
F

ews

ed

en
re
tio
1�

de
n.

e
od

``s
ese
eri
a m
de
ram

si
pre
ed
es
hi
eq
ve
T

el.
wh

fo
nk

.co
Theoretical Population Biology 56, 215�230 (1999)

Extinction Risk and the 1�f
Noise Models

John M. Halley1

Statistics Division, Mathematical Institute, University of St. Andr
St. Andrews KY16 9SS, United Kingdom

and

William E. Kunin2

Department of Biology, University of Leeds, Leeds LS2 9JT, Unit

Received January 22, 1998

In order to predict extinction risk in the pres
variability, fluctuating parameters may be rep
stochastic models with different levels of varia
the process of parameter estimation for three
each other, and with autoregressive noise mo
a model time-series (length, T) of populatio
variance and the expected extinction risk for
implication of assuming an incorrect noise m
necessary to do so in terms of the measured (
(``population'') parameters. This is because th
need not stabilize on measurement over long p
a specified ``window'' of timescales defined by
forecasts can differ greatly between models,
of variability, CV, of the time series used to pa
into the future which is to be projected. For the
itself the 1�f noise process, it is possible to
observed time series. Our predictions, bas
indicate that (a) for very short projection tim
are usually optimistic relative to equivalent w
equal to and substantially greater than T, an
predicts a greater extinction risk, unless CV is
of CV, for timescales very much greater than
optimistic picture than the white noise mod
between white and brown models. Thus,
increase the long-term extinction probability
true for non-stationary processes, such as pi

Article ID tpbi.1999.1424, available online at http:��www.idealibrary

1 Current address: Ecology Group, School of Biology, Aristotle
University of Thessaloniki, UP Box 119, 56006 Thessaloniki, Greece.
E-mail: jmax�bio.auth.gr.

2 E-mail: w.e.kunin�leeds.ac.uk.
215
amily of

,

Kingdom

ce of reddened, or correlated, environmental
sented by the family of 1�f noises, a series of
n acting on different timescales. We compare

f models (white, pink and brown noise) with
ls (which are not 1�f noises), using data from
We then calculate the expected increase in
ach model, and we use these to explore the
el. When parameterising these models, it is

ample'') parameters rather than fundamental
models are non-stationary: their parameters

ods of time and are uniquely defined only over
easurement process. We find that extinction

pending on the length, T, and the coefficient
eterise the models, and on the length of time

mplest possible models, ones with population
dict the extinction risk based on CV of the
on explicit formulae and on simulations,
relative to T, brown and pink noise models

te noise model; (b) for projection timescales
uivalent brown or pink noise model usually
ry large; and (c) except for very small values

, the brown and pink models present a more
In most cases, a pink noise is intermediate
ile reddening of environmental noise may
r stationary processes, this is not generally
or brown noises. � 1999 Academic Press

m on
0040-5809�99 K30.00

Copyright ] 1999 by Academic Press
All rights of reproduction in any form reserved.



1. INTRODUCTION

Considerable effort has been devoted to the develop-
ment of models of extinction in the past two decades.
This has included a number of studies directed toward
population viability analysis (Soule� , 1987) and toward
metapopulations (Hanski, 1991) or patchy habitats
(Halley and Lawton, 1997) and investigations in a
broader context (Lawton and May, 1995). Most models
of extinction are stochastic with extinction occurring by
chance, even in populations with positive mean growth
rates. Various types of stochastic models have been
proposed and investigated. If we are to divide these into
categories, there are two primary ways in which
stochasticity may be structured. First of all, there are
many ways of structuring the probability distribution of
variation (e.g., normal, lognormal, and Poisson). The
implications of different probability distributions for
extinction modelling are explored by Halley and Iwasa
(1997; see also Lande, 1993; Ludwig, 1996). The other
important aspect of variation is the temporal correlation
structure of the variation, the relative influence of pro-
cesses acting on different timescales. This second issue is
the subject of this paper.

A population will be affected by processes acting on
very different timescales, ranging from daily temperature
variation to climatic events occurring on geological
timescales. The resulting temporal population variation
can be expressed as a power spectrum across frequencies.
By analogy with light spectra, such power spectra are
often described in terms of their characteristic ``colours.''
``White noise,'' for instance, like white light, consists of an
even mixture of variation over all frequencies. By contrast,
Brownian or ``brown'' noise (so called for its strongly
reddened spectrum as well as its links to Brownian motion)
is a mixture with a much greater share of low-frequency
(long-period) components. Both white and brown noise
models belong to a family of ``1� f noise'' (or ``1� f # noise''),
for which spectral density S( f ) for each frequency f is
proportional to 1� f # with the exponent # being zero in
white noise and 2 in brown. Between these two extremes
lies a wide range of possible noise colours with more or
less reddened frequency spectra, including most notably
``pink'' noise, which is exactly intermediate (#=1)
between them. These different frequency spectra are
modelled in very different ways, and have very different
properties.

White noise is extremely easy to simulate. It can be
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generated by adding a random variable (usually with a
normal distribution with mean zero) to the mean value of
the parameter in question (e.g., population size) at every
time interval of a simulation. Thus despite the fact that
white noise contains many low-frequency (long-period)
components, white noise models have no memory of past
events. In a white noise model of daily temperature, for
instance, an unusually hot day is as likely to be followed
by an unusually cold day as by another hot one. White
noise is also entirely ``stationary,'' in that a white noise
population model can be thought of as a constant
baseline value, plus a noise component whose variance
remains constant. White noise models are ubiquitous in
the literature and have been applied with success to
explain a wide variety of processes, especially in the
physical sciences.

Brown noise models, first developed to describe the
Brownian motion of particles, are constructed rather dif-
ferently. The parameter in question is calculated at each
time step by taking the previous value and adding a ran-
dom variable (with zero mean) to it. The parameter's
value takes a random walk, wandering up or down with
equal probability. In contrast to the white noise model
(which has no memory), brown noise processes are
dominated by their recent history. This dominance by
recent events is so complete that only the most recent
past need be considered (the ``Markov property''). Such
processes are not stationary: populations far from their
initial values have no inbuilt tendency to return to it.
However, the parameter's value typically spends a
relatively long period of time in any given
neighbourhood in which it starts. This accounts for the
predominance of long-period components in the noise
power spectrum.

Clearly, both white and brown noise models have
properties which limit their applicability to many real-
world problems, including the modelling of extinction.
An intermediate model of variation structure is required
to plausibly reflect processes with both historical
memories and stationary tendencies.

