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1. Introduction

Among a variety of multiscale representations, multiwavelet construc-
tions started appearing in mid 1990’s, e.g. see [1, 2, 25, 40, 50, 16,
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17, 18, 5, 9, 20, 53, 47, 38] and references therein. Multiwavelets are
generalizations of orthonormal wavelets associated with multiresolu-
tion analysis (MRA). They are useful because they possess properties
not simultaneously shared by scalar wavelets [17, 18, 24, 45, 46, 47].
Orthonormal multiwavelets, in particular, first arise in the context of
MRA in multidimensions ([22, 39, 7, 16, 27, 13, 4]). In the case of an
MRA generated by a single orthonormal scaling function with respect
to some dilation matrix A, a precise number of (Det(A)− 1) orthonor-
mal multiwavelets are required ([25, 34, 36]). Non-orthonormal multi-
wavelets arising from a function which may only be refinable are for-
mally introduced in the work of Ron and Shen [50] and independently
by Chui, He and Stockler [18] who proposed a general construction
strategy of multiwavelets. Recall that a refinable function may only
satisfy a two-scale relation, whereas a scaling function is refinable and
its integer shifts form at least a frame sequence for their closed linear
span.

The construction of refinable function vectors (which are finite sets
of jointly refinable functions) from matrix-valued low pass filters was
studied in [24, 30, 55, 16, 45, 46]. On the other hand, the construc-
tion of multiwavelets from refinable functions (or refinable function
vectors) in higher dimensions appears to be much more elaborate and
technical than in dimension 1 (see the discussion in [7]), especially
for non-separable multiwavelets. Non separable designs in multidi-
mensions arise from the need to address the spatial organization of
singularities along curves or planes which tensor products of one di-
mensional wavelets fail to do and to avoid the reconstruction errors
in non-preferred orientations [7]. Non separable designs such as direc-
tional transforms of the sort of Curvelets [12], Shearlets [29] and more
generally α-molecules [28] are mostly carried out in the frequency do-
main resulting in wavelets and other similar atoms with unbounded
support in space. This property is less desirable because it reduces the
accuracy of reconstructions.

One of the available tools for (non-separable) wavelet designs in any
number of dimensions is Extension Principles. Extension Principles
were first proposed by Ron and Shen [50, 51] and subsequently were
extended by Daubechies et al. [20] in the form of the Oblique Ex-
tension Principle. They are mainly used for the construction of dual
affine multiwavelet systems (framelets) arising from a pair of refinable
functions (see [22, 9, 14, 17, 18, 21, 32, 34, 50, 51]). Extension Prin-
ciples provide great flexibility allowing the designed framelets to often
combine several desirable properties. Although, there are still only a
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few examples of affine multiwavelet frames genuinely constructed via
Extension Principles, the generality of the assumptions and the need
to start only from refinable functions allows room for more classes of
this type. This is our motivation to study the problem of Extension
Principles in the most general context:

Starting from a pair of finite length, square integrable, refinable func-
tion vectors (φ1, ..., φr) and (φd1, ..., φ

d
r) (we give the precise definition

of refinability later in this section), where φi, φ
d
i ∈ L2(Rs), we expect

to have even more freedom to design framelets with desirable prop-
erties rather than starting from a pair of refinable functions. This
anticipated higher degree of freedom is based on the fact that these
functions are not necessarily individually refinable, but they are jointly
refinable. The goal of this paper is to develop the theory of the refinable
vector valued Extension Principles in the most general setting. Thus,
we are mainly concerned with the development of the theory of the
refinable vector valued Extension Principles and we demonstrate a few
basic non-separable multiwavelet examples in order to illustrate the
proposed Extension Principles.

More specifically, in this paper we establish the equivalence between,
homogeneous and nonhomogeneous dual affine multiwavelet frames
(both, derived from the same pair of finite length refinable function
vectors) and the Mixed Oblique Extension Principles. We do that by
producing a suitable matrix-valued factorization of the (Mixed) Fun-
damental function which was introduced by Ron and Shen [50] but it
also appears in [18] as the Vanishing Moment Recovery function com-
pensating for the loss of vanishing moments in tight framelet designs.
This factorization ”adjusts” the original pair (φ1, ..., φr), (φ

d
1, ..., φ

d
r) and

yields a ”dual” pair of ”coarse” scale residuals in the multiscale decom-
position of an arbitrary square-integrable function with respect to the
dual nonhomogeneous affine multiwavelet frames. To the best of our
knowledge, we are the first to establish the equivalence between Oblique
Extension Principles (for refinable function vectors) with homogeneous
and nonhomogeneous dual affine multiwavelet frames of L2(Rs) arising
from (φ1, ..., φr), (φ

d
1, ..., φ

d
r). We also highlight the role of the (Mixed)

Fundamental function in the geometry of the dual MRA structure by
showing that the geometry of the multiscale structure with the coarse
residual(s) in the analog domain defined by the nonhomogeneous (dual)
multi-wavelet frames of L2(Rs) faithfully reflects the geometry of the
exact reconstruction filter bank defined by the low and high pass masks
of the refinement equations. We are not the first to propose the use
of refinable function vectors. In fact, our work Theorem 2 generalizes
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Theorem 3.4 in [6] and also the main results of [44]. Similar existence
results but not as general as those in [6] can be found in [15, 8]. In the
cases considered in both of these papers the Fundamental function is
identically equal to one. Our viewpoint is in line with [3]. We focus on
extending the results of [3] for refinable function vectors thus under-
scoring the geometric role of the Fundamental and Mixed Fundamental
functions.

We launch the presentation of our work with some necessary notation.
Let E be a measurable subset of Rs and Cm×n(E) be the space of all
measurable m× n matrix valued functions defined on E, i.e.

Cm×n(E) =
{
f = (fij) : i = 1, ...,m, j = 1, ..., n : fij : E → C

}
.

From now on we write Cm×1(E) := Cm(E) for brevity. For any 1 ≤
p ≤ ∞ we define the Banach space

Lm×np (E) =
{
f = (fij) : i = 1, ...,m, j = 1, ..., n : fij ∈ Lp(E)

}
with norm

‖f‖p
Lm×np (E)

=
m∑
i=1

n∑
j=1

‖fij‖pLp(E),

where Lp(E) is the Banach space of all p-integrable functions on E with
usual norm ‖ · ‖Lp(E). When E = Rs we write Lm×np := Lm×np (Rs) for
brevity. We also denote by `p(I) the Banach space of all p-summable
sequences on an index set I ⊆ Z with usual norm ‖ · ‖`p(I).

The Fourier transform of a function f ∈ Lm×n1 (Rs) is defined by

f̂(γ) =

∫
Rs
f(x)e−2πix·γdx =

 f̂11(γ) · · · f̂1n(γ)
...

. . .
...

f̂m1(γ) · · · f̂mn(γ)

 ,

where x ·γ is the usual inner product on Rs and f̂ij is the usual Fourier
transform of fij ∈ L1(Rs).

Let A be an n× n matrix over C. We write NA (or RA) for the kernel
(or range) of A in case where the matrix A is considered as a linear
operator on the Euclidean space Cn consisting of all complex sequences
of length n. By AT , A∗ and A† we denote the transpose, Hermitian
transpose and partial inverse matrix of A respectively. If A = A∗ then
we say that A is Hermitian. If A is Hermitian, then we say that A
is positive semi-definite (or positive definite) whenever c∗Ac ≥ 0 (or
c∗Ac > 0) for any column vector c ∈ Cn. We say that A is expansive
if it has integer entries and the modulus of all of the eigenvalues of
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A is bigger than one. We define the dilation operator on L2(Rs) with
respect to an s×s expansive matrix A by DAf = | detA|1/2f(A·). The
shift operator on L2(Rs) is defined by τkf = f(· − k), k ∈ Zs.

For any f, g ∈ L2 := L2(Rs) we define the bracket product [f, g] by

[f, g] : Ts → C : [f, g](γ) =
∑
k∈Zs

f(γ + k)g(γ + k).

If f ∈ L2, h ∈ Lr×1
2 we define the bracket product function vector [[f, h]]

by

[[f, h]] : Ts → Cr : [[f, h]](γ) =
(
[f, h1](γ), ..., [f, hr](γ)

)T
.

Clearly [f, g] ∈ L1(Ts) and [[f, h]] ∈ Lr×1
1 (Ts), where Ts = [0, 1)s.

Throughout this paper let Ir = {1, ..., r} be a finite set and Φ =
(φ1, ..., φr)

T , Φd = (φd1, ..., φ
d
r)
T be two function vectors in Lr×1

2 such
that:

(i) their Fourier transforms Φ̂ = (φ̂1, . . . , φ̂r)
T and Φ̂d = (φ̂d1, . . . , φ̂

d
r)
T

are continuous in a neighborhood of the origin and do not vanish

at the origin (i.e. Φ̂(0) 6= 0 and Φ̂d(0) 6= 0),
(ii) the Zs-periodic functions

Φ =
r∑
i=1

∑
k∈Zs

|φ̂(·+ k)|2 and Φd =
r∑
i=1

∑
k∈Zs

|φ̂d(·+ k)|2

belong in L∞(Ts), the space of all measurable essentially bounded
functions on Ts = [0, 1)s,

(iii) Φ, Φd are refinable function vectors with respect to an s× s ex-
pansive matrix A, i.e. there exist two Zs-periodic matrix valued
functions H0, H

d
0 ∈ Lr×r2 (Ts) called low pass filters or refinement

masks or symbols such that the following matrix equalities

Φ̂(A∗γ) = H0(γ)Φ̂(γ) and Φ̂d(A∗γ) = Hd
0 (γ)Φ̂d(γ)

are satisfied up to a null set with respect to the Lebesgue mea-
sure on Rs. For the above definition of Φ and Φd we denote the
spectrum of Φ and Φd by

σΦ = {γ ∈ Ts : Φ(γ) 6= 0} and σΦd = {γ ∈ Ts : Φd(γ) 6= 0}

and we denote by V0 and V d
0 the closed linear span of the sets

{τkφ : k ∈ Zs, φ ∈ Φ} and {τkφd : k ∈ Zs, φd ∈ Φd} respec-
tively.
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(iv) The value G(γ) of the Gram matrix

G =
(
[φ̂i, φ̂j]

)
j,i=1,...,r

(1.1)

is non singular for a.e. γ ∈ σΦ. Here we note that the value
G(γ) at γ ∈ σφ ⊆ Ts is the r × r Hermitian matrix

G(γ) =
(
[φ̂i, φ̂j](γ)

)
j,i=1,...,r

.

The operator norm of G(γ) is

‖G(γ)‖ = ΛG(γ),

where ΛG(γ) (resp. λG(γ)) is the largest (resp. smallest) eigen-
value of G(γ). We note that {τkφ : k ∈ Zs, φ ∈ Φ} is a Bessel
set for L2 if and only if the above condition (ii) holds or equiv-
alently

‖ΛG‖L∞(σΦ) <∞,

i.e. G is bounded as an operator from Lr×1
2 (Ts) to Lr×1

2 (Ts),
[49].

