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Abstract

In this work we provide three new characterizations of affine dual frames con-
structed from refinable functions. The first one is similar to [10, Proposition
5.2] but without any decay assumptions on the generators of a pair of affine
systems. The second one reveals the geometric significance of the Mixed Fun-
damental function and the third one shows that the Mixed Oblique Extension
Principle actually characterizes dual framelets. We also extend recent results
on the characterization of affine Parseval frames obtained in [28, Theorem
2.3].
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1. Introduction

Extension Principles were first proposed by Ron and Shen [26, 27] and were
subsequently extended by Daubechies et al. [10] in the form of the Oblique
Extension Principle. OEP relaxes the requirements for the construction of
wavelets arising from a pair of refinable functions or from a single refinable
function extending thus Mallat’s construction of wavelets from orthonormal
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scaling functions. Extension Principles are important because they can be
used to construct wavelets from refinable functions which may not be scaling
functions (in the sense that their integer translates may not form a frame
but only a Bessel system) with desirable properties such as symmetry and
antisymmetry, smoothness or compact support.

In this paper we study the geometric structure associated with bi-framelets
arising from pairs of refinable functions. We also show how the Mixed Fun-
damental function arises from a weak form of a reduction of redundancy
between the spaces generated by the integer translates of the pair of re-
finable functions and those spanned by the detail spaces of scales j ≥ 0.
More details about the significance of Extension Principles can be found at
[2, 5, 10, 26, 27]. We also mention the earliest pioneering works [13, 14]
on the construction of affine dual frames using Oblique Extension Princi-
ple. Apart from Extension Principles various design strategies have been
developed for constructing multiscale representations with desirable proper-
ties such as good spatial localization, high regularity, arbitrary smoothness,
see [1, 3, 18, 19, 20, 21, 22, 23, 24] and references therein. We end this brief
discussion of the Extension Principles literature and of related constructions
with the pioneering φ-transform of Frazier et al. [17] generalized in the form
of dual families of pseudoframes of translates [20].

We begin with some necessary notation. Let L2 := L2(R
s) be the Hilbert

space of all measurable square integrable functions on R
s with usual inner

product 〈·, ·〉 and norm ‖·‖2. We define the Fourier transform of an integrable
function f : Rs → C by

f̂(γ) =

∫

R
s
f(x)e−2πix·γdx (γ ∈ R

s),

where x · γ is the usual inner product on R
s and we extend the Fourier

transform on L2 as usual. We say that a matrix A of order s× s is expansive
if it has integer entries and the eigenvalues of A are bigger than one in
modulus. By A∗ we denote the Hermitian transpose of A. We define the
dilation operator on L2 with respect to an expansive matrix A by DAf =
| detA|1/2f(A·). The shift operator on L2 is defined by τkf = f(·−k), k ∈ Z

s.

Throughout this paper we assume that φ and φd are two functions in L2 with
the following properties:

(i) the functions φ̂ and φ̂d are continuous in a neighborhood of the origin

and lim
γ→0

φ̂(γ) = lim
γ→0

φ̂d(γ) = 1,
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(ii) the Zs-periodic functions Φ =
∑

k∈Z
s |φ̂(·+k)|2 and Φd =

∑
k∈Z

s |φ̂d(·+
k)|2 belong in L∞(Ts), the space of all measurable essentially bounded
functions on T

s = [0, 1)s and

(iii) the functions φ and φd are refinable with respect to an expansive matrix
A, i.e. there exist two Z

s-periodic functions H0 and Hd
0 in L2(T

s) (the
space of all square integrable functions on T

s) called low pass filters or
refinement masks such that

φ̂(A∗γ) = H0(γ)φ̂(γ) and φ̂
d(A∗γ) = Hd

0 (γ)φ̂
d(γ)

up to a null set with respect to the Lebesgue measure on R
s. For the above

definition of Φ and Φd we denote the spectrum of φ and φd by

σ(φ) = {γ ∈ T
s : Φ(γ) 6= 0} and σ(φd) = {γ ∈ T

s : Φd(γ) 6= 0}

and we denote by V0 and V d
0 the closed linear span of the sets {φ(· − n) :

n ∈ Z
s} and {φd(· − n) : n ∈ Z

s} respectively.

We also consider two finite sets of refinable functions in L2 whose elements are
called wavelets, namely Ψ = {ψi : i = 1, ...,m} and Ψd = {ψdi : i = 1, ...,m}
such that

ψ̂i(A
∗γ) = Hi(γ)φ̂(γ) and ψ̂di (A

∗γ) = Hd
i (γ)φ̂

d(γ) a.e. γ ∈ R
s,

where Hi and H
d
i are Z

s-periodic functions in L2(T
s) called high pass filters

or wavelet masks. For the above selection of wavelets ψ ∈ Ψ and ψd ∈ Ψd we
denote the set

XΨ = {ψi,j,k = Dj
Aτkψi : j ∈ Z, k ∈ Z

s, i = 1, ...,m}.

The corresponding notation for the set XΨd is similar. The set XΨ is called
a homogeneous wavelet family or affine family generated from the mother
wavelets ψ ∈ Ψ. If there exist two positive constants c and C such that for
any f ∈ L2 we have

c‖f‖22 ≤
∑

ψ∈XΨ

|〈f, ψ〉|2 ≤ C‖f‖22,

then we say that XΨ is an affine frame or a homogeneous wavelet frame for
L2 and the elements of XΨ are called framelets. If c = C then XΨ is a tight
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frame and if c = C = 1 then XΨ is a Parseval frame. On the other hand
if only the right hand side of the above double inequality holds then we say
that XΨ is a Bessel system. If both XΨ and XΨd are Bessel systems and for
any f ∈ L2 we have the reconstruction formula

f =
∑

j∈Z

∑

k∈Z
s

m∑

i=1

〈f, ψdi,j,k〉ψi,j,k

in the L2-sense, then we say that XΨd is an affine dual frame of XΨ (and
vice versa) or we simply say that (XΨ, XΨd) is a pair of dual framelets. We
note that in the study of affine dual frames the Bessel property of a wavelet
family is important [13, Theorem 2.3]. We also remark that the previous
equation implies that each one of the two wavelet families is a frame for L2

[27, Proposition 1]. If XΨ is a Riesz basis of L2 then the unique dual Riesz
basis of XΨ may not be a wavelet family [6, 8, 9]. Therefore the construction
of an affine wavelet family which is dual to another affine wavelet family is
not automatic.