An intermediate member of the 1�f family of models is
``pink noise,'' which lies precisely halfway between white
and brown, with an exponent #=1. If spectral density is
expressed on a per octave scale (Halley, 1996), a pink
noise spectrum contains equal influences from all time-
scale intervals across the spectrum (just as white noise
does if frequencies are plotted on a linear scale). This
means that events (e.g., environmental fluctuations)
occurring on timescales of between 1 and 10 years con-
tribute as much to the overall variance of the quantity in
question as do events happening on timescales between a
decade and a century, or between a century and a millen-
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nium (Keshner, 1982). Pink noise shares properties of
both white and brown noise; it is sometimes considered
to be quasi-stationary in its behaviour as its variance
grows only slowly, at a rate approximately proportional



to the logarithm of time (Keshner, 1982). There is a large
body of evidence showing that many processes, ranging
from DNA base sequences to economic time series, dis-
play 1�f # variation spectra with values of # between 0 and
2, and thus might be approximated using pink noise
spectra (Wornell, 1993; Halley, 1996). The 1�f # family of
noise models can be considered fractional Brownian
motions (with the exception of #=1) and fractal pro-
cesses (West and Deering, 1994) with the exponent #
associated with a fractal dimension. Some other recent
papers involving this kind of noise applied in the biologi-
cal and medical fields are those by Renshaw (1994) and
Hausdorff and Peng (1996).

The most commonly used method of generating red-
dened noise involves combining a white noise model with
diminishing influences from successive past parameter
values through an autoregressive (AR) model. This
technique is the basis of most models of environmental
variation (Foley, 1994; Caswell and Cohen, 1995; Ripa
and Lundberg, 1996; Petchey et al., 1997). Pure AR
models describe a fairly constrained subset of reddened
noise models, being restricted to processes with exponen-
tially decreasing time correlation beyond a characteristic
temporal scale. Also, they are all stationary. Combina-
tions of AR models can be used to synthesize a wider
variety of noise types, within a specified time frame,
including all members of the 1� f # (for 0�#<2) noise
family (Keshner, 1982; Corsini and Saletti, 1987).

Most extinction models have relied almost exclusively
upon white noise models of population variability. In
recent years there has been a growth of interest in extinc-
tion models with correlated environmental noise. Foley
(1994), Caswell and Cohen (1995), Ripa and Lundberg
(1996), and Petchey et al. (1997) have used AR methods
to simulate extinction with an intermediate structure of
temporal variation. Surprisingly few models of extinction
have used brown noise, despite the wealth of evidence for
environmental processes with brown spectra (Steele,
1985; Arin~ o and Pimm, 1995). The apparently contradic-
tory behaviour of Brownian models in having assured
extinction yet infinite ``persistence time'' (see Middleton
et al., 1995, for a discussion of this) have probably limited
their appeal to biologists; indeed, where they have been
used (Leigh, 1981; Goodman, 1987; Middleton et al.,
1995) population caps have generally been imposed. No
attempt has been made to model extinction probability
using a pink noise spectrum, nor any other intermediate
member of the 1�f # family, although a connection with
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extinctions on an evolutionary timescale has been
the subject of recent controversy (Sole� et al., 1997;
Hewzullah et al., 1997; Kirchner and Weil, 1998). In this
paper, we will attempt to fill some of the gaps.
In the past little attention has been paid to non-
stationary noise models because, as well as being less
mathematically tractable, the interpretation of non-finite
power noise spectra can be problematic. At very low fre-
quencies, one is dealing with changes so gradual that
they cannot be observed over realistic experimental
timescales. In addition the choice of stationary noise
models is based on the view that in many cases the longer
timescale events can be considered as being dealt with by
other, explicit dynamic processes. Current evidence
suggests that ecological time series are not stationary
(Steele, l985; Pimm and Redfearn, 1988; Pimm, 1994). If
the timescale of prediction is comparable to the timescale
over which the model parameters were measured, this is
unlikely to make much difference. However, in most
viability projections, the assumption of comparable
timescales will not hold. When one is interested in predic-
ting into the distant future, processes too gradual or too
infrequent to have been picked up in field studies will
contribute to the population dynamics. In such a situa-
tion, the non-stationarity of the process plays an impor-
tant role. For example, the parameters might be per-
turbed by a self-organised critical process (Bak and
Chen, 1991) or be subject to multiscaled randomness
(Halley, 1996; Hausdorf and Peng, 1996). The slowly
varying components of these processes, because they are
not observed in the initial measurements, cannot be
modelled by systematic factors; however, their magni-
tude can be inferred, because both of these processes
generate 1� f noise. Any such means of guessing the likely
frequency or distribution of long-term events will vastly
improve the value of population viability predictions.

This paper has three major goals. We will begin by
exploring the process by which future population
variability is projected from past time series data. Such
projections differ depending on the assumed spectrum of
temporal variation. We then derive the implications of
such differences for extinction in mathematically explicit
models of white and brown processes, and compare with
the results of simulations of white, brown, and pink
models. Finally, with reference to the findings of these
simulations, we will examine the implications of assum-
ing different models. To what extent are current extinc-
tion forecasts influenced by the rather arbitrary choice of
noise spectrum models?

A major feature of this paper is that our models are
directly driven by the statistics, in the sense that the
model parameters are given in terms of the measured
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``sample'' parameters rather than fundamental ``popula-
tion'' parameters. This may seem like an unusual and
unnecessary complication, since most population models
proceed along the latter lines. In models yielding finite



power it is not necessary. However, it is necessary in our
case because we are dealing with non-stationary models
whose parameters do not stabilize on measurement over
long periods of time. The total variability in such models
is uniquely defined only over a specified ``window'' of
timescales. This window is defined by the measurement
process. Because of this complication, we will restrict this
paper to analyses of variation in a population time series
per se. The effects of given types of coloured noise spectra
acting on parameters within a population model (e.g.,
fecundity or carrying-capacity variation) and the effects
of density dependence and�or population caps will not be
considered here. Although these are important to under-
standing population dynamics and extinction, our initial
aim (the aim of this paper) is to explore the subtle and
sometimes unexpected way that stochastic non-sta-
tionarity (alone) interacts with extinction probability.
We will also limit our attention here to equally spaced
discrete samples of the continuous-time domain.

2. MODELS OF COLOURED NOISE

Each noise can be represented by a stochastic process,
X, whose properties will be different for each model.

White Noise. A white noise process is the simplest
stochastic process, where each value of X has a normal
distribution of standard deviation _w about a mean +.
Thus,

Xt t N(+, _2
w). (1)

Simulating such a process therefore consists simply of
generating a sequence of independent normal random
variables with specified mean and variance.