Given a finite natural number m, we also consider two sets of refinable
function vectors in Lm×1

2 called multiwavelets, namely Ψ = (ψ1, ..., ψm)T

and Ψd = (ψd1 , ..., ψ
d
m)T such that the following matrix equalities

Ψ̂(A∗γ) = H1(γ)Φ̂(γ) and Ψ̂d(A∗γ) = Hd
1 (γ)Φ̂d(γ) a.e. γ ∈ Rs

hold for another two Zs-periodic matrix valued functions H1, H
d
1 ∈

Lm×r2 (Ts) called high pass filters or wavelet masks. For the above se-
lection of the set Ψ we define its corresponding homogeneous wavelet
family or affine family XΨ by

XΨ = {ψi,j,k = Dj
Aτkψi : j ∈ Z, k ∈ Zs, i = 1, ...,m} (1.2)

with a similar notation for the set XΨd . If there exist two positive
constants c and C such that for any f ∈ L2 we have

c‖f‖2
2 ≤

∑
j∈Z

∑
k∈Zs

m∑
i=1

|〈f, ψi,j,k〉|2 ≤ C‖f‖2
2,

then we say that XΨ is an affine frame or a homogeneous wavelet frame
for L2 and the elements of XΨ are called framelets. If c = C then XΨ

is a tight frame and if c = C = 1 then XΨ is a Parseval frame. On the
other hand if only the right hand side of the above double inequality
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holds then we say that XΨ is a Bessel system. If both XΨ and XΨd are
Bessel systems and for any f ∈ L2 we have the reconstruction formula

f =
∑
j∈Z

∑
k∈Zs

m∑
i=1

〈f, ψdi,j,k〉ψi,j,k

in the L2-sense then we say that XΨd is an affine dual frame of XΨ (and
vice versa) or we simply say that (XΨ, XΨd) is a pair of dual framelets.
We also remark that the previous equation implies that each one of the
two wavelet families is a frame for L2 [51, Proposition 1].

On the other hand let Φ̃ = (ϕ1, ..., ϕr)
T and Φ̃d = (ϕd1, ..., ϕ

d
r)
T be

refinable function vectors (not necessarily equal to Φ and Φd) and Ψ,Ψd

be wavelet sets as above. For any j0 ∈ Z we denote a nonhomogeneous

wavelet family X
(j0)

Φ̃,Ψ
by

X
(j0)

Φ̃,Ψ
= {Dj

Aτkψi : j ≥ j0, k ∈ Zs, i = 1, ...,m}

∪ {Dj0
A τkϕl : k ∈ Zs, l = 1, ..., r} (1.3)

and we use a similar notation for the set X
(j0)

Φ̃d,Ψd
. Nonhomogeneous

dual wavelet frames are naturally related with filter banks and refin-
able structures [33, 34, 48]. Bin Han was the first who used the term
nonhomogeneous for this type of wavelet systems and who extensively
studied them and under more general assumptions for dilations and
refinable masks, in L2 and in the space of distributions [33, 34]. In

particular, Han proved that if (X
(j0)

Φ̃,Ψ
, X

(j0)

Φ̃d,Ψd
) is a pair of nonhomo-

geneous dual wavelet frames for L2, then (XΨ, XΨd) is a pair of affine
dual frames for L2. He also established a connection between the Mixed
Oblique Extension Principle and the former type of frames. Note that
an equivalence between nonhomogeneous Parseval wavelet frames and
their homogeneous counterparts in L2(R) for a scalar refinable function
ϕ = φ was first established in [52, Theorem 2.3] and then was extended
in [3]. Our main Theorem 1 stated below provides characterizations of
affine dual frames generalizing these aforementioned results.

Theorem 1. Let Φ,Φd be r × 1 refinable function vectors with low-
pass filters H0, H

d
0 ∈ Lr×r2 (Ts) satisfying the above conditions (i)−(iv).

Consider a pair (XΨ, XΨd) of homogeneous wavelet families with masks
H1, H

d
1 ∈ Lm×r2 (Ts) as in (1.2). Define a Zd-periodic r × r matrix

valued function ΘM called Mixed Fundamental function associated with
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the pair (XΨ, XΨd) by

ΘM : Ts → Cr×r : ΘM(γ) =
∞∑
j=0

θd∗j (γ)θj(γ), (1.4)

whereθj : Ts → Cm×r : θj(γ) = H1(A∗jγ)

j−1∏
k=0

H0(A∗j−1−kγ) for any j ≥ 0,

(1.5)
θdj is defined in a similar manner and with the conventions

∏−1
k=0H0(A∗−1−kγ) =

Ir (Ir is the r×r identity matrix) and θd∗j (γ) :=
(
θdj (γ)

)∗
(from now this

convention will be used several times). Then the following conditions
are equivalent:

(a) (XΨ, XΨd) is a pair of dual framelets.
(b) (XΨ, XΨd) is a pair of wavelet Bessel systems whose Mixed Fun-

damental function ΘM satisfies the following conditions:

(i) lim
j→−∞

Φ̂d∗(A∗jγ)ΘM(A∗jγ)Φ̂(A∗jγ) = 1 a.e. γ ∈ Rs and

(ii) Hd∗
0 (γ + q)ΘM(A∗γ)H0(γ) +Hd∗

1 (γ + q)H1(γ) = 0, for a.e.
γ ∈ σΦ ∩ σΦd such that γ + q ∈ σΦ ∩ σΦd for any q 6= 0 in
A∗−1Zs/Zs.

(c) Let the spaces V0 and V d
0 be the closed linear span of the sets

{τkφ : k ∈ Zs, φ ∈ Φ} and {τkφd : k ∈ Zs, φd ∈ Φd} re-
spectively. Then there exists a pair (µ, µd) of Zs-periodic r × r
matrix valued functions with measurable and a.e. finite entries
such that

(i) the r×1 function vectors Φ̃ and Φ̃d defined by
̂̃
Φ = µΦ̂ and̂̃

Φd = µdΦ̂d belong in V0 and V d
0 respectively and

(ii) (X
(0)

Φ̃,Ψ
, X

(0)

Φ̃d,Ψd
) (see (1.3)) is a pair of nonhomogeneous

dual frames for L2.
(d) (XΨ, XΨd) is a pair of wavelet Bessel systems and there exists

a Zs-periodic r × r matrix valued function θ with measurable

entries such that the sequence
{∥∥Φ̂d∗(·−k)θ(·)Φ̂(·)

∥∥
L1

: k ∈ Zs
}

is bounded and θ satisfies the conditions:

(i) lim
j→−∞

Φ̂d∗(A∗jγ)θ(A∗jγ)Φ̂(A∗jγ) = 1 a.e. γ ∈ Rs and

(ii) Hd∗
0 (γ + q)θ(A∗γ)H0(γ) + Hd∗

1 (γ + q)H1(γ) = δq,0 θ(γ) for
a.e. γ ∈ σΦ ∩ σΦd such that γ + q ∈ σΦ ∩ σΦd for any q in
A∗−1Zs/Zs. Here, δq,0 = 1 whenever q = 0 and δq,0 = 0
for q ∈ A∗−1Zs/Zs − {0}.

In this case ΘM = θ a.e. on σΦ ∩ σΦd.
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If Ψ = Ψd then (1.4) becomes the r × r matrix valued function

Θ : Ts → Cr×r : Θ(γ) =
∞∑
j=0

θ∗j (γ)θj(γ), (1.6)

called Fundamental function of the set XΨ. Here, we mention that Θ(γ)
(resp. Θd(γ)) is a well defined Hermitian and positive semi-definite
matrix for a.e γ ∈ σΦ (resp. σΦd), see the proof of Proposition 1 below.
Consequently, as we also show in the proof of Proposition 1, the matrix
ΘM(γ) is well defined for a.e. γ in σΦ ∩ σΦd . To avoid measurability
problems, from now on we set ΘM(γ) = 0 for a.e. γ ∈ Rs\(σΦ ∩ σΦd).

In contrast to [20, Proposition 5.2], the equivalence (a) ↔ (b) of The-
orem 1 holds without any decay assumptions on the refinable function
vectors Φ,Φd on the Fourier domain. On the other hand, in the proof of
equivalence (a)↔ (c) we will show how the Mixed Fundamental func-
tion ΘM gives rise to the construction of two auxiliary function vectors
which generate a proper coarse scale residual when decomposing an in-
put function into various scales. This is important for practical imple-
mentations because when we perform a multiscale decomposition of an
image there is always a ”coarse-scale” residual. Without the knowledge
of this residual we cannot reconstruct our image from the various detail
outputs. Those auxiliary function vectors are determined by (2.13) and
(2.14). Finally, the equivalence (a)↔ (d) of Theorem 1 shows that the
Mixed Oblique Extension Principle characterizes dual framelets. We
mention that a weaker version of the equivalence (c) ↔ (d) in mul-
tidimensions and in the space of distributions is provided by Han in
[34, Theorem 17], under the additional assumption that there exists
a pair (µ, µd) of Zs-periodic functions generating the pair of distribu-

tions (Φ̃, Φ̃d) which define the pair (XΦ̃,Ψ, XΦ̃d,Ψd) of nonhomegeneous

wavelet families. With this assumption Han defines ΘM = µd∗µ. In our
equivalence (c)↔ (d) this assumption is removed.

We conclude with an outline of the structure of this paper. In Section
2 we prove Theorem 1. As a byproduct of Theorem 1, we obtain char-
acterizations of affine Parseval frames arising from refinable function
vectors. In Section 3 we provide examples of compactly supported mul-
tiwavelets derived from compactly supported refinable function vectors.
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2. Main results

Let XΨ be as in (1.2). We define its corresponding quasi-affine system
Xq

Ψ by

Xq
Ψ = {Dj

Aτkψ : j ≥ 0, k ∈ Zs, ψ ∈ Ψ}∪{|detA|j/2τkDj
Aψ : j < 0, k ∈ Zs, ψ ∈ Ψ}.