On the other hand let ϕ, ϕd be two functions in L2 (not necessarily equal to
φ and φd) and Ψ, Ψd be two sets of wavelet families as above. For any j0 ∈ Z

we denote the set:

X
(j0)
ϕ,Ψ = {Dj

Aτkψ : j ≥ j0, k ∈ Z
s, ψ ∈ Ψ} ∪ {Dj0

A τkϕ : k ∈ Z
s}. (1.1)

The corresponding notation for the set X
(j0)

ϕd,Ψd is similar. The set X
(j0)
ϕ,Ψ is

called a nonhomegeneous wavelet family. If there exist two positive constants
c and C such that for any f ∈ L2 we have

c‖f‖22 ≤
∞∑

j=j0

∑

k∈Z
s

m∑

i=1

|〈f, ψi,j,k〉|2 +
∑

k∈Z
s

|〈f,Dj0
A τkϕ〉|2 ≤ C‖f‖22,

then we say that the set X
(j0)
ϕ,Ψ is a nonhomogeneous wavelet frame for L2. If

both X
(j0)
ϕ,Ψ and X

(j0)

ϕd,Ψd are Bessel systems and for any f ∈ L2 we have the
reconstruction formula

f =
∞∑

j=j0

∑

k∈Z
s

m∑

i=1

〈f, ψdi,j,k〉ψi,j,k +
∑

k∈Z
s

〈f,Dj0
A τkϕ

d〉τkϕ
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in the L2-sense, then we say that (X
(j0)
ϕ,Ψ , X

(j0)

ϕd,Ψd) is a pair of nonhomoge-
neous dual wavelet frames for L2. Nonhomogeneous dual wavelet frames are
important because they are associated with filter banks and they have nat-
ural connections with refinable structures as noted in [24] where this type of
wavelet frames was first introduced. Most notably, Bin Han was the one who
coined the term ‘nonhomogeneous’ for this type of wavelet frames and who
extensively studied them and under more general assumptions for dilations
and refinable masks, in L2 and in the space of distributions [15, 16]. In par-

ticular, Han proves that if (X
(j0)
ϕ,Ψ , X

(j0)

ϕd,Ψd) is a pair of nonhomogeneous dual

wavelet frames for L2, then (XΨ, XΨd) is a pair of affine dual frames for L2

and he also establishes a connection between the Mixed Oblique Extension
Principle and the former type of frames (see Remark 1). The connection
between nonhomogeneous Parseval wavelet frames and their homogeneous
counterparts in L2, where ϕ = φ, was first established in [28, Theorem 2.3].
The main result of this paper generalizes Theorem 2.3 of [28] to the fullest
extend for pairs of dual homogeneous affine wavelet frames.

The following Theorem is one of the main results in [10] and is generalized
by Theorem 2.1.

Proposition 1.1. Let φ, φd be refinable functions as above with spectrum
σ(φ) and σ(φd) respectively satisfying a mild decay condition on the Fourier
domain, namely (4.6) in [26]. Let the sets Ψ and Ψd be defined above, their
corresponding wavelet families XΨ and XΨd be Bessel systems and the masks
Hi, H

d
i , i = 0, ...,m be bounded on T

s. Define a Z
d-periodic function ΘM

called Mixed Fundamental function associated with the pair (XΨ, XΨd) by

ΘM =
∞∑

j=0

m∑

i=1

Hi(A
∗j·)Hd

i (A
∗j·)

j−1∏

k=0

H0(A
∗k·)Hd

0 (A
∗k·). (1.2)

Then the following conditions are equivalent:

(a) (XΨ, XΨd) is a pair of dual framelets.

(b) The Mixed Fundamental function ΘM satisfies the following conditions:

(i) lim
j→−∞

ΘM(A
∗jγ) = 1, a.e. γ ∈ R

s and

(ii) ΘM(A
∗γ)H0(γ)Hd

0 (γ + n) +
∑m

i=1Hi(γ)Hd
i (γ + n) = 0, a.e. γ ∈

σ(φ)∩ σ(φd) and for any n 6= 0 in (A∗−1
Z
s)/Zs such that γ + n ∈

σ(φ) ∩ σ(φd).
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In case where Ψ = Ψd then (1.2) becomes a non-negative function

Θ =
∞∑

j=0

m∑

i=1

|Hi(A
∗j·)|2

j−1∏

k=0

|H0(A
∗k·)|2, (1.3)

called Fundamental function of the set XΨ. Here we mention that Θ (resp.
Θd) is finite for a.e γ ∈ σ(φ) (resp. σ(φd)), see the proof of Lemma 2.1 below.

Since |ΘM| ≤
√
Θ
√
Θd we deduce that ΘM is a.e. finite on σ(φ) ∩ σ(φd). To

avoid measurability problems we define ΘM = 0 on R
s\σ(φ) ∩ σ(φd).

Proposition 1.1 is the cornerstone for the derivation of the Mixed Oblique
Extension Principle [10, Corollary 5.3].

Proposition 1.2. MOEP Suppose that φ, φd are refinable functions and
XΨ, XΨd are wavelet families as in Proposition 1.1. If there exists a Z

s-
periodic function θ satisfying the following conditions:

(i) θ is essentially bounded, continuous at the origin and θ(0) = 1,

(ii) θ(A∗γ)H0(γ)Hd
0 (γ) +

∑m
i=1Hi(γ)Hd

i (γ) = 1 for a.e. γ ∈ σ(φ) ∩ σ(φd)
and

(ii) θ(A∗γ)H0(γ)Hd
0 (γ + q)+

∑m
i=1Hi(γ)Hd

i (γ + q) = 0 for a.e. γ ∈ σ(φ)∩
σ(φd) and for any q 6= 0 in (A∗−1

Z
s)/Zs such that γ+q ∈ σ(φ)∩σ(φd),

then (XΨ, XΨd) is a pair of dual framelets.

The statements of Propositions 1.1 and 1.2 do not provide insight how
to select ΘM. However our generalization of Proposition 1.1 shows how to
derive ΘM.

Our main contribution is the generalization (Theorem 2.1) of the character-
ization of affine dual frames arising from a pair of refinable functions first
proposed in [10] and in [27] and of the MOEP. More precisely, we prove
that any pair of affine dual frames for L2 gives rise to a pair of nonhomoge-
neous dual frames for L2 and vice versa. In addition we establish under the
most general assumptions how the Mixed Fundamental function ΘM gives
rise to a pair (Xφ̃,Ψ, Xφ̃d,Ψd) of nonhomogeneous dual frames for L2 whenever
(XΨ, XΨd) is a pair of affine dual frames for L2, thus demonstrating the ge-
ometric significance of ΘM. In fact, we will see below that ΘM prescribes a
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suitable (though not unique in general) selection of φ̃ ∈ V0 and φ̃
d ∈ V0, mod-

ifying the geometry of V0 and V d
0 in a proper way so that perfect and stable

reconstruction in L2 can be obtained by using a suitable pair of dual frames
of the type (1.1). This is important for practical implementations because
when we perform a multiscale decomposition of an image there is always a
”coarse-scale” residual. Without the knowledge of this residual we can not
reconstruct our image from the various detail outputs. We also establish that
the Mixed Oblique Extension Principle actually characterizes dual framelets.
Notice that in Proposition 1.2 only the ” ⇒ ” part was proved under a mild
assumption on the decay rate of the generators φ, φd in the frequency do-
main. This assumption is removed here. Last but not least we generalize the
characterization of affine Parseval frames [28, Theorem 2.3].