Brown Noise. If we adopt a brown noise model, each
value of Xt is a realization of the Brownian process,
where it is the increments of Xt that are independent
random variables:

Xt+1=Xt+Wt , Wt tN(0, _2
b). (2)

In discrete time, brown noise is simulated simply by
adding an independent normal random variable, centred
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at zero and of constant variance, to the previous value.

Autoregressive Noise. This type of noise is charac-
terised by a correlation, \a , on a characteristic timescale
of {a defined by \=exp(&1�{a). This is expressed mathe-
matically by

Xt+1=++At+1
(3)

At+1=\At+- 1&\2Wt , WttN(0, _2
a).

The expectation for this process Xt is + and its
standard deviation is _a .

Pink Noise. Simulation models for pink noise are
more complicated than those for white, brown, or AR
noise. Pink noise can arise through a number of diverse
mechanisms (Weissman, 1988; Halley, 1996). The spirit
of the pink 1� f process is to throw a coin once and to pick
up +1 for each head or &1 for each tail, producing a
time series of &l's and +l 's. To this first series is added
a second series of \1 which changes half as often, the
result of a coin which is thrown every second round. A
third coin thrown every fourth round adds a further \1,
and so on. In this way we would obtain a time series
whose variance increased with time in an approximately
logarithmic fashion, and which would have an
approximately pink 1� f spectrum.

In a similar fashion, a series of AR models can be com-
bined to simulate a pink noise proccess. Several models
of pink noise, suitable for computational purposes, have
been proposed (Keshner, 1982; Corsini and Saletti, 1987;
Wornell, 1993). In this paper we will follow Keshner's
approach (see also Schroeder, 1991, p. l25), which con-
sists of approximating the spectrum by a series of AR
models, one for each scale. This may be considered the
sum of a series of autoregressive stochastic processes,
each with a correlation on a characteristic scale. The
value of Xt in continuous time will be a summation (note
that we must include negative as well as positive powers):

X=A(0) (1-year timescale)

+A(1)(10-year timescale)

+A(&1) (1�10-year timescale)

+A(2) (100-year timescale)

+A(&2) (1�100-year timescale)+ } } } . (4)

Note that in the above equation, the time subscripts
have been dropped for clarity. More formally, we write
for a series of discrete samples of a continuous-time pro-
cess

Halley and Kunin
Xt = :
+�

k=&�

A (k)
t . (5)



Each of the component AR processes, A(k), has its own
timescale {k , which is related to the correlation \k by

\k =exp _&
1
{k& . (6)

For pink noise, the timescales are separated from one
another by a constant ratio, r

{k+1

{k
=r. (7)

Ideally, r � 0, whereas in (4) above r=10. For most pur-
poses, however, we only require r to be sufficiently small.
Each of the component processes contributes _2

A to the
overall variance of the process, and because there are an
infinite number of them, the potential reservoir of
variability is infinite. Most change on very large time-
scales, or very small ones, so only a finite number (K) of
them need be used in simulations. K will be determined
by the length of the time series we wish to generate. The
largest timescale should be significantly longer than T.
Without loss of generality, we may assign the lowest
timescale, the shortest timescale in the real system which
we wish to model, a subscript of k=1. This (associated
with \1) is the smallest timescale which is likely to affect
the observations for the T samples in the time series.
(Note: This is not the interval between samples, but
the time it takes to measure the parameter of interest.
For population this is the census time.) Perturbations
occurring at higher frequencies will not be observed. Thus,

Xt r++ :
K

k=1

A (k)
t . (8)

Note how in (8) Xt can be interpreted as a combina-
tion of K autoregressive processes plus a residue of other
low-frequency ones too slow to be seen over the time-
scales of interest which appears as a ``mean,'' +.

This method can be used to generate other 1�f # noises
with various spectral exponents in the range 0< y<2. In
each case the relationship in Eq. (7) will have a different
form.

3. PARAMETERISING DIFFERENT
NOISE MODELS

1� f Noise and Extinction Risk
To predict future extinction risk, we must predict the
degree to which its numbers are likely to vary. However,
we must do more than simply choose a model of
variability; we must also parameterise that model. The
parameters will generally be taken from analyses of past
population behaviour, and the interpretation of that
history will itself depend on the model we impose. The
potential variance is infinite for all of the 1�f # family of
noises, and for those non-stationary members (#�1) it
diverges as the series gets longer: consequently, it is only
possible to define the variance within a given context.
For this we will assume that our time series consists of a
series of T equally spaced (without loss of generality, we
can assume yearly) observations. Each observation is a
sample of a background continuous-time coloured noise
process. The observations [x1 , x2 , x3 , ..., xT] are of the
logarithm of a population. The mean and standard
deviation of this finite time series are MT and ST , respec-
tively. Throughout this paper we will describe a set of
stochastic processes as equivalent on a timescale T if they
all would be expected to produce, over the interval T, a
series with the same mean (MT) and standard deviation
(ST) as the observed time series.

Our first question is, what is the expected level of
variability in the population over a subsequent time
interval of 2t years? First, for simplicity, we will assume
that population variability is lognormal, a reasonable
assumption for a number of biological reasons (Middleton
et al., 1995). The remaining question is the spectral struc-
ture of the population variation, the implications of
which is the focus of this paper. We will limit ourselves to
a comparison white, brown, pink, and AR noise; we do
not consider blue noise in this paper. We can then predict
the level of variability up to an arbitrary moment in the
future, provided that we choose the right model. The
problem of discerning the spectral (or fractal) properties
of a model on the basis of a given time series has been
addressed by many authors in a number of different con-
texts (e.g., Geweke and Porter-Hudak, 1983; Wornell
and Oppenheim, 1992; Cutler, 1993,1994). Figure 1
shows three sample time series of length 40 (simulated),
one of each of the colours white, brown, and pink. At a
glance, it is not at all easy to distinguish even white and
brown processes, and harder to distinguish the pink pro-
cess from either. This problem, which is more acute with
shorter time series, persists even with sophisticated spec-
tral analysis methods. In this paper we merely discuss
inference of the parameters of the stochastic processes
in white, brown, and pink models, on the basis of the
observed statistics MT and ST .
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White Noise. If we assume that the observations come
from a white noise process, the measured mean and



FIG. 1. Three sample time series of brown noise (m), pink noise
(h), and white noise (g), each containing 40 yearly observations,
Each of the three generating processes were equivalent on a 40-year
timescale with CV=0.26.

variance of our series are respectively unbiased
estimators of the expectation (+=E[MT]) and variance
(_2

w=E[S 2
T]) of the process so we can parameterise it as

+rMT
(9)

_2
w rS 2

T .

