1 d (22 − 12 )

T2 =


−2a d

,

(A.6a)

form to ak =
Using (A.9) and the above transformations the pu length mutual
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impedances and admittances for the two-layer earth structure take
the form of (5) and (6), respectively. The logarithmic terms of (5)
and (6) are derived, using (A.10) [14].


0

∞



e




−˛ hj −hi
0

a0

where Dij =






+

e

−˛ (hi +hj )
0

a0
2



cos (yij )d = ln

yij2 + (hi + hj ) , dij =



Dij
dij

,

(A.13)

2

yij2 + (hi − hj ) .
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