Structure of this paper: In Section 2 we provide new characterizations of
dual framelets, see Theorem 2.1 for details. The first characterization (see
equivalence (1)↔(2) of Theorem 2.1) is a generalization of Proposition 1.1.
The second characterization (see equivalence (1)↔(3) of Theorem 2.1) reveals
the geometric significance of the Mixed Fundamental function ΘM associated
with a pair of wavelet families (XΨ, XΨd) and generalizes the characterization
of affine dual frames arising from a pair of refinable functions proved in [10]
and in [27] as well as the MOEP (equivalence (1)↔(4) of Theorem 2.1). In
Section 3 we generalize the characterization of affine Parseval wavelets arising
from a refinable function proved in [28].

2. Main results

Let the sets XΨ and X
(j0)
ϕ,Ψ be defined in the previous section. Throughout

the paper we use some well known results related to characterization of dual
frames for L2. In order for the paper to be self-contained we state and discuss
these results below.

The quasi-affine analysis developed in [26] (see also [7]) connects tight framelets
with tight shift invariant frames (i.e. frames being invariant under all integer
translates of a countable set of generators) via the following characterization:
XΨ is a tight frame for L2 if and only if the set

Xq
Ψ = {Dj

Aτkψ : j ≥ 0, k ∈ Z
s, ψ ∈ Ψ} ∪ {| detA|j/2τkDj

Aψ : j < 0, k ∈ Z
s, ψ ∈ Ψ}

(2.1)

(which is shift invariant under a proper selection of a countable set of gen-
erators) is a tight frame for L2. A similar result is obtained in [7, 27] for
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dual framelets. This equivalence combined with another important char-
acterization of dual shift invariant frames via their Mixed Gramian matrix
[27, Lemma 1] leads to the following important characterization for dual
framelets:

Proposition 2.1. Let XΨ and XΨd be a pair of Bessel systems as above.
Then (XΨ, XΨd) is a pair of dual framelets if and only if for a.e. γ ∈ R

s and
for every n ∈ Z

s we have

∞∑

j=κ(n)

m∑

i=1

ψ̂i(A
∗jγ)ψ̂di (A

∗j(γ + n)) = δ0,n, (2.2)

where κ : Zs → Z− ∪ {0} : κ(n) = inf{j ≤ 0 : A∗jn ∈ Z
s}.

We note that Proposition 2.1 was proved in [12] and [27] under a mild decay
condition on the elements of XΨ and XΨd in the frequency domain and then
in [4] it was proved in full generality.

We will use the following relation between a pair of affine dual frames and a
pair of nonhomogeneous dual frames for L2:

Proposition 2.2. [16, Proposition 5] If (X
(j0)
ϕ,Ψ , X

(j0)

ϕd,Ψd) is a pair of dual

frames for L2 for some j0 ∈ Z then (X
(l)
ϕ,Ψ, X

(l)

ϕd,Ψd) is a pair of dual frames

for L2 for any l ∈ Z. In particular (XΨ, XΨd) is a pair of dual framelets.

The following Proposition provides a useful characterization of a pair of non-
homogeneous dual frames for L2:

Proposition 2.3. Let (X
(0)
ϕ,Ψ, X

(0)

ϕd,Ψd) be a pair of Bessel systems and let

κ : Zs → Z− ∪ {0} : κ(n) = inf{j ≤ 0 : A∗jn ∈ Z
s}. Then X

(0)

ϕd,Ψd is a dual

frame of X
(0)
ϕ,Ψ for L2 if and only if for a.e. γ ∈ R

s and for every n ∈ Z
s we

have

0∑

j=κ(n)

m∑

i=1

ψ̂i(A
∗jγ)ψ̂di (A

∗j(γ + n)) + ϕ̂(γ)ϕ̂d(γ + n) = δ0,n. (2.3)

Proposition 2.3 is proved in [16, Theorems 9,11] for a pair of frequency based
nonhomogeneous and non-stationary dual wavelet frames in the space of
distributions under more general assumptions, i.e. convergence of (2.3) for
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n = 0 is in the sense of distributions. However, the Bessel assumption on the

pair (X
(0)
ϕ,Ψ, X

(0)

ϕd,Ψd) guarantees that the series
∑0

j=−∞

∑m
i=1 ψ̂i(A

∗j·)ψ̂di (A∗j·)
is absolutely convergent for a.e. γ ∈ R

s to a bounded function, say g, a.e. If
we denote by gJ (J < 0) the partial sums of the left-hand side of (2.3) and
by GJ := gJ + ϕ̂(·)ϕ̂d(·) then limJ GJ(γ) = g(γ) + ϕ̂(γ)ϕ̂d(γ) absolutely a.e.
Hence, the function G = g + ϕ̂(·)ϕ̂d(·) is locally integrable on R

s. But, (2.3)
indicates that the sequence {GJ}J converges to the constant function equal
to one in the sense of distributions. If γ0 is a Lebesgue point of G, then for
every r > 0, we can find a sequence of test functions hn converging to χB(γ0,r)

pointwise. Moreover, we can select 0 ≤ hn ≤ χB(γ0,r). So, limJ

∫
GJhn =∫

hn for every n and by Lebesgue’s Dominated Convergence Theorem we
derive limJ

∫
GJhn =

∫
Ghn for every n. Therefore,

∫
Ghn =

∫
hn for every

n, which again due to Lebesgue’s Dominated Convergence Theorem implies∫
GχB(γ0,r) =

∫
χB(γ0,r). Since γ0 is a Lebesgue point ofG we infer, G(γ0) = 1.

Combining this with the fact that every point of G is a Lebesgue point a.e.
we obtain that G = 1 pointwise a.e. Now, the proof of Proposition 2.3 follows
easily from [16, Theorems 9,11].