Brown Noise. In a brown noise model, the
parameters of the process can be found from the recorded
observations on the basis of the results (17) and (29) in
the Appendix:

X1 rMT
(10)

_2
b r

6S 2
T

T+1
.

Notice how the standard deviation, ST , of the series of
observations grows with T, the length of the time series.
A better estimate of X1 can be found by obtaining the
initial value of the population and projecting from there,
but this may not be available.

Pink Noise. If the background variation process is pink
noise, the sample variance also grows with the length
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of the time series but now in an approximately logarithmic
fashion. Here, the expressions are more complicated (see
Appendix for derivations) but reflect the superposition of
AR processes discussed in the earlier section, and the
mean and variance can be parameterised in the following
way, using respectively (21) and (33):

MT r++
1
T

:
K

k=1

1&\T
k

1&\k
E[A(k)

1 ]

(11)

_2
p r

S 2
T

:
K

k=1
_T+1

T&1
&

2[T(1&\k)&\k (1&\T
k )

T(T&1)(1&\k)2 &
.

The parameterisation of the mean is more problematic.
Note how its value depends on the coefficients A(k),
which are the initial values of the component processes.
This cumulative dependence of the mean (though not of
the variance) on long-term components illustrates the
evolutionary character of pink noise (Keshner, 1982).
This is fundamentally different from brown noise, which
``remembers'' only one piece of information (its value in
the previous time step), and from white noise, which has
no memory.

AR Noise. The parameterisation of AR noise is the
same as that for pink noise but with K=1.

4. GROWTH OF VARIANCE IN 1�f
NOISE MODELS

The projected trends in variance, for the three models
based on the parameterisations (6)�(8), are shown in
Fig. 2. In a white noise world, the variance of a time series
remains constant indefinitely, and so the measured
variance in a past time series can be projected forward
into the future without change. In pink and brown
models, however, population variance increases
progressively over time, with low variation (relative to
the white noise model) in the short term, and relatively
high variation in the long term. The operational defini-
tion of ``short'' and ``long'' terms in the previous sentence
will depend on the length of the time series used to
measure variance in the first place. If, for example, a
20-year time series were used to estimate a population's
variance, then all three models would concur on the
degree of population variance 20 years into the future.
They would disagree, however, about variance projec-
tions on significantly shorter (e.g., 5 year) and longer
(e.g., 100 year) timescales. Thus, if a white noise model
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was fit to a time series that was actually brown or pink,
it would overestimate future short-term variation in the
population, but would underestimate population varia-
tion in the more distant future. Fitting a brown noise
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FIG. 2. Diagram showing a sample time series with T=40 observat
for time) by a chart of the expected mean and standard deviations (E[M
(white, brown, and pink), using Eqs. (9)�(11). Each model is equivalent o
envelope is constant. For brown noise the envelope grows as the square
that all the envelopes are equal when we are projecting for 2t=T=40 y

(random walk) model to a time series that was in fact
white or pink would produce the opposite set of biases,
underestimating short-term variance but overestimating
population variation in the long term. Autoregressive
reddening produces patterns similar to those of pink or
brown noise, but only up to a certain timescale. Unlike
brown and pink processes, autoregressive processes are
stationary: their variance increases with the length of a
time series but converge to a finite value. If the real pop-
ulation variation is simple autoregressive noise, the equa-
tions are the same as for pink noise above, except that
there is only one term in the summation in Eq. (5) corre-

sponding to the characteristic correlation time {a of the
AR process. If T<{a , yet we adopt a white noise model,
the situation will be the same as for brown noise: we
would overestimate variance in the short term (t<T )
but underestimate it in the long term (t>T ).

5. FORMULAS FOR EXTINCTION

1� f Noise and Extinction Risk
PROBABILITY

We now proceed to the task of projecting extinction
risk. Several researchers have speculated on the effects of
s, one observation per year up to year 40. This is followed (on the right
- E[S 2

2t]) projected (ignoring extinctions) in three equivalent models
40-year timescale. Variance is constant for white noise, so the projected

t of 2t, and for pink noise it grows approximately logarithmically. Note
s.

changing variance on extinction probability (Pimm and
Redfearn, 1988; Lawton, 1988; Halley, 1996) and some
work has been done to verify if this is indeed the case
(Ripa and Lundburg, 1996; Petchey et al., 1997) for pop-
ulation models driven by reddened noise. In fact, we
show here that, even for simple absorption problems
without the complications of population dynamics, the
picture contains some subtle effects. Increased variance
does not necessarily increase the risk of extinction in the
long run.

The Appendix presents derivations of the following
formulae for the probability of extinction within 2t years
for a population whose fluctuations have the spectrum of
white noise:

E (w)
2t =1&_1&

1
2

erfc \ +

_w - 2+&
2t

. (12)
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The error function erfc(x) is simply a measure of the
cumulative distribution of the normal distribution
(Spiegel, 1968). For the corresponding brown noise
model, there is no explicit exact formula for discrete time,



FIG. 3. Proportional rate of extinction of three brown noise
models relative to the equivalent white noise models, drawn on
logarithmic scales. The models were based on three series (T=25)
having CV=0.3, 0.45, and 0.6, respectively.

but an approximate formula (based on the continuous-
time version) is good for large values of 2t (2t>>X1 �_b):

E (b)
2t =erfc \ X1

_b - 2 2t+ . (13)

To use these formulas one employs the inference
scheme of Eq. (9) and Eq. (10). As mentioned earlier, one
can only meaningfully compare the two models in the
context of an observed time series of specified length.
Unfortunately, we know of no equivalent formulae for
calculating the probability of extinction for pink noise
models, nor for AR models.

Estimates of extinction risk are very sensitive to the
choice of noise model. By fitting an inappropriate model
(e.g., by assuming white noise in a world governed
by Brownian dynamics), one may produce estimates
of extinction rates which differ by several orders of
magnitude from the actual values. The precise nature of
the biases involved depend critically on two factors: the
variability of the time series used to parameterise the
model, and the length of time into the future that one
wishes to predict.

White noise extinction models have a constant risk of
extinction per unit time; by their very nature they assume
that the odds of randomly drawing the losing card are the
same at each time interval. Consequently, the probability
of a population surviving for some period 2t is simply
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one minus the probability of extinction per unit time
raised to the power 2t, and the extinction risk to surviv-
ing populations per unit time is fixed. Consequently, we
can express the relative vulnerability of populations
governed by white and brown noise processes by dividing
brown noise extinctions by this fixed value.