(2.1)

The notation for Xq
Ψd

is defined in a similar way. Then, the following
characterizations hold true:

Lemma 1. Let Ψ,Ψd ∈ Lm×1
2 be two sets of multiwavelets whose cor-

responding pair of homogeneous wavelet Bessel families (XΨ, XΨd) be
given in (1.2). Define the function

κ : Zs → Z− ∪ {0} : κ(n) = inf
{
j ≤ 0 : A∗jn ∈ Zs

}
,

where A is an s × s expansive matrix corresponding to the dilation
operator DA. Then:

(a) (XΨ, XΨd) is a pair of affine dual frames for L2 if and only if
(Xq

Ψ, X
q
Ψd

) is a pair of quasi-affine dual frames for L2.
(b) (XΨ, XΨd) is a pair of affine dual frames for L2 if and only if

for a.e. γ ∈ Rs and for every n ∈ Zs we have
∞∑

j=κ(n)

Ψ̂d∗(A∗j(γ + n))Ψ̂(A∗jγ) = δ0,n. (2.2)

(c) If Φ̃, Φ̃d ∈ Lr×1
2 and if (X

(0)

Φ̃,Ψ
, X

(0)

Φ̃d,Ψd
) is a pair of nonhomoge-

neous wavelet Bessel systems as in (1.3), then X
(0)

Φ̃d,Ψd
is a dual

frame of X
(0)

Φ̃,Ψ
for L2 if and only if for a.e. γ ∈ Rs and for

every n ∈ Zs we have
0∑

j=κ(n)

Ψ̂d∗(A∗j(γ + n))Ψ̂(A∗jγ) +
̂̃
Φd∗(γ + n)

̂̃
Φ(γ) = δ0,n. (2.3)

We note that part (a) of Lemma 1 was proved in [51, Theorem 1]
under a mild decay condition imposed on the Fourier transforms of the
elements of the pair (XΨ, XΨd). Subsequently, in [19] (see also [11])
the same statement was proved in full generality. Under the same mild
assumption imposed on the elements of the pair (XΨ, XΨd), part (b)
of Lemma 1 was proved in [31] and [51] and subsequently in [11] the
said mild decay condition was removed. Part (c) of Lemma 1 is proved
in [34, Theorems 9, 11] for a pair of frequency based nonhomogeneous
and non-stationary dual wavelet frames in the space of distributions
under more general assumptions, i.e. convergence of (2.3) for n = 0
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is in the sense of distributions. By exploiting the Bessel assumption

on the pair (X
(0)

Φ̃,Ψ
, X

(0)

Φ̃d,Ψd
) and when Φ̃ is a singleton, we proved in [3]

that (2.3) holds pointwise a.e. if and only if (X
(0)

Φ̃,Ψ
, X

(0)

Φ̃d,Ψd
) is a pair of

nonhomogeneous wavelet Bessel systems. The same arguments apply

to the more general case of the non-singleton Φ̃, establishing thus the
validity of (c) above.

So far we have used duality notation to Φ and Φd without having
invoked implicitly of explicitly any duality condition between the Bessel
sequences {τkφi : k ∈ Zs, i = 1, 2, . . . , r} and {τkφdi : k ∈ Zs, i =
1, 2, . . . , r}. The only reason for which we have used that notation
is that these two families give rise to the dual homogeneous wavelet
systems (XΨ, XΨd).

The following two propositions are the key tools for the proof of The-
orem 1. The first one of them is the cornerstone of our results and it
guarantees that the Fundamental functions Θ and Θd are well-defined
and measurable and, as a consequence of this fact, the Mixed Fun-
damental function ΘM associated with the pair (XΨ, XΨd) is also well-
defined. Then, Proposition 2 facilitates the connection between the pair
of homogeneous affine dual frames (XΨ, XΨd) and their corresponding

nonhomogeneous dual frames (X
(0)

Φ̃,Ψ
, X

(0)

Φ̃d,Ψd
).

Proposition 1. Let Φ,Φd be a pair of r × 1 refinable function vectors
satisfying the conditions (i)− (iv) of section 1. Assume that (XΨ, XΨd)
is a pair of homogeneous wavelet Bessel systems whose corresponding
pair (Θ,Θd) of Fundamental functions be given by (1.6). Let ΘM be the
Zs-periodic r×r matrix valued Mixed Fundamental function associated
with the pair (XΨ, XΨd) as in (1.4). Then:

(i) The r × r matrix-valued function Θ (or Θd) is measurable and
the entries of Θ (or Θd) are finite for a.e. γ on the spectrum
σΦ (or σΦd) of Φ (or Φd).

(ii) The r × r matrix-valued function ΘM is measurable and its en-
tries are finite for a.e. γ ∈ σΦ ∩ σΦd. Moreover the operator
norm of ΘM(γ) satisfies

‖ΘM(γ)‖ ≤ r‖Θ(γ)‖‖Θd(γ)‖, a.e. γ ∈ σΦ ∩ σΦd .

(iii) Let Θ
1
2 be the positive square root of the linear operator Θ on

Cr(σΦ). Then for a.e. γ ∈ σΦ ∩ σΦd and for any column vector
function c ∈ Lr×1

2 (Ts) we have∥∥(ΘM(γ)(Θ
1
2 (γ))†

)∗
c(γ)

∥∥2

`2(Ir)
≤ r
(
c∗(γ)Θd(γ)c(γ)

)
, (2.4)
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where the superscript † denotes the partial inverse of a matrix
(in this case it denotes the partial inverse of Θ

1
2 (γ)) defined via

the Polar Decomposition Theorem.

Proof. (i) Since XΨ is a Bessel system, then by part (a) of lemma 1 its
quasi-affine counterpart Xq

Ψ (see (2.1)) is also a Bessel system, so for
any f ∈ L2 there exists a positive constant C such that

∞∑
j=1

∑
k

m∑
i=1

|〈f, | detA|−jψi(A−j(· − k))〉|2 ≤ C‖f‖2
L2

⇒
∞∑
j=1

∫
Ts

m∑
i=1

∣∣∣∑
k

f̂(γ + k)ψ̂i(A∗j(γ + k))
∣∣∣2dγ ≤ C‖f‖2

L2
,

or equivalently

∞∑
j=1

∫
Ts

[[f̂ , Ψ̂(A∗j·)]]∗(γ) [[f̂ , Ψ̂(A∗j·)]](γ)dγ ≤ C‖f‖2
L2
, (2.5)

where Ψ̂ = (ψ̂1, ..., ψ̂m)T , [[f̂ , Ψ̂(A∗j·)]] is an m × 1 function vector

defined in section 1 and [[f̂ , Ψ̂(A∗j·)]]∗ is its Hermitian transpose 1×m
function vector. From the refinement equations on Ψ̂ and then on Φ̂
we obtain

Ψ̂(A∗j(γ + k)) = θj−1(γ)Φ̂(γ + k), a.e. γ ∈ Ts and j ≥ 1, (2.6)

where Φ̂ = (φ̂1, ..., φ̂r)
T and θj is a Zs-periodic m × r matrix valued

function as in (1.5). By substituting (2.6) in (2.5) we obtain

∞∑
j=1

∫
Ts

[[f̂ , Φ̂]]∗(γ)θ∗j−1(γ)θj−1(γ)[[f̂ , Φ̂]](γ)dγ ≤ C‖f‖2
L2
. (2.7)

Let Gi be the i-column of the Gram matrix G as in (1.1) corresponding

to the refinable function vector Φ. If we take f̂ = φ̂1, ..., f̂ = φ̂r in the
above inequality and then take the sum of the resulting inequalities,
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we derive

r∑
i=1

∞∑
j=1

∫
Ts

[[φ̂i, Φ̂]]∗(γ) θ∗j−1(γ)θj−1(γ) [[φ̂i, Φ̂]](γ)dγ ≤ C

r∑
i=1

‖φi‖2
L2

⇒
r∑
i=1

∞∑
j=1

∫
Ts
G∗i (γ) θ∗j−1(γ)θj−1(γ) Gi(γ)dγ ≤ C‖Φ‖2

Lr×1
2

⇒
r∑
i=1

∞∑
j=1

∫
Ts

m∑
k=1

∣∣∣ r∑
µ=1

(
θj−1(γ)

)
k,µ

(
G(γ)

)
µ,i

∣∣∣2 ≤ C‖Φ‖2
Lr×1

2

⇒
r∑
i=1

∞∑
j=1

∫
Ts

m∑
k=1

∣∣∣(θj−1(γ)G(γ)
)
k,i

∣∣∣2dγ ≤ C‖Φ‖2
Lr×1

2
.

From the last inequality we obtain

∞∑
j=0

∥∥θj(γ)G(γ)
∥∥2

F
<∞, a.e. γ ∈ Ts, (2.8)

where ‖θj(γ)G(γ)‖F is the Frobenius (or trace) norm of the matrix
θj(γ)G(γ). We remark that the notation Tr(B) is used to denote the
trace of a matrix B. Let Kj = θ∗jθj, (j ≥ 0) be a sequence of r × r
matrix valued functions defined on Ts with measurable entries and
λKj(γ) (resp. ΛKj(γ)) be the smallest (resp. largest) eigenvalue of Kj(γ).
Then λKj and ΛKj are non negative measurable functions on Ts [49,
Lemma 2.3.5]. Since we have assumed that G(γ) is non singular for
a.e. γ ∈ σΦ (see condition (iv) in section 1) and since {φ(· − k) : k ∈
Zs, φ ∈ Φ} is a Bessel sequence (see condition (ii) in section 1), we have
0 < λG(γ) ≤ ‖ΛG(γ)‖L∞ for a.e. γ ∈ σΦ and so

∞∑
j=0

∥∥θj(γ)G(γ)
∥∥2

F
=
∞∑
j=0

Tr
(
G∗(γ)Kj(γ)G(γ)

)
≥

∞∑
j=0

‖G∗(γ)Kj(γ)G(γ)‖

=
∞∑
j=0

‖G∗−1(γ)‖
‖G∗−1(γ)‖

‖G∗(γ)Kj(γ)G(γ)‖‖G
−1(γ)‖

‖G−1(γ)‖

≥
∞∑
j=0

1

‖G∗−1(γ)‖
‖Kj(γ)‖ 1

‖G−1(γ)‖
=
∞∑
j=0

‖Kj(γ)‖
‖G−1(γ)‖2

=
∞∑
j=0

‖Kj(γ)‖
λ−2
G(γ)

= λ2
G(γ)

∞∑
j=0

ΛKj(γ).
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By combining the above inequality with (2.8) we conclude

λ2
G(γ)

∞∑
j=0

ΛKj(γ) <∞ a.e. γ ∈ Ts.

From this we obtain
∞∑
j=0

ΛKj(γ) <∞ a.e. γ ∈ σΦ, (2.9)

otherwise, λG(γ) = 0 on a subset of σΦ of positive measure, which clearly
contradicts the assumption on the non-singularity of G(γ). If Uj(γ)
and Dj(γ) are a unitary matrix and a diagonal matrix respectively
both with measurable entries such that Kj(γ) = Uj(γ)Dj(γ)U∗j (γ) for
a.e. γ on σΦ [49, lemma 2.3.5], then by (2.9) and for any k, n = 1, ..., r
we obtain

∞∑
j=0

|(Kj(γ))k,n| =
∞∑
j=0

∣∣(Uj(γ)Dj(γ)U∗j (γ)
)
k,n

∣∣
≤

∞∑
j=0

ΛKj(γ) =
∞∑
j=0

Λθ∗j (γ)θj(γ) <∞, a.e. γ ∈ σΦ, (2.10)

so every entry of the matrix
∑∞

j=0 Kj(γ) =
∑∞

j=0 θ
∗
j (γ)θj(γ) converges

pointwise to a measurable and finite function, say Θk,n(γ) for a.e. γ
on σΦ. Hence Θ =

∑∞
j=0 θ

∗
jθj is an r× r matrix valued function whose

values Θ(γ) are Hermitian and positive semi-definite matrices for a.e.
γ on σΦ. We use the same arguments to prove that all entries of Θd

are measurable and finite functions on σΦd . Therefore, the proof of (i)
is complete.