The following Lemma is crucial for the proof of our main Theorem 2.1:

Lemma 2.1. Let φ, φd be a pair of refinable functions as in Section 1 with
spectrum σ(φ) and σ(φd) respectively and let (XΨ, XΨd) be a pair of wavelet
Bessel systems with their corresponding Mixed Fundamental function ΘM be
given in (1.2). Consider the spaces V0 and V d

0 as in Section 1. Then there
exists a pair (µ, µd) of measurable and a.e. finite Z

s-periodic functions such
that

(i) ΘM = µµd on σ(φ) ∩ σ(φd),

(ii) the functions φ̃ and φ̃d defined by
̂̃
φ = µφ̂ and

̂̃
φd = µdφ̂d belong in V0

and V d
0 respectively and

(iii) the shift invariant sets {τkφ̃ : k ∈ Z
s} and {τkφ̃d : k ∈ Z

s} form Bessel
systems.

Proof. Since XΨ is a Bessel system then Xq
Ψ (see (2.1)) is a Bessel system

too [7], so for any f ∈ L2 there exists a positive constant C such that

∞∑

j=1

∑

k

m∑

i=1

|〈f, | detA|−jψi(A−j(· − k))〉|2 ≤ C‖f‖22,
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or equivalently
∞∑

j=1

m∑

i=1

∫

T
s

∣∣∣
∑

k

f̂(γ + k)ψ̂i(A∗j(γ + k))
∣∣∣
2

dγ ≤ C‖f‖22.

Using the refinement equations on ψ̂i and then on φ̂ the above inequality
becomes ∫

T
s
Θ(γ)

∣∣∣
∑

k

f̂(γ + k)φ̂(γ + k)
∣∣∣
2

dγ ≤ C‖f‖22, (2.4)

where Θ =
∑∞

j=0

∑m
i=1 |Hi(A

∗j·)|2 ∏j−1
k=0 |H0(A

∗k·)|2 is the Fundamental func-
tion of the set XΨ as in (1.3). The above inequality implies that the set

{φ†(· − k) : k ∈ Z
s} is a Bessel system where φ̂† =

√
Θφ̂. Therefore

Θ
∑

k |φ̂(· − k)|2 ∈ L∞(Ts). If Θd is the Fundamental function of the set

XΨd then we may show that Θd
∑

k |φ̂d(· − k)|2 ∈ L∞(Ts) in a similar man-

ner. Taking into account that
∑

k |φ̂(·+k)|2 ∈ L∞(Ts) (an assumption made
at the beggining of Section 1) we obtain Θ < ∞ a.e. γ ∈ σ(φ) otherwise

Θ
∑

k |φ̂(· − k)|2 would be infinite on a set of positive measure, contradic-
tion. Using the same arguments we can prove that Θd < ∞ a.e. γ ∈ σ(φd).
Since the Mixed Fundamental function ΘM of the pair (XΨ, XΨd) satisfies

|ΘM| ≤
√
Θ
√
Θd we have |ΘM| < ∞ a.e. γ ∈ σ(φ) ∩ σ(φd), hence ΘM is

a.e. finite on σ(φ) ∩ σ(φd) and it is also measurable on σ(φ) ∩ σ(φd) as the
pointwise limit of measurable functions. We define now a pair (µ, µd) of
Z
s-periodic functions by

µ(γ) =

{
ΘM(γ)(Θ

d(γ))−1/2, γ ∈ σ(φ) ∩ σ(φd)
0, γ ∈ T

s\σ(φ) ∩ σ(φd) (2.5)

and

µd(γ) =

{
(Θd(γ))1/2, γ ∈ σ(φ) ∩ σ(φd)

0, γ ∈ T
s\σ(φ) ∩ σ(φd) . (2.6)

We note that if Θd(γ0) = 0 for some γ0 ∈ σ(φ) ∩ σ(φd) then necessarily
ΘM(γ0) = 0. In this case we use the convention 0/0 = 0 in (2.5). From the
above observations we deduce that the functions µ and µd are measurable
and a.e. finite on T

s. Also (i) is obviously satisfied. Let the functions φ̃, φ̃d be

defined by
̂̃
φ = µφ̂ and

̂̃
φd = µdφ̂d respectively. If E = ∪

n∈Z
s(σ(φ)∩σ(φd)+n)

then by (2.5) we have
∫

R
s
|̂̃φ(γ)|2dγ =

∫

R
s
|µ(γ)φ̂(γ)|2dγ ≤

∫

E

Θ(γ)|φ̂(γ)|2dγ <∞,

10



because Θ
∑

k |φ̂(· − k)|2 ∈ L∞(Ts) as we showed above and so Θ|φ̂|2 ∈
L1(R

s). Therefore φ̃ ∈ L2 and by using [11, Theorem 2.14] we obtain φ̃ ∈ V0.

The proof for φ̃d is similar. Finally we consider the set {τkφ̃ : k ∈ Z
s}. Then

for any f ∈ L2 we have

∑

k

|〈f, φ̃(· − k)〉|2 =
∫

T
s

∣∣µ(γ)
∣∣2∣∣∑

k

f̂(γ + k)φ̂(γ + k)
∣∣2dγ

=

∫

σ(φ)∩σ(φ)d
|ΘM(γ)|2|Θd(γ)|−1

∣∣∑

k

f̂(γ + k)φ̂(γ + k)
∣∣2dγ

≤
∫

σ(φ)∩σ(φ)d
Θ(γ)

∣∣∑

k

f̂(γ + k)φ̂(γ + k)
∣∣2dγ ≤ C‖f‖22

as a result of (2.4). Hence the set {τkφ̃ : k ∈ Z
s} is a Bessel system and so

(iii) is satisfied. We can show that the set {τkφ̃d : k ∈ Z
s} is a Bessel system

too in a similar manner. We omit the proof here.

We are now ready to state our main Theorem involving new characterizations
of affine dual frames constructed from refinable functions. Specifically, we
will show that:

(i) any pair of homogeneous dual wavelet frames gives rise to a pair of
nonhomogeneous dual wavelet frames and vice versa,

(ii) the Mixed Oblique Extension Principle characterizes dual framelets.

Theorem 2.1. Let φ, φd be refinable functions and XΨ, XΨd be wavelet fam-
ilies as in Section 1. Then the following conditions are equivalent:

(1) (XΨ, XΨd) is a pair of dual framelets.

(2) The Mixed Fundamental function ΘM associated with a pair (XΨ, XΨd)
of wavelet Bessel systems satisfies the following conditions:

(i) lim
j→−∞

ΘM(A
∗jγ) = 1 a.e. γ ∈ R

s and

(ii) ΘM(A
∗γ)H0(γ)Hd

0 (γ + n)+
∑m

i=1Hi(γ)Hd
i (γ + n) = 0 for a.e. γ ∈

σ(φ)∩ σ(φd) and for any n 6= 0 in (A∗−1
Z
s)/Zs such that γ + n ∈

σ(φ) ∩ σ(φd).