Figure 3 shows the proportional extinction rate (prob-
ability of extinction given that the population has so far
survived) for brown noise, relative to that of white noise
for various values of the sample series' coefficient of
variation, which we have defined as follows:

CV=
ST

MT
. (14)

Figure 3 is based on Eqs. (12) and (13). Equation (12)
is parameterised from a time series with parameters MT

and ST for white noise using Eq. (9), while Eq. (13) is
parameterised from the same time series using Eq. (10)
for brown noise. While this graph is only approximate
(since Eq. (13) is not exact for discrete time), it is a good
approximation at large 2t.

Where very variable time series (e.g., CV>0.6) are
considered, white noise models always predict higher
extinction probabilities than do brown noise models.
Here, the curve always lies below 1, indicating that the
Brownian extinction rate is always lower than that for
populations exhibiting white noise for large CV. The
result is much lower cumulative survivorship in popula-
tions governed by white noise than in comparably
variable brown populations. The reason for the lower
extinction rate with a brown noise model is that even if
the variance is greater, the population may drift upward,
without any restoring force, to very large (``safe'') values.
Assuming a brown model in a population for which
white noise is the appropriate model would thus produce
unrealistically optimistic estimates of survival prob-

abilities. The opposite error would produce an extremely
pessimistic forecast. These biases remain whatever the
timescale, but the degree of bias can shift, with differences
in cumulative extinction probability growing pro-

gressively larger as time passes.
If we consider moderate levels of population

variability (e.g., CV=0.45), a more complex set of biases
appears. As Fig. 3 shows, at moderate levels of variability
the relative extinction rate curve crosses the unity line in
two places. In such circumstances, the nature of extinc-
tion forecast biases will depend critically on how far into
the future we are looking. Short-term forecasts (that is,
2t<T ) of instantaneous extinction rates will be biased in
the manner described above: white noise models will be
pessimistic about population persistence and brown
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noise models will be optimistic. This comes about
because white noise models can bounce to extinction
instantaneously, whereas a Brownian random walk takes
some time to travel the distance to zero. Moving to



longer timescales (2ttT ), the biases are reversed:
extinction becomes more likely in a population governed
by Brownian dynamics than in one exhibiting white noise
variation. This occurs because many Brownian popula-
tions, having no stationary tendency to draw them back
toward their initial value, will have had sufficient time to
wander into the abyss. Using a white noise model in a
reddened world here results in significantly under-
estimating the risk of extinction. At still longer timescales
(2t>T ), the tables are turned back again, and the
original set of biases (with white pessimistic) is restored.
The reason for the bias is different, however. After such
a long time period, a large proportion of the Brownian
populations that have survived will be those that have
achieved very large (and thus relatively invulnerable)
population sizes, while white noise populations continue
to face a constant per generation risk. Cumulative sur-
vivorship also shows two crossovers in extinction biases.

The relative performance of white and brown noise
extinction models is different yet again when we turn to
lower levels of variation. The smallest value of CV in
Fig. 3 is CV=0.3, for which the curve re-crosses unity at
about 1000 years, but for still smaller values of CV the
ratio of extinction rates rises so steeply that is does not
re-cross unity within a biologically reasonable time.
Thus, for all practical purposes, there are now only two
relevant time periods: a short term (where the white noise
model is pessimistic relative to the brown model) and a
long term (where the situation is reversed). These are
precisely analogous to the short- and moderate-term
regions of the previous (moderate CV) case, but the
degree of differentiation in extinction rates is much more
extreme. In the short term, extinction rates calculated
from white noise models can be many orders of
magnitude higher than those generated in brown models,
but this difference is of no practical significance, as
extinction rates in either model are exceedingly low.
Beyond the crossover point, however, very real differen-
ces appear. Extinction rates under brown noise are here
many orders of magnitude higher than corresponding
white noise estimates, resulting in profound differences in
cumulative extinctions. In such circumstances, applying
a white noise extinction model to a population governed
by brown or pink noise could result in extremely
optimistic viability forecasts.

6. SIMULATIONS COMPARING
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EXTINCTION

So far, we have considered only white and brown
models of extinction, due to the fact that explicit
formulae (or approximations) for such probabilities are
easily derived. Given the potential importance of pink
noise processes, however, it is desirable to calculate
extinction risks in this case as well. Owing to the absence
(to our knowledge) of closed formulae for the time-
dependent absorption probabilities for pink and AR
models, we compared extinction probability using simu-

lation models. Simulation models were also necessary for
short-term predictions with brown noise since Eq. (13) is
only accurate for long-term predictions. A description of
how these simulations were carried out is in the final
section of the Appendix.

Figure 4 shows results of simulations for the propor-
tional extinction rates for the three equivalent models (all
parameterised from the same time series) relative to the
equivalent white noise process. It is obvious from this
picture that projections of extinction rates are not
affected in a simple way by reddening. Each of the curves
(except the theoretical curve for Brownian extinction
rates based on Eq. (13)) represents the results of a Monte
Carlo simulation of one million runs for each noise
model. As before, the parameterisation was simply on the
basis of a time series with ST�MT=CV=0.45 for T=25.
The correlation time for the AR process, {a , is 30 years.

The brown noise model (g) behaved as it did in
Fig. 3, except that the rise in relative proportional extinc-
tion rate is not as pronounced as predicted by Eq. (10).
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FIG. 4. Proportional rates of extinction for three noise models
equivalent on a 25-year timescale having a coefficient of variation for
log Xt of CV=0.45. Brown noise model (g); pink noise model (M);
AR model with {a=30 (Q). All rates are relative to the equivalent
white noise model, as in Fig. 3.



The pink noise model (M) differs, as we might expect,
less from the white noise model than does the brown
noise model, beginning with a projected extinction rate
closer to that of the white noise model. The long-term
extinction rate of the pink noise model is also closer to
that of the white noise model than to that of of the brown
noise model. Thus, as we might expect, the pink noise
model is an intermediate case between brown and white
noises. However, this is not so at all values. For example,
at t=35, the extinction rate is higher for pink noise than
it is for the equivalent white noise model, whereas the
brown model has a lower extinction rate than the white
model at this value. The reason for this behaviour may lie
in the conditioning. As was mentioned earlier, while the
mean value of brown noise is X1 and that of white noise
is +, the mean value of a pink noise population series is
dependent on an infinite number of initial conditions, see
Eq. (21). In our simulations we must assign initial values
to each of the component AR processes. In theory, we
therefore have an entire spectrum of possible behaviours.
In the simulations we performed here we assumed that
each of the initial values was zero, but that the overall
offset (which can be seen as arising from AR processes on
much longer timescales than explicitly included in the
simulations) is X1 . This results in a non-uniqueness of
equivalent pink noise processes. Another factor which
leads to a non-uniqueness of equivalent pink noise pro-
cesses is that different proportions of long-term and
short-term components could both produce the same MT

and ST . This results in the fact that there is no unique
pink noise parameterisation for the set of observations
[x1 , x2 , x3 , ..., xT] (in the same way that there is for a
white, brown, or AR model) based only on MT and ST .
In our simulations we assumed that there was a mini-
mum timescale of 1�100 of a year. A full discussion of this
topic is beyond the scope of this paper. However, as we
shall see, these problems cause less confusion in long-
term extinction projections than in short-term ones. The
AR model (q) initially differs from white noise in much
the same way as brown noise does, but as soon as the
length of the projected time series is comparable to {a ,
the rate of extinction becomes constant though not at the
same value for the white noise model. In general this
value may lie above or below the white noise model
depending on {a and the other parameters.