(ii) Let γ ∈ Ts and µ, n = 1, ..., r. Using the Cauchy-Schwartz inequal-
ity we obtain

|(ΘM(γ))µ,n| ≤
∞∑
j=0

m∑
k=1

∣∣(θd∗j (γ))µ,k(θj(γ))k,n
∣∣ ≤ ∞∑

j=0

( m∑
k=1

|(θd∗j (γ))µ,k|2
)1/2

( m∑
k=1

|(θj(γ))k,n|2
)1/2

≤ r2

∞∑
j=0

‖θdj (γ)‖‖θj(γ)‖ ≤ r2

(
∞∑
j=0

‖θdj (γ)‖2

)1/2

(
∞∑
j=0

‖θj(γ)‖2

)1/2

<∞, a.e γ ∈ σΦ ∩ σΦd ,

where the last inequality is obtained from (2.10). Therefore the entries
of ΘM are measurable and finite for a.e. γ ∈ σΦ ∩ σΦd . Now, let
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c ∈ Lr×1
2 (Ts) and Ir = {1, 2, . . . , r}. Then, using the Triangle and

Cauchy-Schwartz inequalities we derive

‖ΘM(γ)c(γ)‖2
`2(Ir) =

∥∥∥ ∞∑
j=0

θd∗j (γ)θj(γ)c(γ)
∥∥∥2

`2(Ir)
≤
( ∞∑
j=0

‖θd∗j (γ)θj(γ)c(γ)‖`2(Ir)

)2

≤
( ∞∑
j=0

∥∥θdj (γ)
∥∥2
)( ∞∑

j=0

∥∥θj(γ)c(γ)
∥∥2

`2(Ir)

)
≤
( ∞∑
j=0

∥∥θdj (γ)
∥∥2

F

)( ∞∑
j=0

∥∥θj(γ)c(γ)
∥∥2

`2(Ir)

)
=

∞∑
j=0

(
Tr
(
θd∗j (γ)θdj (γ)

)) (
c∗(γ)Θ(γ)c(γ)

)
= Tr

(
Θd(γ)

) (
c∗(γ)Θ(γ)c(γ)

)
<∞ a.e. γ ∈ σΦ ∩ σΦd . (2.11)

(iii) By (i), the r × r matrix valued function Θ has measurable and
finite entries for a.e. γ ∈ σΦ. Since Θ(γ) is positive semi-definite we
can define the positive square root of Θ by

Θ
1
2 : σΦ → Cr×r : (Θ

1
2 (γ))2 = Θ(γ) . (2.12)

We remark that Θ
1
2 is measurable on σΦ. If

(
Θ

1
2 (γ)

)†
is the partial

inverse of Θ
1
2 (γ) then for a.e. γ ∈ σΦ ∩ σΦd we have∥∥∥(ΘM(γ)
(
Θ

1
2 (γ)

)†)∗
c(γ)

∥∥∥2

`2(Ir)
=
∥∥c∗(γ)ΘM(γ)

(
Θ

1
2 (γ)

)†∥∥2

`2(Ir)

=
∥∥∥ ∞∑
j=0

(
c∗(γ)θd∗j (γ)

)(
θj(γ)

(
Θ

1
2 (γ)

)†)∥∥∥2

`2(Ir)

=
r∑
i=1

∣∣∣ ∞∑
j=0

m∑
µ=1

(
c∗(γ)θd∗j (γ)

)
µ

(
θj(γ)

(
Θ

1
2 (γ)

)†)
µ,i

∣∣∣2
≤

r∑
i=1

( ∞∑
j=0

m∑
µ=1

∣∣(c∗(γ)θd∗j (γ))µ
∣∣2)( ∞∑

j=0

m∑
µ=1

∣∣∣(θj(γ)
(
Θ

1
2 (γ)

)†)
µ,i

∣∣∣2)
=

( ∞∑
j=0

∥∥c∗(γ)θd∗j (γ)
∥∥2

`2(Im)

)( ∞∑
j=0

∥∥θj(γ)
(
Θ

1
2 (γ)

)†∥∥2

F

)
=

( ∞∑
j=0

c∗(γ)θd∗j (γ)θdj (γ)c(γ)
) ∞∑
j=0

Tr
((

Θ
1
2 (γ)

)†
θ∗j (γ)θj(γ)

(
Θ

1
2 (γ)

)†)
=

(
c∗(γ)Θd(γ)c(γ)

)
Tr
((

Θ
1
2 (γ)

)†
Θ(γ)

(
Θ

1
2 (γ)

)†)
=

(
c∗(γ)Θd(γ)c(γ)

)∥∥∥Θ
1
2 (γ)

(
Θ

1
2 (γ)

)†∥∥∥2

F
≤ r
(
c∗(γ)Θd(γ)c(γ)

)
.
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�

Next, we present the construction of a new pair of refinable function

vectors (Φ̃, Φ̃d) giving rise to the nonhomogeneous dual frame pair

(X
(0)

Φ̃,Ψ
, X

(0)

Φ̃d,Ψd
).

Proposition 2. Let Φ,Φd be a pair of r × 1 refinable function vectors
as in section 1. Let ΘM be the Mixed Fundamental function of a pair
(XΨ, XΨd) of wavelet Bessel systems as in (1.4). Consider the spaces V0

and V d
0 as in section 1. Then there exists a pair (µ, µd) of Zs-periodic

r × r matrix valued functions with measurable entries such that

(i) ΘM(γ) = µd∗(γ)µ(γ), a.e. γ ∈ σΦ ∩ σΦd,

(ii) the r×1 function vectors Φ̃ = (φ̃1, ..., φ̃r)
T and Φ̃d = (φ̃d1, ..., φ̃

d
r)
T

defined by
̂̃
Φ = µΦ̂ and

̂̃
Φd = µdΦ̂d belong in V0 and V d

0 respec-
tively,

(iii) the shift invariant sets {τkφ̃i : k ∈ Zs, i = 1, ..., r} and {τkφ̃di :
k ∈ Zs, i = 1, ..., r} are Bessel sequences.

Proof. (i) Let Θ
1
2 be as in (2.12) and the Mixed fundamental function

ΘM be finite for a.e. γ ∈ σΦ∩σΦd as a result of part (ii) of Proposition
1. We define a pair (µ, µd) of Zs-periodic r× r matrix valued functions
by

µ : Ts → Cr×r : µ(γ) =

{
Θ

1
2 (γ), γ ∈ σΦ ∩ σΦd

0, γ ∈ Ts\σΦ ∩ σΦd
(2.13)

and

µd : Ts → Cr×r : µd(γ) =

{ (
ΘM(γ)

(
Θ

1
2 (γ)

)†)∗
, γ ∈ σΦ ∩ σΦd

0, γ ∈ Ts\σΦ ∩ σΦd

,

(2.14)

where
(
Θ

1
2 (γ)

)†
is the partial inverse matrix of Θ

1
2 (γ). Let c ∈ Cr(σΦ∩

σΦd). If c(γ) ∈ NΘ1/2(γ) then by (2.13) and (2.14) we have

ΘM(γ)c(γ) = 0 = µd∗(γ)µ(γ)c(γ),

because NΘ1/2(γ) = NΘ(γ) ⊆ NΘM(γ), see (2.11). If c(γ) ∈ N⊥
Θ1/2(γ)

, then

we use the fact that
(
Θ

1
2 (γ)

)†
Θ

1
2 (γ) is the unique orthogonal projection

onto N⊥
Θ1/2(γ)

and so

ΘM(γ)c(γ) = ΘM(γ)
(
Θ

1
2 (γ)

)†
Θ

1
2 (γ)c(γ) = µd∗(γ)µ(γ)c(γ).

Therefore (i) is satisfied.
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(ii) Let us define the r × 1 function vectors
̂̃
Φ = µΦ̂ and

̂̃
Φd = µdΦ̂d.

If E = ∪
n∈Zs((σΦ ∩ σΦd) + n), then we have

‖Φ̃‖2
Lr×1

2
= ‖̂̃Φ‖2

Lr×1
2

=

∫
E

‖Θ
1
2 (γ)Φ̂(γ)‖2

`2(Ir)dγ =

∫
E

Φ̂∗(γ)Θ(γ)Φ̂(γ)dγ

=
r∑
i=1

∞∑
j=1

∫
E

|ψ̂i(A∗jγ)|2dγ ≤
∞∑
j=1

|detA|−j‖Ψ̂ ‖2
Lr×1

2
<∞ (2.15)

because A is an expansive matrix. We may obtain a similar estimate

for Φ̃d. Indeed

‖Φ̃d‖2
Lr×1

2
=

∫
E

∥∥∥(ΘM(γ)
(
Θ

1
2 (γ)

)†)∗
Φ̂d(γ)

∥∥∥2

`2(Ir)
dγ

≤ r

∫
E

Φ̂d∗(γ)Θd(γ)Φ̂d(γ)dγ <∞,

where we used (2.4) to derive the semi-final inequality and an argument

similar to (2.15) to derive the final inequality. Therefore
̂̃
Φ,
̂̃
Φd ∈ Lr×1

2 .

Now, [49, Result 2.3.1] implies Φ̃ ∈ V0 and Φ̃d ∈ V d
0 respectively.

(iii) Using (2.14), (2.4) and (2.7) we deduce that for every f ∈ L2 we
have
r∑
i=1

∑
k

|〈f, φ̃di (· − k)〉L2|2 =

∫
σΦ∩σdΦ

∥∥∥[[f̂ , Φ̂d]]∗(γ)ΘM(γ)
(
Θ

1
2 (γ)

)†∥∥∥2

`2(Ir)
dγ

≤ r

∫
σΦ∩σdΦ

[[f̂ , Φ̂d]]∗(γ)Θd(γ)[[f̂ , Φ̂d]](γ)dγ

≤ rC‖f‖2
L2
.

Hence, {τkφ̃d : k ∈ Zs, φ̃d ∈ Φ̃d} is a Bessel system. Similarly, we

show that {τkφ̃ : k ∈ Zs, φ̃ ∈ Φ̃} is a Bessel system too. Indeed, by
following the previous arguments and by using (2.7) we obtain
r∑
i=1

∑
k

|〈f, φ̃i(·−k)〉L2 |2 =

∫
σΦ∩σdΦ

[[f̂ , Φ̂]]∗(γ)Θ(γ)[[f̂ , Φ̂]](γ)dγ ≤ C‖f‖2
2.

Now the proof is complete. �

Remark 1. Proposition 2 states that the Mixed Fundamental function
ΘM can be always factorized by ΘM(γ) = µd∗(γ)µ(γ) so that

(a) these two auxiliary matrix valued functions µ and µd∗ give rise

to a pair of functions Φ̃ and Φ̃d in V0 and V d
0 respectively and

(b) the integer shifts of Φ̃ and Φ̃d form Bessel systems.
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Notice that we are free to choose any other factorization ΘM = νd∗ν
of ΘM (rather than strictly use (2.13) and (2.14)) provided that the
factors ν and νd∗ satisfy the above conditions (a) and (b). For example,

if ΘM = Ir, then we may define ν = νd = Ir. Then Φ̃ = Φ and Φ̃d = Φd.

We are now ready to prove our main result, Theorem 1 which character-
izes the affine dual frames constructed from refinable function vectors
and their nonhomogeneous counterparts. The reader may wish to re-
call the convention Ad∗(γ) = (Ad(γ))∗ which will be used several times
in the proof of Theorem 1.