(3) There exists a pair (µ, µd) of measurable and a.e. finite Z
s-periodic

functions such that

11



(i) the functions φ̃ and φ̃d defined by
̂̃
φ = µφ̂ and

̂̃
φd = µdφ̂d belong

in V0 and V d
0 respectively and

(ii) (X
(0)

φ̃,Ψ
, X

(0)

φ̃d,Ψd
) is a pair of nonhomogeneous dual frames for L2.

(4) (XΨ, XΨd) is a pair of Bessel systems and there exists a measurable Z
s-

periodic function θ such that the sequence
{
‖θ φ̂ φ̂d(· − k)‖L1

: k ∈ Z
s
}

is bounded and θ satisfies the following conditions:

(a) θ(γ) = θ(A∗γ)H0(γ)Hd
0 (γ) +

∑m
i=1Hi(γ)Hd

i (γ) a.e. γ ∈ σ(φ) ∩
σ(φd),

(b) θ(A∗γ)H0(γ)Hd
0 (γ + q) +

∑m
i=1Hi(γ)Hd

i (γ + q) = 0 for a.e. γ ∈
σ(φ) ∩ σ(φd) and for any q 6= 0 in (A∗−1

Z
s)/Zs such that γ + q ∈

σ(φ) ∩ σ(φd) and
(c) lim

j→−∞
θ(A∗jγ) = 1 a.e. γ ∈ R

s.

Before we proceed with the proof of Theorem 2.1 we discuss the above char-
acterizations of dual framelets. The equivalence (1) ↔ (2) provides a gener-
alization of Proposition 1.1 originally appeared in [10, Proposition 5.2]. In
this statement a mild decay assumption imposed on the refinable functions
φ and φd in the Fourier domain was used in [25] to prove that XΨ is a frame
(Bessel system) if and only if the set Xq

Ψ in (2.1) is a frame (Bessel system).
However as we noted at the beginning of Section 2 this equivalence holds
without this extra condition and indeed in equivalence (1) ↔ (2) we prove
that Proposition 1.1 holds without this condition as well. We recall that we
need to amend the definition of the Mixed Fundamental function ΘM so that
ΘM = 0 outside σ(φ) ∩ σ(φd). We need this technical modification because
we don’t assume any decay conditions on the generators φ and φd.

On the other hand the equivalence (1) ↔ (3) of Theorem 2.1 reveals the
nature of the Mixed Fundamental function ΘM. Specifically in the proof
(1) → (3) we show how ΘM gives rise to the construction of two auxiliary
refinable functions which generate a proper coarse scale residual when de-
composing an input image into various scales. Those auxiliary functions are
determined by (2.5) and (2.6).

Finally the equivalence (1) ↔ (4) of Theorem 2.1 shows that the Mixed
Oblique Extension Principle [10, Corollary 5.3] actually characterizes dual
framelets.
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Remark 1. We remark that the equivalence (3) ↔ (4) is proved by Han [15,
Theorem 2] for dimension 1 and [16, Theorem 17] for high dimensions in the
space of distributions under the assumption that there exists a pair (µ, µd)

of Z
s-periodic functions generating the pair of distributions (φ̃, φ̃d) which

define the pair (Xφ̃,ψ, Xφ̃d,ψd) of nonhomegeneous wavelet families. With this

assumption Han defines θ = µµd. The essence of our statement (4) → (3)
is to show that any function θ satisfying the assumptions of (4) admits a
factorization θ = µµd which gives rise to a pair (µ, µd) of Zs-periodic functions

generating the pair of auxiliary functions (φ̃, φ̃d) in the spaces V0 and V d
0

respectively which define the pair (Xφ̃,ψ, Xφ̃d,ψd) of nonhomegeneous wavelet
families.

Proof. (1) ↔ (2): Let ΘM be the Mixed Fundamental function associated
to a pair (XΨ, XΨd) of wavelet families. The direct (in case (2) holds) or
implicit (in case (1) holds) Bessel assumption on the pair (XΨ, XΨd) implies
that the sequence of functions {f (n)(·) : n ∈ Z

s} defined by

f (n)(·) = ΘM(·)φ̂(·)φ̂d(·+ n)

belongs in L1 ∩ L∞(Rs). In fact we have

‖f (n)‖L1
≤ ‖

√
Θφ̂‖L2

‖
√
Θdφ̂d‖L2

<∞,

because Θ
∑

k |φ̂(· − k)|2 ∈ L∞(Ts) and Θd
∑

k |φ̂d(· − k)|2 ∈ L∞(Ts) as we
showed in the proof of Lemma 2.1. We also have

|f (n)(·)| ≤ |ΘM(·)|
∑

k

|φ̂(· − k)φ̂d(· − k + n)|

and from the Cauchy-Schwartz inequality we obtain that {f (n)(·) : n ∈ Z
s}

is a sequence of functions in L∞(Rs).
We now consider an s × s expansive matrix A and we define the function
κ : Zs → Z− ∪{0} : κ(n) = inf{j ≤ 0 : A∗jn ∈ Z

s}. Given any integer n we

define a sequence of functions {f (n)
j (·) : j ≥ κ(n) + 1} by

f
(n)
j (·) = f (A∗jn)(A∗j·) = ΘM(A

∗j·)φ̂(A∗j·)φ̂d(A∗j(·+ n)),

13



where the functions f (k) ∈ L1 ∩ L∞(Rs) are as above. Then it is easy to
derive the following equality for a.e. γ ∈ R

s and for any j ≥ κ(n) + 1:

m∑

i=1

ψ̂i(A
∗jγ)ψ̂di (A

∗j(γ + n)) =
∞∑

λ=j

m∑

i=1

ψ̂i(A
∗λγ)ψ̂di (A

∗λ(γ + n))

−
∞∑

λ=j+1

m∑

i=1

ψ̂i(A
∗λγ)ψ̂di (A

∗λ(γ + n)) = f
(n)
j−1(γ)− f

(n)
j (γ). (2.7)

From Proposition 2.1 it is clear that (1) is equivalent to (2.2). We take n = 0
in (2.2). Then κ(0) = −∞ and by (2.7) we obtain

∞∑

j=−∞

m∑

i=1

ψ̂i(A
∗jγ)ψ̂di (A

∗jγ) = lim
N,M→+∞

N∑

j=−M

(f
(0)
j−1(γ)− f

(0)
j (γ))

= lim
N,M→+∞

(f
(0)
−M−1(γ)− f

(0)
N (γ)) = lim

M→+∞
f
(0)
−M−1(γ),

because lim
N→+∞

f
(0)
N (γ) = lim

N→+∞
f (0)(A∗Nγ) = 0 since f (0) ∈ L1(R

s) as we

showed above. From assumption (a) in Section 1 we infer lim
M→+∞

f
(0)
−M−1(γ) =

1 if and only if 2(i) holds.
If n 6= 0, then κ(n) is finite and by working as above we obtain