As expected, in the simulations white and brown
models behave very much as they did in the explicit
analyses above. Our examination of population

224
variability, above, suggested that a pink noise model of
extinctions should produce results intermediate between
the two more extreme models. This prediction was borne
out in our simulations. Thus the relation between
FIG. 5. Long-term projections for survival. (a) Vertical axis shows
total surviving populations out of 100,000 Monte Carlo simulations for
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three equivalent noise models based on the same series of 25 observa-
tions (T=25) of populations where the coeffcient of variation for the
series of T observations is CV=0.3. In this diagram an AR model with
{a=30 is also shown. (b) As for (a), but with CV=0.45. (c) As for (a),
but with CV=0.6.



increasing variance and extinction in the short-term pic-
ture is not at all simple, and is strongly dependent on the
conditioning of initial conditions. This conditioning is
less important in long-term predictions as exhibited in
Fig. 5.

Figures 5a�5c show the projections for survivorship on
a timescale of up to 1000 years (40 times as long as T
itself). On each of these we have the projections for the
models equivalent over a 25-year timescale for CV=0.3,
0.45, and 0.6, respectively. It is clear that as we increase
2t, the projection timescale, the detailed complex
behaviour and dependence on conditioning seen for
short-term predictions begin to vanish. Figures 5b and 5c
exhibit a clear trend: with moderate or high population
variability, long-term survival is greatest for the brown
noise model and least for white noise model, with pink
noise intermediate. With low CV this is less obvious but
the outcome is expected to be the same in the long term.
In the Appendix, we show that irrespective of the values
of T and CV, there always exists a projection time 2t* for
which the probability of survival in a brown model is
greater than that of the equivalent white noise model.
Therefore, in a sufficiently long-term projection, the
white noise model always overestimates extinction
probability.

We have also included results from the equivalent AR
model (with {a=30 years) in Fig. 5a. This behaves like
white noise in the long term, having a constant
asymptotic rate of extinction, but this is higher than that
of any of the equivalent l� f family members. In general,
the asymptotic extinction rate of an AR process, equiv-
alent on a timescale of T at a coefficient of variability CV,
may or may not be greater than the corresponding white
noise process. Whether or not it is depends on T, CV,
and {a .

7. DISCUSSION AND CONCLUSIONS

The analyses and simulations reported above
demonstrate that projections of extinction risk, based on
the parameterisation from a time series, can differ by
orders of magnitude for different noise colours. Predic-
tions based on inappropriate noise models may thus be
highly misleading.

We have used three members of the 1�f noises (white,
pink, and brown) as models of environmental variation
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which might lead to extinction. We considered only the
simplest possible model, one in which the population
itself is a stochastic process with a 1�f noise spectrum. By
parameterising the models in terms of an observed time
series of length T, it is possible to predict the extinction
risk based on the coefficient of variation, CV, of the
series. Our predictions, using explicit formulae and on
simulations, indicate that brown and pink noise models
may present either an optimistic or a pessimistic picture
relative to a white noise model. These models tend to be
optimistic, predicting lower extinction rates, on time-

scales either much less than or much greater than T. On
intermediate timescales they tend to present a more
pessimistic prediction. Usually, a pink noise model
makes predictions intermediate between white and
brown noise models.

Thus, although the effect of reddening within the 1� f
noise family is to increase the variance observed for
longer time series, this does not necessarily mean a con-
comitant rise in extinction risk for long-term projections.
This is somewhat contrary to the reasonable intuitive
expectations (see Lawton, 1988; Halley, 1996) that
reddening increases extinction risk, as well as seeming to
contradict the findings of other models (Caswell and
Cohen, 1995; Petchey et al., 1997). However, we stress
that the mechanism of reddening in our 1� f noise models
(increasing the spectral exponent #) also leads to non-
stationarity (for #�1), so that now there exists the
possibility of a population wandering upward toward
relatively invulnerable population size, an effect which
may offset the increased risk through higher variability.
This does not contradict the finding that for stationary
processes the effect of reddening is to increase the risk of
extinction.

In our results an important role is played by the time
series length, T. The resulting apparent sensitivity to
parameter estimates arises from the fact that we are com-
paring the predictions of stationary models (white or
autoregressive noise) with non-stationary ones (brown
or pink noise). Non-stationary noises can only be
uniquely defined via a specific set of measurements over
a specified timescale. Because of this, the effects of such
noises cannot meaningfully be compared in the context
of their fundamental parameters, but only through of a
set of observations, in this case a time series of known
mean and variance and a duration T.

Many aspects of the behaviour of 1� f noises are still
poorly understood and research is clearly at an early
stage. Spatial extension seems to be an important aspect
in the origins of low-frequency environmental noise
(Renshaw, 1994; Pimm, 1994), and this spatial aspect
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needs further study. In this paper we considered the sim-
plest kind of population modelling approach: where the
population varies as 1�f noise. A systematic investigation
of the effect of 1� f noises entering biological systems



through demographic parameters such as growth rate
and carrying capacity is an extension which must be
carried out. Many aspects of 1�f noises themselves are
still poorly understood. For example, mathematical for-
mulations of the stationary members of the family are
usually very different from those of the non-stationary
members, with pink noise often fitting into both, either,
or neither camps. Little attention has been given to
the relationship between pink noise in continuous and
discrete time, and to the phase spectrum of 1� f noise
(J. H. Steele, personal communication).