Proof of Theorem 1. (a)↔ (b): Given a pair (Φ,Φd) of r × 1 refinable
function vectors satisfying the conditions (i) − (iv) of section 1, we
define the sequence of functions {f (n) : n ∈ Zs} by

f (n) : Rs → C : f (n)(γ) = Φ̂d∗(γ + n)ΘM(γ)Φ̂(γ). (2.16)

Since (XΨ, XΨd) is a pair of wavelet Bessel systems either if (a) or
(b) holds, the Mixed Fundamental function ΘM is well defined on the
set E = ∪

n∈Zs((σΦ ∩ σΦd) + n) as a result of part (ii) of proposition
1. Also, recall that ΘM = 0 on Rs\E in order to avoid measurability
issues. Therefore, f (n) is well-defined on Rs and f (n) = 0 on Rs\E. In
addition, f (n) ∈ L1 for any n ∈ Zs. In fact, by part (i) of proposition
2 we have

f (n)(γ) = Φ̂d∗(γ + n)µd∗(γ)µ(γ)Φ̂(γ) =
̂̃
Φd∗(γ + n)

̂̃
Φ(γ), a.e. γ ∈ Rs,

(2.17)

where Φ̃d, Φ̃ ∈ Lr×1
2 are defined in part (ii) of Proposition 2. Therefore

‖f (n)‖L1 =

∫
Rs

∣∣∣̂̃Φd∗(γ + n)
̂̃
Φ(γ)

∣∣∣dγ ≤ r∑
i=1

‖ ̂̃φdi ‖L2‖
̂̃
φi‖L2 <∞. (2.18)

Recall, from Lemma 1 that κ(n) = inf{j ≤ 0 : A∗jn ∈ Zs}. Combin-

ing, (1.4), (1.5), the two-scale conditions defining Ψ̂, Ψ̂d, the refinability

conditions satisfied by Φ̂, Φ̂d and after a necessary change of variables,
we conclude that, for every j ≥ κ(n) + 1 we have,

f (A∗j−1n)(A∗j−1γ) = Φ̂d∗(A∗j−1(γ + n))ΘM(A∗j−1γ)Φ̂(A∗j−1γ)

=
∞∑
λ=j

Ψ̂d∗(A∗λ(γ + n))Ψ̂(A∗λγ) . (2.19)

In order to establish the equivalence (a) ↔ (b), first, observe that (a)
is equivalent to (2.2), due to Lemma 1. Thus it remains to show that
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(b) is equivalent to (2.2), as well. To accomplish this task we consider
two cases:

Case I: First, take n = 0 in (2.2). Then κ(0) = −∞. By using (2.19)
for n = 0, the left hand side of eq. (2.2) can be expressed as

∞∑
λ=−∞

Ψ̂d∗(A∗λγ)Ψ̂(A∗λγ) = lim
λ→−∞

f (0)(A∗λ−1γ).

By combining (2.16) for n = 0 with the right hand side of the last equal-

ity and by recalling condition (i) on Φ̂, Φ̂d (see section 1) we conclude
that (2.2) holds if and only if b(i) holds.

Case II: Now, take n 6= 0 in (2.2). In this case κ(n) is finite and by
applying (2.19) for j = κ(n) + 1 and using (2.16) and again the two-

scale relations defining Ψ̂, Ψ̂d, the refinability of Φ̂, Φ̂d, the left hand
side of (2.2) is now transformed into

∞∑
j=κ(n)

Ψ̂d∗(A∗j(γ+n))Ψ̂(A∗jγ) = Ψ̂d∗(A∗κ(n)(γ+n))Ψ̂(A∗κ(n)γ)+f (A∗κ(n)n)(A∗κ(n)γ)

= Φ̂d∗(A∗κ(n)−1(γ + n))
(
Hd∗

1 (A∗κ(n)−1(γ + n))H1(A∗κ(n)−1γ)

+ Hd∗
0 (A∗κ(n)−1(γ + n))ΘM(A∗κ(n)γ)H0(A∗κ(n)−1γ)

)
Φ̂(A∗κ(n)−1γ),

a.e. γ ∈ Rs. From the definition of κ(n) we infer A∗κ(n)−1n = λ + q,
where λ ∈ Zs and q ∈ A∗−1Zs/Zs−{0}. Using this observation and by
a change of variables ω = A∗κ(n)−1γ the above equality is equivalent to

∞∑
j=1

Ψ̂d∗(A∗j(ω+A∗κ(n)−1n))Ψ̂(A∗jω) = Φ̂d∗(ω+λ+q)
(
Hd∗

1 (ω+q)H1(ω)+Hd∗
0 (ω+q)

×ΘM(A∗ω)H0(ω)
)

Φ̂(ω), a.e. ω ∈ Rs, λ ∈ Zs, q ∈ A∗−1Zs/Zs − {0}.
(2.20)
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If the right-hand side of (2.2) is equal to zero then the right-hand side
of (2.20) is equal to zero as well. Therefore,

Φ̂d∗(ω + µ+ λ+ q)
(
Hd∗

1 (ω + q)H1(ω) +Hd∗
0 (ω + q)

× ΘM(A∗ω)H0(ω)
)

Φ̂(ω + µ) = 0, a.e. ω ∈ Ts, λ, µ ∈ Zs, q ∈ A∗−1Zs/Zs − {0}

⇒ Φ̂d(ω + µ+ λ+ q)Φ̂d∗(ω + µ+ λ+ q)
(
Hd∗

1 (ω + q)H1(ω)

+ Hd∗
0 (ω + q)ΘM(A∗ω)H0(ω)

)
Φ̂(ω + µ)Φ̂∗(ω + µ) = 0

⇒
∑
m∈Zs

(
Φ̂d(ω +m+ q)Φ̂d∗(ω +m+ q)

)(
Hd∗

1 (ω + q)H1(ω)

+ Hd∗
0 (ω + q)ΘM(A∗ω)H0(ω)

) ∑
µ∈Zs

(
Φ̂(ω + µ)Φ̂∗(ω + µ)

)
= 0

⇒ Gd(ω + q)
(
Hd∗

1 (ω + q)H1(ω) +Hd∗
0 (ω + q)ΘM(A∗ω)H0(ω)

)
G(ω) = 0

⇒ Hd∗
1 (ω + q)H1(ω) +Hd∗

0 (ω + q)ΘM(A∗ω)H0(ω) = 0

for a.e. ω, ω + q ∈ σΦ ∩ σΦd , where in the above derivation we used
the assumption that the Gram matrices G(ω) and G(ω + q) are non-
singular a.e. on σΦ ∩ σΦd . Consequently, b(ii) is true. Note that G

(or Gd) denotes the conjugate matrix of G (or Gd), not the conjugate
transpose. Inversely, if b(ii) holds, then the right-hand side of (2.20)
is equal to zero for a.e. ω, ω + q ∈ E = ∪

n∈Zs((σΦ ∩ σΦd) + n). If

ω ∈ Rs\E or ω + q ∈ Rs\E then Φ̂(ω) = 0 or Φ̂d(ω + λ + q) = 0 for
any λ and so, once again, the right-hand side of (2.20) (and so (2.2))
is equal to zero. Hence, the right-hand side of (2.20) (and so (2.2)) is
equal to zero for any n 6= 0 and a.e. ω ∈ Rs if and only if b(ii) holds.
By combining the above cases I and II we infer that (2.2) (and so (a))
holds if and only if (b) holds. Therefore the equivalence (a)↔ (b) has
been established.

(a) ↔ (c): If (a) holds then by (2.2) the following equality holds for
a.e. γ ∈ Rs and for any n ∈ Zs:

0∑
j=κ(n)

Ψ̂d∗(A∗j(γ + n))Ψ̂(A∗jγ) +
∞∑
j=1

Ψ̂d∗(A∗j(γ + n))Ψ̂(A∗jγ) = δ0,n.

(2.21)
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Using (2.19), first, and then (2.17) we obtain
∞∑
j=1

Ψ̂d∗(A∗j(γ + n))Ψ̂(A∗jγ) = f (n)(γ) =
̂̃
Φd∗(γ + n)

̂̃
Φ(γ) (2.22)

for a.e. γ ∈ Rs and n ∈ Zs, where Φ̃ and Φ̃d are two functions in
V0 and V d

0 defined in part (ii) of proposition 2. Furthermore in part

(iii) of the same proposition we showed that {τkφ̃ : k ∈ Zs, φ̃ ∈ Φ̃}
and {τkφ̃d : k ∈ Zs, φ̃d ∈ Φ̃d} are Bessel sequences, so, the sets

X
(0)

Φ̃,Ψ
and X

(0)

Φ̃d,Ψd
(which are of type (1.3)) are also Bessel systems. By

substituting (2.22) in (2.21) we derive

0∑
j=κ(n)

Ψ̂d∗(A∗j(γ + n))Ψ̂(A∗jγ) +
̂̃
Φd∗(γ + n)

̂̃
Φ(γ) = δ0,n

for a.e. γ ∈ Rs and n ∈ Zs and so, from (2.3), we infer that (X
(0)

Φ̃,Ψ
, X

(0)

Φ̃d,Ψd
)

is a pair of dual frames for L2. On the other hand if (c) holds, then (a)
holds as a result of [34, Proposition 5].

(a) ↔ (d): If (a) holds, then (d) is satisfied by θ = ΘM. To see
this, notice first, that, as a result of part (ii) of proposition 2, ΘM

is measurable and well defined for a.e. γ ∈ σΦ ∩ σΦd . Moreover, in
the course of proving the equivalence between (a) and (b) we showed
that d(i) is true and d(ii) is true for any q ∈ A∗−1Zs/Zs − {0}. Using
(1.4) and (1.5) it is easy to see that ΘM satisfies d(i) whenever q = 0.

Finally, from (2.16) and (2.18) we infer that the sequence
{∥∥Φ̂d∗(· −

k)ΘM(·)Φ̂(·)
∥∥
L1

: k ∈ Zs
}

is bounded.