∞∑

j=κ(n)

m∑

i=1

ψ̂i(A
∗jγ)ψ̂di (A

∗j(γ + n)) =
m∑

i=1

ψ̂i(A
∗κ(n)γ)ψ̂di (A

∗κ(n)(γ + n))

+ f
(n)
κ(n)(γ) =

( m∑

i=1

Hi(A
∗(κ(n)−1)γ)Hd

i (A
∗(κ(n)−1)(γ + n))

+ ΘM(A
∗κ(n)γ)H0(A

∗(κ(n)−1)γ)Hd
0 (A

∗(κ(n)−1)(γ + n))
)

× φ̂(A∗(κ(n)−1)γ)φ̂d(A∗(κ(n)−1)(γ + n)), a.e. γ. (2.8)

Since q = A∗(κ(n)−1)n ∈ A∗−1
Z
s/Zs − {0} (recall the definition of κ(n)), if

2(ii) holds then it is easy to see that (2.8) is equal to zero for a.e. γ ∈ R
s.

On the other hand let us assume that (2.8) is equal to zero for every n 6= 0
and for a.e. γ ∈ R

s. Then for any q 6= 0 in A∗−1
Z
s/Zs and for every r ∈ Z

we take n = A∗(r+ q). For this selection of n we have κ(n) = 0 and so (2.8)
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can be written by

( m∑

i=1

Hi(A
∗−1γ)Hd

i (A
∗−1γ + q)) + ΘM(γ)H0(A

∗−1γ)Hd
0 (A

−1γ + q)
)

× φ̂(A∗−1γ)φ̂d(A∗−1γ + r + q) = 0, a.e. γ ∈ R
s and r ∈ Z

s.

Let A∗−1γ ∈ σ(φ) ∩ σ(φd) such that A∗−1γ + q ∈ σ(φ) ∩ σ(φd) for any
q 6= 0 in A∗−1

Z
s/Zs. Then there exists a pair (k0, λ0) of integers such that

φ̂(A∗−1γ + k0)φ̂d(A∗−1γ + λ0 + q) 6= 0, otherwise the left hand side of the
above equality is equal to zero. By substituting A∗−1γ with A∗−1γ+k0 and r
with λ0 − k0 we obtain 2(ii). Therefore (2.8) is equal to zero for a.e. γ ∈ R

s

if and only if 2(ii) holds and so (2.2) is true if and only if both 2(i) and 2(ii)
are satisfied. Therefore the proof (1) ↔ (2) is complete.

(1) ↔ (3): If (1) holds then from (2.2) the following equality holds for a.e.
γ ∈ R

s and for any n ∈ Z
s:

0∑

j=κ(n)

m∑

i=1

ψ̂i(A
∗jγ)ψ̂di (A

∗j(γ + n)) +
∞∑

j=1

m∑

i=1

ψ̂i(A
∗jγ)ψ̂di (A

∗j(γ + n)) = δ0,n.

(2.9)
We work with the second term of (2.9). Define the set E = ∪

n∈Z
s

(
σ(φ) ∩

σ(φd)+n
)
and take j ≥ 1. Then for a.e. γ ∈ R

s\E we have either ψ̂i(A
∗jγ) =

... = ψ̂i(A
∗γ) = φ̂(γ) = 0 or ψ̂di (A

∗j(γ + n)) = ... = ψ̂di (A
∗(γ + n)) =

φ̂d(γ + n) = 0 otherwise the refinement equations would not hold on a set of
positive measure. On the other hand for a.e. γ ∈ E we use the refinement
equations and we obtain

∞∑

j=1

m∑

i=1

ψ̂i(A
∗jγ)ψ̂di (A

∗j(γ + n)) = ΘM(γ)φ̂(γ)φ̂d(γ + n),

where ΘM is the Mixed Fundamental function associated with the pair of
wavelet families (XΨ, XΨd) as in (1.2) and it is well defined for a.e. γ ∈ E as
we showed in Lemma 2.1. Combining these two observations we obtain

∞∑

j=1

m∑

i=1

ψ̂i(A
∗jγ)ψ̂di (A

∗j(γ + n)) =

{
ΘM(γ)φ̂(γ)φ̂d(γ + n), a.e.γ ∈ E

0, a.e.γ ∈ R
s\E

.
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Using Lemma 2.1 the above equality can be written by

∞∑

j=1

m∑

i=1

ψ̂i(A
∗jγ)ψ̂di (A

∗j(γ + n)) =
̂̃
φ(γ)

̂̃
φd(γ + n) (2.10)

for a.e. γ ∈ R
s, where φ̃ and φ̃d are two functions in V0 and V d

0 respectively

defined by
̂̃
φ = µφ̂ and

̂̃
φd = µdφ̂d for some pair (µ, µd) of measurable Z

s-
periodic functions as in (2.5) and (2.6). Furthermore in Lemma 2.1 we proved

that the sets {τkφ̃ : k ∈ Z
s} and {τkφ̃d : k ∈ Z

s} are Bessel systems and so

the sets X
(0)

φ̃,Ψ
and X

(0)

φ̃d,Ψd
(which are of type (1.1)) are Bessel systems too.

Substituting (2.10) in (2.9) we get

0∑

j=κ(n)

m∑

i=1

ψ̂i(A
∗jγ)ψ̂di (A

∗j(γ + n)) +
̂̃
φ(γ)

̂̃
φd(γ + n) = δ0,n

for a.e. γ ∈ R
s and n ∈ Z

s and the result is obtained as a direct application of
(2.3). On the other hand if (3) holds then (1) holds as a result of Proposition
2.2. Therefore the proof of the equivalence (1) ↔ (3) is complete.

(1) ↔ (4): If (1) holds then we will show that (4) is satisfied by θ = ΘM.
We already know from Lemma 2.1 that the Mixed Fundamental function
ΘM is measurable and well defined for a.e. γ ∈ σ(φ) ∩ σ(φd). Then ΘM

satisfies 4(a) (see [10, eq. 5.1]) and 4(b) and 4(c) by equivalence (1) ↔ (2).
Finally we showed in the proof of equivalence (1) ↔ (2) that the sequence{
‖ΘM φ̂ φ̂d(· − k)‖L1

: k ∈ Z
s
}
is bounded.