In the meantime, a knowledge of the biases inherent in
currently used white and brown models should allow
them to be used with appropriate caution. Although
current methods of projecting extinction risk usually
ignore temporal variance and spectral reddening, there is
evidence of greater interest in these issues (Pimm, 1994;
Bengtsson et al., 1997). If conservationists are to allow
for such effects, how should an appropriate extinction
model be chosen? Probably, the best option would be to
examine the colour spectrum exhibited by past variation,
and to use this to guide the choice of an appropriate
model for projecting into the future. Unfortunately, suf-
ficiently long time series are seldom available for popula-
tions of conservation concern. In the absence of specific
information about the spectral structure of past popula-
tion variability, one should choose a model which is as
unbiased as possible. Because the 1� f family of models
has no specific timescale, we believe that changing the
spectral exponent #, as a mechanism of reddening, is
preferable to introducing reddening through a single AR
process, since such a process implies a bias toward a
preferred timescale. In an earlier publication (Halley,
1996) one of us argued that among the 1� f noises the
most appropriate choice of spectral exponent was y=1,
corresponding to pink noise. This is because of its inter-
mediate predictions��it is unlikely to be as misleading
in its predictions as either of the more extreme models
could be. White and brown noise models make rather
unrealistic assumptions about the dynamics of popula-
tions over time: in white noise models, populations vary
instantaneously and without memory; in brown noise
models they wander rootlessly and without bounds.
Most real populations exhibit both continuity and quasi-
stationary tendencies, features that suggest that they sit
somewhere in the middle of the range of 1� f spectral
models. Moreover, analysis of ecological time series
produces a median Hurst exponent closer to that of pink
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than to that of either brown or white (Arin~ o and Pimm,
1995; Halley, 1996). Perhaps the best simple strategy at
present is to use the various extinction models in parallel,
and to rely on whichever is most conservative in a given
context. The results outlined above should be useful in
indicating which that is likely to be.

APPENDIX

A. Sample Mean of a Series of T Observations

For a stochastic process [Xt ; t # N], the sample mean
for T observations of this process is

MT=
1
T

:
T

t=1

Xt . (15)

Brown Noise. We use Eq. (2) (in text) recursively:

Xt =Xt&1 +Wt&1 =X1 + :
t&1

j=1

W j . (16)

Substitute this into Eq. (15) and take the expectation of
both sides (noting that E[Wt , ]=0) to get

E[MT]=
1
T

:
T

t=0

E[X1]=E[X1]. (17)

Thus we can use MT as an estimator for X1 , hence
Eq. (10) follows.

Autoregressive Noise. Suppose that Xt is an AR process
of Eq. (3) with correlation coefficient \ driven by a white
noise process of expectation zero.

At =\At&1 +- 1&\2 Wt&1

(18)
=\t&1A1 +- 1&\2 :

t&1

j=1

\ jWj .

If we now substitute Eq. (18) into Eq. (15) with (3), we get

E[MT]=++
1
T

1&\T

1&\
E[A1]. (19)
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Pink Noise. Pink noise in this paper is modelled by a
superposition of AR processes Eq. (5), each behaving as
Eq. (18) and related by (7). For the ``band-limited''
pink noise which we generate in the simulations for



this paper, we can replace the upper limit by K and the
lower limit by k=1:

Xt = :
�

k=&�

A (k)
t

(20)

r++ :
K

k=1

A (k)
t .

Note that in the second equation above, the mean, +, is
interpreted as a cumulative effect arising from all the low-
frequency components which appear stationary over the
timescales of interest. By analogy with the AR model we
may proceed:

E[MT]=
1
T

:
T

t=1

:
�

k=&�

E[A (k)
t ]

(21)

r++
1
T

:
K

k=1

1&\T
k

1&\k
E[A (k)

1 ].

B. The Sample Variance of a Series of
T Observations

For a stochastic process [Xt ; t # N], the sample
variance for T observations of this process is

S 2
T =

1
T&1

:
T

j=1

(Xj&MT)2. (22)

Brown Noise. Given a set of sequential random
variables [X1 , X2 , X3 , ..., XT], we assume that its noise
model is brown (discrete in time) such that E[Xt]=x1

and E[(Xt&Xt&1)2]=_2
b . We take the expectation of

both sides of Eq. (22):

E[S 2
T]=E _ 1

T&1
:
T

j=1
\X j&

1
T

:
T

i=1

Xi+
2

&
=

1
T 2 (T&1)

_ :
T

i=1

:
T

j=1

:
T

k=1

E[(Xj&Xi)(Xj&Xk)]. (23)

We now introduce new terminology: 2Xji=Xj&Xi so
that the expression becomes
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V (b)
T =E[S 2

T]=
1

T 2 (T&1)
:

i, j, k

E[2Xji 2X jk]. (24)
This involves summing the expression E[2Xji 2X jk]
over an ijk lattice. Each pair 2Xji and 2X jk can be con-
sidered two time segments consisting of overlapping and
non-overlapping parts.

If k=i we have two completely overlapping segments
with an overlap of j&i. The expectation of their product
can be calculated from the well-known formula pertain-
ing to Brownian processes:

E[2X 2
ji]=| j&i | _2

b . (25)

Conversely, for entirely non-overlapping segments, for
example, when i> j and k< j, the variables 2Xji and
2Xjk are independent, so

E[2Xji 2Xjk]=0. (26)

In general, the contributions to Eq. (24) above can be
found by dividing each pair of segments into overlapping
and non-overlapping parts and applying the above for-
mulae Eqs. (25) and (26).

Consider a single slice of the three-dimensional lattice,
associated with a specific value of j. There will be T such
slices in the lattice. We can associate i with columns and
k with rows in this slice. Each cell contains E[2Xji 2X jk].
The values of this quantity will define ``contours'' of
constant overlap. For example, the number of cells
with an overlap of one (i.e., E[2Xji 2X jk]=_2

b) will
be [2( j & 1) & 1] in number. Similarly there are
[2(T& j)&1] cells having an overlap of negative one.
Similarly there will be [2( j&2)&1] cells with an over-
lap of two, and so on. A table is shown below of
E(2Xji 2Xjk)�_2

b for T=6 with j=4 (blank cells denote
zero).

2X41 2X42 2X43 2X44 2X45 2X46

2X41 3 2 1 0
2X42 2 2 1 0
2X43 1 1 1 0
2X44 0 0 0 0 0 0
2X45 0 1 1
2X46 0 1 2

(27)

We can sum the contributions over the entire lattice
``contour by contour.'' It is relatively easy to see that
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there will be a total of 2(T&1)2 with an overlap of plus
or minus one, 2(T&2)2 with an overlap of plus or minus
two, and so forth, down to just two with an overlap of
plus or minus T&1. We can now add up all of these



contributions as follows, calling s the degree of overlap,
to get the following form equivalent to Eq. (24):

V (b)
T =

1
T 2 (T&1)

:
T&1

s=1

[2(T&s)2]s _2
b . (28)

We can expand the brackets to get summations involving
s2 and s3, for which there are known expressions (Spiegel,
1968), leading to

V (b)
T =_T+1

6 & _2
b . (29)

Autoregressive Noise. The stochastic Xt process is
defined by Eq. (18) with E(Wt)=0 and E(W 2

t )=_2
a .