On the other hand if (d) holds true, then the already established equiv-
alence between (a) and (b) shows that the proof of (d) → (a) will be
completed once we prove that θ = ΘM for a.e. γ ∈ σΦ ∩ σΦd . In fact,
from assumption d(ii) for q = 0, for any j ≥ 1 and for a.e. γ ∈ σΦ∩σΦd

such that A∗lγ ∈ σΦ ∩ σΦd for all 0 ≤ l ≤ j − 1, we obtain iteratively
using d(ii) that

θ(γ) =
( j−1∏
l=0

Hd∗
0 (A∗lγ)

)
θ(A∗jγ)

( j−1∏
l=0

H0(A∗j−1−lγ)
)

+ΘM,j(γ), (2.23)

where ΘM,j(γ) =
∑j−1

n=0 θ
d∗
n (γ)θn(γ). The hypothesis that for a γ ∈

σΦ∩σΦd we have A∗lγ ∈ σΦ∩σΦd for all 0 ≤ l ≤ j−1 is not necessarily
valid for almost all γ ∈ σΦ ∩ σΦd . However, it is valid for j = 1 as
d(ii) shows. Loosely speaking, our final effort is aimed in showing
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that the first term in the right-hand side of (2.23) tends to zero as
j → ∞. However, if the orbit {A∗jγ} jumps outside σΦ ∩ σΦd then
we cannot continue using d(ii) iteratively, because the latter equation
is valid only on σΦ ∩ σΦd . However, as we will immediately show this
does not become a problem. Indeed, pick γ ∈ σΦ ∩ σΦd such that for
some j we have A∗jγ /∈ σΦ ∩ σΦd . In fact, we assume that this j is the
smallest j ≥ 1 satisfying the said property. We need this because for
up to j − 1 we need to be able to use d(ii) iteratively. Without any
loss of generality we assume A∗jγ /∈ σΦ. Then,

0 = Φ̂(A∗jγ) =

j−1∏
l=0

H0(A∗j−1−lγ)Φ̂(γ)

⇒
j−1∏
l=0

H0(A∗j−1−lγ)Φ̂(γ + n) = 0, for any n ∈ Zs

⇒
j−1∏
l=0

H0(A∗j−1−lγ)
( ∑
n∈Zs

Φ̂(γ + n)Φ̂∗(γ + n)
)

= 0

⇒
j−1∏
l=0

H0(A∗j−1−lγ)G(γ) = 0⇒
j−1∏
l=0

H0(A∗j−1−lγ) = 0,

because the Gram matrix G(γ) is non singular a.e. on σΦ ∩ σΦd . From
the previous equality and (2.23) we obtain

θ(γ) = ΘM,j(γ) = ΘM(γ).

If A∗jγ ∈ σΦ ∩ σΦd for any j ≥ 0, then (2.23) is valid for every j ≥ 1
and so for any k,m ∈ Zs we have

Φ̂d∗(γ + k)
( j−1∏
l=0

Hd∗
0 (A∗lγ)

)
θ(A∗jγ)

( j−1∏
l=0

H0(A∗j−1−lγ)
)

Φ̂(γ +m)

= Φ̂d∗(A∗j(γ + k))θ(A∗jγ)Φ̂(A∗j(γ +m)). (2.24)

Since we assume a priori that the sequence
{∥∥Φ̂d∗(· − k)θ(·)Φ̂(·)

∥∥
L1

:

k ∈ Zs
}

is bounded, we infer∫
Rs

∣∣Φ̂d∗(A∗j(γ + k))θ(A∗jγ)Φ̂(A∗j(γ +m))
∣∣dγ

=
1

|detA|j

∫
Rs

∣∣Φ̂d∗(γ + A∗j(k −m))θ(γ)Φ̂(γ)
∣∣dγ

≤ C

|detA|j
, (2.25)
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for some positive constant C. The previous inequality holds for all k,
m ∈ Zs. Now, let Gj be the r × r-matrix valued function defined by

Gj(γ) :=
( j−1∏
l=0

Hd∗
0 (A∗lγ)

)
θ(A∗jγ)

( j−1∏
l=0

H0(A∗j−1−lγ)
)
.

The a.e. non-singularity of the Gram matrices G and Gd implies that

for a.e. γ ∈ σΦ∩σΦd each one of the sets of vectors {Φ̂(γ+m) : m ∈ Zs}
and {Φ̂d(γ + k) : k ∈ Zs} spans Cr. Consequently, if I is the set of all
finite subsets of Zs with r elements, then

σΦ ∩ σΦd ⊆ ∪I,J∈IYI,J
where the previous inclusion is with respect to null sets and

YI,J := {γ ∈ σΦ∩σΦd : Cr = span{Φ̂(γ+m) : m ∈ I} = span{Φ̂d(γ+k) : k ∈ J}}.

But, due to (2.24), we may write

Φ̂d∗(A∗j(γ + k))θ(A∗jγ)Φ̂(A∗j(γ +m)) = Φ̂d∗(γ + k)Gj(γ)Φ̂(γ +m) .

So, if v, w are two arbitrary vectors in Cr, then the previous equation
shows that if γ belongs to YI,J , then there exist coefficients cm and c′k
such that

w∗ · Gj(γ) · v =
∑
k′∈J

∑
m∈I

c′kcmΦ̂d∗(γ + k)Gj(γ)Φ̂(γ +m) .

Combining the previous equality with (2.25) we obtain∫
YI,J

|w∗ · Gj(γ) · v|dγ =

∫
YI,J

∣∣∣∣∣∑
k∈J

∑
m∈I

c′kcmΦ̂d∗(γ + k)Gj(γ)Φ̂(γ +m)

∣∣∣∣∣ dγ
≤ C

|detA|j
∑
k∈J

∑
m∈I

|c′k||cm|. (2.26)

Now, fix the vectors v and w of the previous argument. Then, inequal-
ity (2.26) together with Fatou’s lemma imply that for a.e. γ there
exists a subsequence jq(γ), where the inclusion in the notation of γ
intends to underscore that the indices jq(γ) may change as γ varies in
YI,J such that

lim
q→∞

(w∗ · Gjq(γ)(γ) · v) = 0 .

Combining this fact with the a.e. pointwise convergence of ΘM,j(γ) to
ΘM(γ) (see the proof of item (ii) of proposition 1), which gives

lim
q→∞

(w∗ ·ΘM,jq(γ)(γ) · v) = (w∗ ·ΘM(γ) · v)
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and with (2.23), we conclude that for a.e. γ ∈ YI,J we have

ΘM(γ) = θ(γ).

Since {YI,J : I, J ∈ I} is a cover of σΦ ∩ σΦd modulo null sets, we
conclude ΘM(γ) = θ(γ) a.e. on σΦ ∩ σΦd . �

By slightly modifying the arguments in the proof of Theorem 1 we
obtain the following result providing necessary and sufficient conditions
for XΨ to be a Parseval frame. This result generalizes [3, Proposition
3.1] and [52, Theorem 2.3].

Theorem 2. Let Φ be an r× 1 refinable function vector with low-pass
filter H0 ∈ Lr×r2 (Ts) satisfying the conditions (i) − (iv) of section 1.
Consider a wavelet family XΨ with mask H1 ∈ Lm×r2 (Ts). Then the
following conditions are equivalent:

(1) XΨ is a Parseval frame for L2.
(2) The Zs periodic r× r matrix valued Fundamental function Θ of

XΨ satisfies the following conditions:

(a) lim
j→−∞

Φ̂∗(A∗jγ)Θ(A∗jγ)Φ̂(A∗jγ) = 1 a.e. γ ∈ Rs,

(b) H∗0 (γ + q)Θ(A∗γ)H0(γ) +H∗1 (γ + q)H1(γ) = 0
for a.e. γ ∈ σΦ such that γ + q ∈ σΦ for any q 6= 0 in
A∗−1Zs/Zs.

(3) There exists a Zs periodic r × r matrix valued function µ with

measurable entries such that the function Φ̃ defined by
̂̃
Φ = µΦ̂

belongs in the space V0 = span{φ(· − n) : n ∈ Zs, φ ∈ Φ} and
XΦ̃,Ψ is a Parseval frame for L2.

(4) There exists a Zs periodic r × r positive semi-definite matrix-
valued function θ with measurable and a.e. finite entries such

that θ
1
2 (·)Φ̂(·) ∈ Lr×1

2 (Rs),

(a) lim
j→−∞

Φ̂∗(A∗jγ)θ(A∗jγ)Φ̂(A∗jγ) = 1 a.e. γ ∈ Rs,

(b) H∗0 (γ + q)θ(A∗γ)H0(γ) + H∗1 (γ + q)H1(γ) = δq,0 θ(γ) for
a.e. γ ∈ σΦ such that γ + q ∈ σΦ for any q ∈ A∗−1Zs/Zs.

Proof. (1) ↔ (2): We proceed by following the steps of the proof of
the equivalence (a) ↔ (b) of Theorem 1 for the case Φ = Φd, Ψ = Ψd

and ΘM = Θ. However, we observe that in the statement of part (b)
of Theorem 1, XΨ is assumed to be a Bessel family, whereas in the
statement of this theorem this hypothesis is removed. Recall that due
to [52, Proposition 2.2] (or [50]), whenever Φ = Φd, then

∞∑
λ=κ(n)

Ψ̂∗(A∗λ(γ + n))Ψ̂(A∗λγ) = δ0,n, a.e. γ ∈ Rs (2.27)
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if and only if XΨ is a Parseval frame for L2, with κ(n) as defined in
Lemma 1. Therefore (1) is equivalent to (2.27), so, it suffices to prove
that (2) is equivalent to (2.27). We do that by following exactly the
same steps as we did in the proof of the equivalence (a) ↔ (b) of
Theorem 1.

(1) ↔ (3): Take Ψ = Ψd, Φ = Φd and ΘM = Θ. Then by (2.13) and
(2.14) we derive that µ = µd = Θ1/2. The rest follow from the proof of
equivalence (a)↔ (c) of Theorem 1.

(1) ↔ (4): After noting again that Φ = Φd and since the integer
translates of the φi’s from a Bessel sequence, it becomes apparent that
this equivalence is a direct consequence of the proof of equivalence
(a)↔ (d) of Theorem 1. �

3. Examples

We close with some examples illustrating applications of theorems 1
and 2. Throughout this section we use the dilation matrix A = 2I2.
All examples below are in two dimensions but one can extend these
examples to three dimensions as well. More importantly, all constructs
are compactly supported in space.

Example 1. We present a method for constructing Parseval frames
of compactly supported wavelets on [0, 1]2 generated from a refinable
function vector Φ = (φ1, φ2)T ∈ L2×1

2 (R2) whose elements are sup-
ported on [0, 1]2 and satisfy conditions (i) − (iv) of section 1. To do
that we fulfill conditions (a) and (b) of item 4 of theorem 2 with θ = I2.
With this selection of θ these two conditions imply that

(a) Φ must also satisfy Φ̂∗(0)Φ̂(0) = |φ̂1(0)|2 + |φ̂2(0)|2 = 1 and
(b) we need to define a k × 2 wavelet mask H1 such that

H∗0 (γ + qi)H0(γ) +H∗1 (γ + qi)H1(γ) = δi,0I2, γ, γ + qi ∈ σΦ, (3.1)

where q0 = (0, 0), q1 =
(

1
2
, 0
)
, q2 =

(
0, 1

2

)
and q3 =

(
1
2
, 1

2

)
.