On the other hand suppose that (4) holds. If we are able to prove that
θ = ΘM for a.e. γ ∈ σ(φ) ∩ σ(φd) then the proof will be complete due to
equivalence (1) ↔ (2). This equality has been already proved implicitly in
[10, Corollary 5.3] under the assumption that θ is bounded on T

s and in
[28] under the assumption that θ ∈ L1(T

s). Using arguments from these two
proofs we see below that the same result holds for a more general assumption

on θ, namely the sequence
{
‖θ φ̂ φ̂d(· − k)‖L1

: k ∈ Z
s
}
is bounded.

Let j ≥ 1 and γ ∈ σ(φ) ∩ σ(φd). Using assumption 4(a) we obtain by
induction the equality

θ(γ) = θ(A∗jγ)

j−1∏

l=0

H0(A
∗lγ)Hd

0 (A
∗lγ) + ΘM,j(γ), (2.11)
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where ΘM,j(γ) =
∑j−1

n=0

∑m
i=1Hi(A

∗n·)Hd
i (A

∗n·)
∏n−1

k=0 H0(A
∗k·)Hd

0 (A
∗k·) pro-

vided that A∗kγ ∈ σ(φ) ∩ σ(φd) for any 0 < k ≤ j − 1.

If A∗jγ /∈ σ(φ) ∩ σ(φd), then necessarily H0(A
∗j−1γ)Hd

0 (A
∗j−1γ) = 0 and so

(2.11) becomes θ(γ) = ΘM,j(γ) = ΘM(γ).
We consider the case A∗jγ ∈ σ(φ) ∩ σ(φd) for any j ≥ 0. Obviously there

exists a pair of integers (k0,m0) such that φ̂(γ+k0) 6= 0 and φ̂d(γ+m0) 6= 0.
For this selection of k0,m0 we have

(
θ(A∗jγ)

j−1∏

l=0

H0(A
∗lγ)Hd

0 (A
∗lγ)

)
φ̂(γ + k0)φ̂d(γ +m0)

= θ(A∗jγ)φ̂(A∗j(γ + k0))φ̂d(A∗j(γ +m0)). (2.12)

But ∫

R
s
|θ(A∗jω)φ̂(A∗j(ω + k0))φ̂d(A∗j(ω +m0))|dω

=
1

|detA|j
∫

R
s
|θ(ω)φ̂(ω)φ̂d(ω + A∗j(m0 − k0))|dω ≤ C

|detA|j (2.13)

due to the assumption that the sequence
{
‖θ φ̂ φ̂d(· − k)‖L1

: k ∈ Z
s
}

is
bounded. By letting j → +∞ we have

‖θ(A∗j·)φ̂(A∗j(·+ k0))φ̂d(A∗j(·+m0))‖L1
→ 0

and from the monotone convergence theorem we conclude that

lim
j→+∞

θ(A∗jω)φ̂(A∗j(ω + k0))φ̂d(A∗j(ω +m0)) = 0

pointwise a.e. on R
s. Using this fact, by taking limits in both sides of (2.12)

we obtain lim
j→+∞

θ(A∗jγ)
∏j−1

l=0 H0(A
∗lγ)Hd

0 (A
∗lγ) = 0 a.e. γ ∈ σ(φ) ∩ σ(φd)

and by substituting this in (2.11) we get θ(γ) = ΘM(γ) a.e. γ ∈ σ(φ)∩σ(φd).
Therefore the proof of equivalence (1) ↔ (4) is complete.

An immediate result emerges naturally from this Theorem.

Corollary 2.1. (XΨ, XΨd) is a pair of dual framelets if and only if there
exists a pair (µ, µd) of measurable and a.e. finite Z

s-periodic functions such

that the functions
̂̃
φ = µφ̂ and

̂̃
φd = µdφ̂d belong in V0 and V d

0 respectively

and for some/any j0 ∈ Z the pair (X
(j0)

φ̃,Ψ
, X

(j0)

φ̃d,Ψd
) is a pair of dual frames for

L2.
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Proof. Combine the equivalence (1) ↔ (3) of Theorem 2.1 with Proposition
2.2.

From Proposition 2.2 we know that if (X
(0)
ϕ,Ψ, X

(0)

ϕd,Ψd) is a pair of dual frames

for L2 then (XΨ, XΨd) is a pair of dual framelets. If (XΨ, XΨd) is a pair of
dual framelets and ϕ, ϕd are equal to φ, φd respectively, what can we infer
about the sets X

(0)
φ,Ψ and X

(0)

φd,Ψd? Below we provide a sufficient condition so

that the sets X
(0)
φ,Ψ and X

(0)

φd,Ψd form frames for L2 (but not necessarily dual

to each other) provided that (XΨ, XΨd) is a pair of dual framelets.

Corollary 2.2. If (XΨ, XΨd) is a pair of dual framelets and if the Zs-periodic
functions µ and µd as in (3) of Theorem 2.1 are essentially bounded then the

sets X
(0)
φ,Ψ and X

(0)

φd,Ψd form frames for L2.

Proof. By the equivalence (1) ↔ (3) of Theorem 2.1 there exists a pair (φ̃, φ̃d)

of functions in L2 such that (X
(0)

φ̃,Ψ
, X

(0)

φ̃d,Ψd
) is a pair of dual frames for L2.

Since X
(0)

φ̃,Ψ
is a Bessel system and the function

∑
k |φ̂(· + k)|2 is essentially

bounded on T
s we infer that X

(0)
φ,Ψ is a Bessel system too. On the other hand

for any f ∈ L2 we have

∑

ψ∈XΨ

|〈f, ψ〉|2 +
∑

n

|〈f, τnφ〉|2 =
∑

ψ∈XΨ

|〈f, ψ〉|2

+

∫

σ(φ)

∣∣∑

n

f̂(γ + n)φ̂(γ + n)
∣∣2dγ

≥
∑

ψ∈XΨ

|〈f, ψ〉|2 + 1

‖µ‖2∞

∫

σ(φ)

∣∣∑

n

f̂(γ + n)φ̂(γ + n)
∣∣2|µ(γ)|2dγ

≥ min
{
1,

1

‖µ‖2∞
}( ∑

ψ∈XΨ

|〈f, ψ〉|2 +
∑

n

|〈f, τnφ̃〉|2) ≥ c‖f‖22

for some positive constant c, because the set X
(0)

φ̃,Ψ
is a frame for L2 by

assumption. The proof for X
(0)

φd,Ψd is similar, hence omitted.

3. Affine Parseval frames and further discussion

In this section we discuss the case of affine Parseval frames. We note that
one cannot derive the characterization of affine Parseval frames of Ron and
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Shen [26, Theorem 6.5] directly from equivalence (1) ↔ (2) of Theorem 2.1
because Theorem 2.1 requires XΨ to be a Bessel system an assumption not
included in the statement of Theorem 6.5 in [26]. However this result and
[28, Theorem 2.3] as well can be generalized by a slight modification of the
steps of the proof of Theorem 2.1. Moreover the next Proposition reveals the
geometric significance of the Fundamental function Θ of a wavelet family XΨ

to its full extent.