Once again we start with the expectation of Eq. (22) in
the following form (using Eq. (15) for MT):

V (a)
T =E[S 2

T]=
1

T&1
:
T

j=1

E(X 2
j )

&
1

T(T&1)
:
i

:
j

E[XiX j]. (30)

The first term has the value T_2
a �(T&1). For the second,

we use the relation, appropriate for a first-order AR
process,

E[Ai Aj]=\ |i& j |_2
a . (31)

Thus if we consider the matrix of E[AiAj] (with i the
row and j the column) then the diagonal elements, of
which there are T, have values \_2

a while the first upper
diagonal and lower diagonals each with 2(T&1)
elements have values \2_2

a . The second upper diagonal
and lower diagonals each with 2(T&2) elements have
values \3_2

a and so on, giving the following sum of con-
tributions:

V (a)
T =

T
T&1

_2
a &

1
T(T&1)

_[T+2(T&1)\+2(T&2)\2

+ } } } +2(2)\T&2+2(1)\T&1]_2
a

=_T+1
T&1

&2
T(1&\)&\(1&\T)

T(T&1)(1&\2) & _2
a . (32)

228
The second line follows from the first above by means of
the standard sum for an arithmetico-geometric series
(Spiegel, 1968).
Pink Noise. The sample variance of a pink noise pro-
cess is simply the sum of the contributions of the (inde-
pendent) AR components, with correlation given by
Eq. (6) and Eq. (7), each contributing variance _2

p to the
overall process. The variance of a series of T samples of
this process is just the sum of all components according
to Eq. (32) above:

V (p)
T = :

�

k=&� _T+1
T&1

&2
T(1&\)&\(1&\T)

T(T&1)(1&\2) & _2
p . (33)

For the ``band-limited'' pink noise which we generate in
the simulations for this paper, only K of these compo-

nents participate actively so that we can replace the
upper limit of the summation above by K and the lower
limit by k=1.

C. Extinction Probability

Extinction under brown noise depends only upon the
starting value X1 , not on any carrying capacity. The pro-
cess is non-stationary too; there is no limit to the amount
of variance which can accumulate as the series grows
longer. The absorption probability for this Brownian
process is given for continuous time by Karlin and
Taylor (1975, p. 355),

E (b)
t =P[Xt=0 | X1=x1]=2 |

�

0
p(u+x1 , t) du, (34)

where

p(u, t)=
1

- 2?t
exp _&

u2

2t& . (35)

If we just substitute the expression for p(u, t) into the
first equation, changing the variable of integration to
&=u+x1 , noting that for normal time we replace the
dimensionless t in the above by _2

b t, then we get the
following expression:

E (b)
t =erfc _ x1

_b - 2t& . (36)

The complementary error function used here is
another form of the area under the normal curve (see
Speigel, 1968). When t=2t, which is large, we have the
approximation
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E (b)
2t r1&

2x1

_b - 2?2t
. (37)



The survival probability is the second term on the rhs.
By contrast, for the white noise model, the extinction

probability per year is constant; thus we have something
of the form

E (w)
2t =1&exp[&: 2t]. (38)

Thus while the probability of survival decreases
exponentially for a white noise process, the probability of
survival for a brown noise process decreases only as a
power law. Therefore, it is always possible to find a value
of time 2t=2t* for which

E (w)
2t* �E (b)

2t* . (39)

Thus in the long run the probability of extinction is
always greater for such systems subject to white noise
than to brown noise.

D. How Simulations Were Carried Out

The simulations were carried out using a program
written in the C programming language and run on a PC.
The graphs were drawn using Excel.

1. By assumption we chose T=30 and MT=100
and CV # [0.3, 0.45, 0.6] as inputs to the program. ST is
thus constrained, through Eq. (14). Note, however, that
as we assume a Gaussian distribution, the extinction for-
mulas depend only on CV rather than on MT itself. So
the actual value of MT does not affect the final result.

2. From Eq. (9) and Eq. (10) the program
estimates +w , _w , X1 , and _b .

3. For pink noise we assumed a range of timescales
from 10&2 to 105 years to model the process by a super-
position of 15 AR processes (two per frequency decade)
on the basis that this gave a sufficiently smooth
approximation to the 1�f spectrum in the frequency
domain. The program was instructed to employ Eq. (8)
with K=15 with {1=10&2 and with a constant ratio of
- 10 between {k and {k+1 in Eq. (7).

4. For pink noise the program calculated \k=
exp(&1�{k) for each timescale.

5. Using Eq. (11) the program calculates _p .

6. Finding the initial values of the component pro-
cesses was the most problematic aspect, as we had to run
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different models in an equivalent situation. Should the
prediction part of the simulations be correlated with the
measurement, or independent of it? We chose the former,
and we chose to begin the prediction at t=T+1 (the
year after the last measurement) with the following initial
conditions:

XT+1 tN(0, S 2
T) (40)

XT+1 tN(0, 2S 2
T) (41)

XT+1 =AT+1 , AT+1 t N(0, _2
a) (42)

XT+1 = :
K

k=1

A (k)
T+1 , A (k)

T+1 tN(0, _2
p), (43)

where Eqs. (40), (41), (42), and (43) were the starting
values for the simulations for white, brown, AR, and pink
noise models, respectively. The factor of 2 for the brown
noise model is found by calculating

[XT+1&MT]2=TS 2
T+1&(T&1)S 2

T (44)

and taking the expectation of both sides, using (29) and
the assumption that T>>1. This leads to something of
the form (T�3)_2

b which is 2S 2
T . This increase is due to

the fact that the variance increases as T gets larger.

7. There were 100,000 simulations for each class of
noise model, each run for 1000 iterations (each corre-
sponding to 1 year). Each simulation was calculated
independently according to the iteration formulas (1),
(2), and (3) for white, brown, and AR noise, respectively,
and according to (8) for pink noise with each component
obeying Eq. (3).

8. Note that in Eqs. (40)�(43) the simulations Xt

are centered on zero. Thus each simulation terminated
(the model population became ``extinct'') if and when
Xt�&+.

9. For each model the number of surviving pop-
ulations was recorded for each time t.
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