The refinement mask of Φ has the form

H0(γ) =
1

4

(
K +Le−2πiγ1 +Me−2πiγ2 +Ne−2πi(γ1+γ2)

)
, γ ∈ T2, (3.2)

where K = (Kij), L = (Lij),M = (Mij) and N = (Nij) are 2 × 2 real
(or complex) matrices. Let

X = 2

(
K11 L11 M11 N11 K12 L12 M12 N12

K21 L21 M21 N21 K22 L22 M22 N22

)
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be a 2 × 8 matrix whose (real or complex) entries are defined in (3.2)
and

W (γ) =
1

2



1 0
e−2πiγ1 0
e−2πiγ2 0

e−2πi(γ1+γ2) 0
0 1
0 e−2πiγ1

0 e−2πiγ2

0 e−2πi(γ1+γ2)


,

where γ = (γ1, γ2). Now from (3.2) we obtain

H0(γ + qi) = XW (γ + qi), i = 0, ..., 3, (3.3)

where the qi’s are defined in (3.1). Let X = UΣV ∗ be the Singular
Value Decomposition of the 2× 8 matrix X, where

Σ =
(

Σ2×2 O2×6

)
and Σ2×2 = diag(σ11, σ22) is a diagonal matrix whose diagonal entries
are the positive square roots of the eigenvalues of the matrix X X∗, U
is a 2× 2 unitary matrix whose columns are eigenvectors of X X∗ and
V is an 8× 8 unitary matrix whose columns are eigenvectors of X∗X.
From now on assume that both singular values of X are less than or
equal to 1, i.e.

0 ≤ σ22 ≤ σ11 ≤ 1.

Let 0 ≤ s0 ≤ 2 be an index such that

s0 =

 0 whenever σ11 = σ22 = 1
1, whenever σ22 < 1 and σ11 = 1
2 whenever σ22 ≤ σ11 < 1

. (3.4)

Then we define an (m+ s0)× 2 wavelet mask H1 by

H1(γ) =

(
Ps0×2 Os0×6

Om×2 Qm×6

)
· V ∗ ·W (γ), (m ≥ 6), (3.5)

(see also [26]), where

(i) the s0 × 2 matrix P results from the 2 × 2 diagonal matrix

(I2 − Σ∗Σ)
1
2 = diag(

√
1− σ2

11,
√

1− σ2
22) by deleting its first

(2− s0) rows which correspond to zero diagonal elements and
(ii) for anym ≥ 6, Q is anym×6 matrix with orthonormal columns.



EXTENSION PRINCIPLES FROM MULTIREFINABLE GENERATORS 27

By substituting (3.3) and (3.5) in the left hand side of (3.1) and by
recalling that the block matrix-valued function {W (γ+qi) : i = 0, ..., 3}
is unitary we obtain

H∗0 (γ + qi)H0(γ) +H∗1 (γ + qi)H1(γ) = W ∗(γ + qi)X
∗XW (γ)

+ W ∗(γ + qi)V

(
P ∗2×s0 O2×m
O6×s0 Q∗6×m

) (
Ps0×2 Os0×6

Om×2 Qm×6

)
V ∗W (γ)

= W ∗(γ + qi)V

(
(Σ∗Σ)2×2 O2×6

O6×2 O6×6

)
V ∗W (γ)

+ W ∗(γ + qi)V

(
(P ∗ P )2×2 O2×6

O6×2 I6

)
V ∗W (γ)

= W ∗(γ + qi)V

(
(Σ∗Σ + P ∗ P )2×2 O2×6

O6×2 I6

)
V ∗W (γ)

= W ∗(γ + qi)V

(
I2 O2×6

O6×2 I6

)
V ∗W (γ)

= W ∗(γ + qi)V I8 V
∗W (γ) = W ∗(γ + qi)W (γ) = δi,0I2. (3.6)

The last equality in (3.6) follows from the fact that all columns collec-
tively from all matrices W (γ + qi), i = 0, ..., 3 form a an orthonormal
set. Therefore, condition (b) of item 4 of theorem 2 is satisfied for
θ = I2, so, a class of affine Parseval frames of compactly supported
wavelets on [0, 1]2 has been constructed. Let us demonstrate a specific
example.

We seek to construct a pair of functions

φi(x, y) = (aix+ biy + ci)χ[0,1)2(x, y), ai, bi, ci ∈ R , i = 1, 2

satisfying the refinability equation

Φ(x, y) = K Φ(2x, 2y)+LΦ(2x−1, 2y)+M Φ(2x, 2y−1)+N Φ(2x−1, 2y−1)

for some 2 × 2 real matrices K,L,M and N . Then these functions φi
must have the form{

φ1(x, y) = (a1x+ b1y + c1)χ[0,1)2(x, y)
φ2(x, y) = d(a1x+ b1y + c2)χ[0,1)2(x, y)

, d ∈ R\{0}, c1 6= dc2.

If we take d = 1, a1 = b1 and assume that the corresponding jointly

refinable functions φ1, φ2 form orthonormal pair and satisfy φ̂1(0) = 1√
2

and φ̂1(0) = − 1√
2
, then we obtain two pairs of refinable function vectors

of the form (φ1, φ2)T or (φ′1, φ
′
2)T = (−φ2,−φ1)T , where{

φ1(x, y) =
√

3(x+ y − 1 + 1√
6
)χ[0,1)2(x, y)

φ2(x, y) =
√

3(x+ y − 1− 1√
6
)χ[0,1)2(x, y)

. (3.7)
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For the rest of this example we work with Φ = (φ1, φ2)T only. Then

the above condition Φ̂∗(0)Φ̂(0) = 1 is satisfied. Notice that φ1 and
φ2 are not individually refinable but they are indeed jointly refinable.
A routine space domain computation yields the following refinement
mask for Φ

H0(γ) = 1
16

(
3−
√

6
√

6− 1

−1−
√

6 3 +
√

6

)
+

1

16

(
3 −1
−1 3

)(
e−2πiγ1 + e−2πiγ2

)
+

1

16

(
3 +
√

6 −1−
√

6√
6− 1 3−

√
6

)
e−2πi(γ1+γ2).

Also, the orthonormality of φi’s implies that G(γ) = I2 for a.e. γ ∈ T2

and so the conditions (i)− (iv) of section 1 on Φ are satisfied. In this
case, X has orthonormal rows. Using Mathematica, we estimate the
singular values of X:

σ11 = σ22 = 1.

Therefore we may define an m×2 (m ≥ 6) wavelet mask by (3.5). If we
set m = 6 and A = I6 in (3.5), we obtain (again using Mathematica)
the wavelet mask H1 expressed as the product:

0.354353 0.150611 −0.875 0.237518 0.0793882 −0.0331296 −0.0331296 −0.145647
0.322985 0.569315 0.125 −0.591547 0.389891 0.106438 0.106438 −0.177015

−0.411331 0.609963 −0.125 0.0729854 −0.51536 0.286654 0.286654 0.088669

−0.379964 0.191259 −0.125 −0.0979498 0.174137 −0.852914 0.147086 0.120036
−0.379964 0.191259 −0.125 −0.0979498 0.174137 0.147086 −0.852914 −0.120036

−0.348597 −0.227445 −0.125 −0.268885 −0.136367 0.00751839 0.00751839 −0.848597

 W (γ).

The six resulting wavelets are non separable, orthonormal and they are
supported on [0, 1]2. They also have zero moments and are discontin-
uous on the lines x = 1

2
, y = 1

2
as well as on the boundary of [0, 1]2 as

shown in Fig. 1.

Example 2. This is a variation of the previous example. We modify
the wavelet mask H1 defined in (3.5) to generate a pair of affine dual
frames for L2(R2) arising from the refinable function vector Φ of the
previous example. Indeed, let us we extend the definition of the mask
H1 such that Q is an m × 6 matrix with e.g. linearly independent
(instead of orthonormal) columns. Define another mask Hd

1 by

Hd
1 (γ) =

(
Ps0×2 Os0×6

Om×2 Rm×6

)
· V ∗ ·W (γ), (m ≥ 6),

where P, V, W are as in (3.5) and R is an m× 6 real matrix such that
RQ = I6, which is the crucial condition we need to satisfy in order to
construct a pair of dual affine frame wavelet masks. For example the
rows of Q can form a frame and the rows of R form a dual of this frame,
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(a) (b) (c)

(d) (e) (f)

Figure 1. Plots of the six orthonormal wavelets gener-
ated from the function vector Φ in (3.7).

both in R6. Then, by working as in (3.6) we verify that condition (ii)
of item (d) of theorem 1 is satisfied with θ = I2, i.e.

H0(γ + qi)H0(γ) +Hd∗
1 (γ + qi)H1(γ) = δi,0I2, γ, γ + qi ∈ σΦ. (3.8)

Thus, a pair (Ψ,Ψd) of affine dual frames for L2(R2) is generated from
Φ.

In the previous example we modified the high-pass mask H1 resulting
in generating a pair of “dual” high pass masks. However, the core
machinery of the frame wavelet construction remained the same as in
example 1. In the next example we introduce in our construction a
“dual” refinable function.

Example 3. We continue assuming that Φ is as in example 1. Now,
consider a 2×2 measurable matrix valued function θ which is also uni-
tary on σΦ. Hence, the vector-valued function Φd = (φd1, φ

d
2)T defined

by

Φ̂d(γ) = θ(γ)Φ̂(γ), γ ∈ σΦ

is square integrable on R2. The latter property implies

Φd ∈ span{τnΦ : n ∈ Z2}.
Moreover, the unitarity of θ and the invertibility of the Gram matrix
G for a.e. γ in σΦ implies that the Gram matrix Gd in non singular for
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a.e. γ in σΦ as well. Observe that Φd is refinable with refinement mask

Hd
0 (γ) = θ(2γ)H0(γ) θ∗(γ), γ ∈ T2.

Also, Φ̂d∗(0)θ(0)Φ̂(0) = 1, so condition (i) of item (d) of theorem 1
is satisfied and Φd satisfies all conditions (i) − (iv) of section 1. In
addition,

‖Φ̂d∗(· − k)θ(·)Φ̂(·)‖L1 = ‖Φ̂d∗(· − k)Φ̂d(·)‖L1 = ‖φd1‖2 + ‖φd2‖2 <∞.

Let Hd
1 be as in example 2. Define the dual wavelet mask

H̃d
1 (γ) = Hd

1 (γ) θ∗(γ), γ ∈ T2.

Then

Hd∗
0 (γ + qi)θ(2γ)H0(γ) + H̃d∗

1 (γ + qi)H1(γ) = θ(γ + qi)(H
∗
0 (γ + qi)H0(γ)

+ Hd∗
1 (γ + qi)H1(γ)) = δi,0θ(γ), γ, γ + qi ∈ σΦ,

where the last equality was obtained from (3.8). Therefore condition
(ii) of item (d) of theorem 1 is satisfied and so we obtain a pair of affine
dual frames of L2(R2) generated from a pair (Φ,Φd) of refinable func-
tion vectors on [0, 1]2. If the entries of θ are trigonometric polynomials,
then the resulting wavelets are compactly supported on [0, 1]2.

In the following example we modify the method introduced in Example
1 in order to obtain a Parseval frame of compactly supported wavelets
on [0, 2]2.