Proposition 3.1. Let φ be a refinable function and Ψ be a set of wavelets
as in Section 1. Then the following conditions are equivalent:

(1) XΨ is a Parseval frame for L2.

(2) The Fundamental function Θ of XΨ satisfies the following conditions:

(a) lim
j→−∞

Θ(A∗jγ) = 1 a.e. γ ∈ R
s,

(b) Θ(A∗γ)H0(γ)H0(γ + q) +
∑m

i=1Hi(γ)Hi(γ + q) = 0
for a.e. γ ∈ σ(φ) and for all q 6= 0 in (A∗−1

Z
s)/Zs such that

γ + q ∈ σ(φ) and

(c) Θ|φ̂|2 ∈ L1(R
s).

(3) There exists a measurable and a.e. finite Z
s-periodic function µ such

that the function φ̃ defined by
̂̃
φ = µφ̂ belongs in the space V0 =

span{φ(· − n) : n ∈ Z
s} and Xφ̃,Ψ is a Parseval frame for L2.

(4) There exists a measurable Z
s-periodic function θ such that

θ(γ) = θ(A∗γ)|H0(γ)|2 +
m∑

i=1

|Hi(γ)|2 a.e. γ ∈ σ(φ) (3.1)

and θ satisfies the above properties (a)-(c).

Proof. (1) ↔ (2): We recall that

∞∑

j=κ(n)

m∑

i=1

ψ̂i(A
∗jγ)ψ̂i(A∗j(γ + n)) = δ0,n a.e. γ ∈ R

s (3.2)

if and only if XΨ is a Parseval frame for L2, see [28, Proposition 2.2] or [26].
If (2) holds then (3.2) holds too (modify the proof of equivalence (1) ↔ (2)
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of Theorem 2.1 for the case Ψ = Ψd and φ = φd) and so Xψ is a Parseval
frame for L2. On the other hand, if Xψ is a Parseval frame for L2 then (3.2)

is satisfied and furthermore Θ|φ̂|2 ∈ L1(R
s) by Lemma 2.1. From these two

observations we derive that 2(a) and 2(b) are satisfied by following the steps
of the proof of equivalence (1) ↔ (2) of Theorem 2.1 once again.

(1) ↔ (3): It is a special case of the proof of equivalence (1) ↔ (3) of
Theorem 2.1 for the case Ψ = Ψd, φ = φd and µ = µd = Θ1/2.

(1) ↔ (4): If (4) holds then we observe that (3.1) and the assumption Θ|φ̂|2 ∈
L1(R

s) ensure that θ = Θ on σ(φ) (see (2.12) and (2.13) for the case φ = φd

and k0 = m0). The rest follow by the proof of equivalence (1) ↔ (4) of
Theorem 2.1 for the case φ = φd and Ψ = Ψd.

We note that the equivalence (1) ↔ (2) under an additional smoothness as-
sumption on the decay rate of the elements of Ψ was shown in [26, Theorem
6.5]. We remark that part (3) of Proposition 3.1 as noted in [28] shows that
the Fundamental function Θ is associated with a weak form of an orthogo-
nalization process in case where the affine framelets are constructed from a
refinable function φ. We note that [26, Theorem 6.5] is not more general than
the equivalence (II)↔(III) of [28, Theorem 2.3]. But [28, Theorem 2.3] is the
first work to directly show the geometric significance of Extension Principles.

Closing this work we discuss a possibly technical point. Lemma 2.1 states
that there exist Zs-periodic measurable functions µ, µd such that ΘM = µµd

on σ(φ)∩σ(φd) and provides a pair of such functions in its proof. How many
different choices of µ, µd can we have though?

Let σ(φ)∩σ(φd) ⊂ T
s. From the definition of µ, µd in (2.5) and (2.6) and the

proof of Lemma 2.1 we can see that we are free to define µ, µd on T
s\σ(φ)∩

σ(φd) as long as

(i) measurability is maintained and

(ii) the sets {φ̃(· − k)}k and {φ̃d(· − k)}k are Bessel systems.

We denote by M (resp. Md) the class of functions µ (resp. µd) such that

µ(γ) =

{
ΘM(γ)(Θ

d(γ))−1/2, γ ∈ σ(φ) ∩ σ(φd)
α(γ), γ ∈ T

s\σ(φ) ∩ σ(φd)
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and

µd(γ) =

{
(Θd(γ))1/2, γ ∈ σ(φ) ∩ σ(φd)
αd(γ), γ ∈ T

s\σ(φ) ∩ σ(φd) ,

where α, αd ∈ L∞(Ts\σ(φ) ∩ σ(φd)). Then every pair (µ, µd) ∈ M × Md

satisfies the above assumptions (i) and (ii) and moreover we have

|µ|2
∑

k

|φ̂(·+ k)|2 ∈ L∞(Ts) and |µd|2
∑

k

|φ̂d(·+ k)|2 ∈ L∞(Ts), (3.3)

because the sets {φ̃(· − k) : k ∈ Z
s} and {φ̃d(· − k) : k ∈ Z

s} are Bessel
systems as we can see from a slight modification of the proof of Lemma 2.1. In
addition if µ ∈ M+ and µd ∈ Md

+ (meaning that both µ and µd do not vanish

on σ(φ) and σ(φd) respectively), then their corresponding function φ̃ and φ̃d

are generators for the spaces V0 = span{φ(· − k)} and V d
0 = span{φd(· − k)}

but they are not necessarily stable generators. However if the shifts of φ
and φd form frames for the spaces V0 and V d

0 then both such functions µ, µd

belong to L∞(Ts) as a result of (3.3) and moreover if 1/µ, 1/µd are essentially

bounded on σ(φ) and σ(φd) respectively then the functions φ̃, φ̃d are stable
generators for the spaces V0 and V d

0 .

If σ(φ) ∩ σ(φd) = T
s which is satisfied in most examples of interest then the

functions µ, µd are uniquely defined by (2.5) and (2.6) up to a null set. In
this case if the shifts of φ, φd form a Riesz basis for V0, V

d
0 respectively then

the functions µ ∈ M and µd ∈ Md belong to L∞(Ts) and so ΘM ∈ L∞(Ts).
In addition if µ ∈ M+ and µd ∈ Md

+ and if 1/µ, 1/µd ∈ L∞(Ts) then the

shifts of their corresponding functions φ̃, φ̃d form a Riesz basis for the spaces
V0 and V d

0 .
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