Example 4. Let Φ = (φ1, φ2)T ∈ L2×1
2 (R2) be a refinable function

vector on [0, 2]2 satisfying conditions (i)− (iv) of section 1. Condition
(a) stated in example 1 must be satisfied by Φ as well. Since Φ is
supported on [0, 2]2, the refinement mask of Φ has the form

H0(γ) =
1

4

(
A+Be−2πiγ1 + Ce−2πiγ2 +De−2πi(γ1+γ2) + Ee−2πi(2γ1+γ2)

+ Fe−2πi(γ1+2γ2) +Ge−4πiγ1 +Ke−4πiγ2 + Le−4πi(γ1+γ2)
)
, (3.9)

where A = (Aij), ..., L = (Lij) are 2 × 2 real matrices. Then, as in
example 1,

H0(γ + qi) = X ·W (γ + qi), i = 0, ..., 3,

where

X =

(
A11 ... L11 A12 ... L12

A21 ... L21 A22 ... L22

)
and

W (γ) =

(
R9×1(γ) O9×1

O9×1 R9×1(γ)

)
(3.10)
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is a 18× 2 block matrix valued function with

RT (γ) = (1, e−2πiγ1 , e−2πiγ2 , e−2πi(γ1+γ2), e−2πi(2γ1+γ2)e−2πi(γ1+2γ2), e−4πiγ1 ,

e−4πiγ2 , e−4πi(γ1+γ2)).

This is where this example starts to differ from example 1. In this case,
all columns collectively from all matrices W (γ + qi), i = 0, ..., 3 form a
linearly independent set and not always an orthonormal set as we had
in example 1 when we derived (3.6). This particular orthonormality
plays a crucial role for the construction of a self dual wavelet mask
in example 1. To overcome this difficulty, we introduce an invertible
18× 18 weight matrix T such that

(i) W1(γ + qi) = T W (γ + qi) and
(ii) any pair of columns of any pair of the matrices W1(γ + qi),

i = 0, ..., 3 are orthogonal to each other and each column is a
unit vector. T his is precisely the property we used to prove
(3.6) in example 1.

This weight matrix T is given by

T =

(
S9×9 O9×9

O9×9 S9×9

)
,

where

S = diag
(1

4
,

1

2
√

2
,

1

2
√

2
,
1

2
,

1

2
√

2
,

1

2
√

2
,
1

4
,
1

4
,
1

4

)
(3.11)

is a 9× 9 diagonal matrix. Then,

H0(γ + qi) = XW (γ + qi) = X T−1︸ ︷︷ ︸
X1

T W (γ + qi)︸ ︷︷ ︸
W1(γ+qi)

= X1W1(γ + qi).

(3.12)

Now we can proceed as in example 1 performing SVD on X1 being
careful with the dimensions of the resulting matrices. Indeed, let X1 =
U ΣV ∗ be the SVD of the 2 × 18 matrix X1 defined in (3.12). By
working as in (3.6), it is not hard to verify, that, if the two singular
values of X1 are less than or equal to 1, then the (m+ s0)× 2 wavelet
mask

H1(γ) =

(
Ps0×2 Os0×16

Om×2 Qm×16

)
V ∗W1(γ), (m ≥ 16) (3.13)

satisfies (3.1). Here the index s0 is defined in (3.4), the s0 × 2 matrix
P depends on the singular values Σ = diag(σ11, σ22) of the 2× 18 ma-
trix X1 and Q is any m× 16 matrix with orthonormal columns. More
specifically, P results from the 2 × 2 diagonal matrix (I2 − Σ∗Σ)

1
2 =
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diag(
√

1− σ2
11,
√

1− σ2
22) by deleting its first (2− s0) rows which cor-

respond to zero diagonal elements. Therefore the Oblique Extension
Principle conditions of part 4 of theorem 2 are satisfied for θ = I2, so,
an affine Parseval frame of compactly supported wavelets on [0, 2]2 is
produced. Let us provide a specific example.

Take a compactly supported refinable function vector Φ = (φ1, φ2)T on
[0, 1]2 such that{

φ1(x, y) = 1√
2

(
χ[0, 1

2
)2(x, y) + χ[ 1

2
,1)2(x, y)

)
φ2(x, y) = 1√

2

(
χ[0, 1

2
)×[ 1

2
,1)(x, y) + χ[ 1

2
,1)×[0, 1

2
)(x, y)

) .

Note that the functions φ1 and φ2 are orthogonal and they are not
individually refinable but they are jointly refinable. The refinement
mask of Φ is the following

HΦ
0 (γ) =

1

4

(
1 1
0 0

)(
1+e−2πi(γ1+γ2)

)
+

1

4

(
0 0
1 1

)(
e−2πiγ1+e−2πiγ2

)
.

(3.14)
The orthonormality of φ1 and φ2 implies that GΦ(γ) = I2 a.e. on T2.

Let φ = χ[0,1)2 . With the previously defined φ1 and φ2 we denote a new

function vector Φ̃ = (φ̃1, φ̃2)T such that{
φ̃1 = φ1 ∗ φ
φ̃2 = φ1 ∗ φ

.

By working in the Fourier domain it is easy to see that Φ̃ is a refinable
function vector on [0, 2]2 with mask

H Φ̃
0 (γ) =

1

16

(
1 + e−2πiγ1 + e−2πiγ2 + e−2πi(γ1+γ2)

)
HΦ

0 (γ). (3.15)

The plots of φ̃1, φ̃2 are shown in Figure 4.

(a) (b)

Figure 2. Plots of φ̃1 and φ̃2.
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Also,
̂̃
Φ∗(0)

̂̃
Φ(0) = 1 and moreover GΦ̃ is non singular for a.e. γ ∈ T2,

otherwise φ̃2 ∈ span{φ̃1(· − n) : n ∈ Z2} (or φ̃1 ∈ span{φ̃2(· − n) : n ∈
Z2}). Then, there exists a measurable Z2-periodic function β such that

φ̂2φ̂ = βφ̂1φ̂ a.e. But φ̂ vanishes only on a null set, hence, φ̂2 = βφ̂1

a.e. which contradicts the fact that GΦ(γ) is non singular for a.e. γ.
By combining (3.14) with (3.15) and with the above choice of S (see
(3.11)) we compute the 2 × 18 matrix X1 as in (3.12). We perform
SVD of the matrix X1 using Mathematica. The singular values of X1

are
σ11 = 1, σ22 = 0.5.

Finally by taking Q = I16 in (3.13), we obtain a 17 × 2 wavelet mask
corresponding to a Parseval frame of 17 compactly supported continu-
ous wavelets on [0, 2]2 with zero moments. Below we give plots of three
of the designed wavelets (Fig. 4).

(a) (b) (c)

Figure 3. Plots of three representative wavelets of the
self-dual family Ψ produced from the refinable function

vector Φ̃ in Example 4

Example 5. Consider the functions{
φ1(x, y) = 1√

2
χ[0,1)2(x, y)

φ2(x, y) = 1√
2|Det(R)|χR([0,1)2)(x, y)

, (x, y) ∈ R2,

where

R =

(
2k 2l + 1

2µ+ 1 2ν

)
, k, l, µ, ν ∈ Z− {0}.

First we note that R(Z2) ⊂ Z2 and

φ̂2(γ) = φ̂1(RTγ), γ ∈ R2.

If R is an orthogonal matrix (whenever k = ν and l + µ = −1), then
R can be considered as a scaled rotation of [0, 1]2. Obviously, φ1 is
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refinable with mask

H0(γ) =
1

4

(
1 + e−2πiγ1

)(
1 + e−2πiγ2

)
, γ ∈ T2

with which we associate the usual orthonormal wavelet mask (high-pass
filter)

H1(γ) =

 H11(γ)
H12(γ)
H13(γ)

 =
1

4

 (
1− e−2πiγ1

)(
1 + e−2πiγ2

)(
1 + e−2πiγ1

)(
1− e−2πiγ2

)(
1− e−2πiγ1

)(
1− e−2πiγ2

)
 .

Then,

H0(γ + qj)H0(γ)+
3∑
i=1

H1i(γ + qj)H1i(γ) = δj,0, (j = 0, 1, 2, 3). (3.16)

Moreover, φ2 is refinable, because the entries of R are integers and φ1

is refinable. In particular, we have

φ̂2(2γ) = H0(RTγ)φ̂2(γ).

Therefore, the function vector Φ = (φ1, φ2)T is refinable with refine-
ment mask

HΦ
0 (γ) =

(
H0(γ) 0

0 H0(RTγ)

)
.

In addition, we have Φ̂∗(0)Φ̂(0) = |φ̂1(0)|2 + |φ̂2(0)|2 = 1. Also, the
Gram matrix GΦ(γ) is non singular for a.e. γ ∈ T2, otherwise φ2 ∈
span{φ1(· − n) : n ∈ Z2}. Indeed, φ2 is compactly supported and
{φ1(· − n) : n ∈ Z2} is an orthonormal set. Consequently, if φ2 ∈
span{φ1(· − n) : n ∈ Z2}, then φ2 =

∑
n∈I cnτnφ1, where I is a finite

subset of Z2. But the latter sum is a function with constant values on
integer translates of [0, 1]2, hence it cannot be equal to φ2. Therefore,
GΦ(γ) is non singular for a.e. γ ∈ T2. Once again we seek to construct
a wavelet mask so that the Oblique Extension Principle conditions of
part 4 of theorem 2 are satisfied. First, the continuity of φ̂1 and φ̂2

implies

lim
j→−∞

Φ̂∗(2jγ)Φ̂(2jγ) = |φ̂1(0)|2 + |φ̂2(0)|2 = 1 .

Let us now define the 6× 2 wavelet mask by

HΦ
1 (γ) =

(
H1(γ) 0

0 H1(RTγ)

)
.

Since

RT (γ + qj) = RTγ +RT qj for any qj
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and RT
(
Z2/2Z2

)
= Z2/2Z2 with a bit of abuse of notation, because

the rows and the columns of R add up to an odd number, we finally
deduce, by taking also (3.16) into account that

HΦ∗
0 (γ + qj)H

Φ
0 (γ) +HΦ∗

1 (γ + qj)H
Φ
1 (γ) = δj,0 I2.

Hence, both conditions of part 4 of theorem 2 are satisfied (with θ = I2),
thus giving rise to an affine Parseval frame on L2(R2) with 6 compactly
supported wavelets. Notice that three of these wavelets can be obtained
by the action of the transform matrix R−1.

References

[1] A. Aldroubi, Oblique and hierachical multiwavelet bases, Applied Comp. Har-
mon. Anal. 4 (1997) 231–263.

[2] A. Aldroubi, M. Papadakis, Characterization and parametrization of multi-
wavelet bases, in: A. Aldroubi, E.B. Lin, (Eds.), Wavelets, Multiwavelets and
Applications, Contemp. Math., 11 (1998) 97–116.

[3] N. Atreas, A. Melas, T. Stavropoulos, Affine dual frames and Extension Prin-
ciples, Applied Comput. Harmon. Anal. 36 (2014) 51–62.

[4] A. Ayache, Construction of non separable dyadic compactly supported wavelet
bases for L2(R2) of arbitrarily high regularity, Revista Mat. Iberoamericana,
15 (1) (1999) 37-58.

[5] L. Baggett, A. Carey, W. Moran, P. Ohring, General existence theorems for
orthonormal wavelets. An abstract approach, Publ. Inst. Math. Sci. Kyoto
Univ. 31 (1995) 95-111.

[6] L. W. Baggett, P. E. T. Jorgensen, K. D. Merrill, J. A. Packer, Construction
of Parseval wavelets from redundant filter systems, J. Math. Phys. 46 (2005)
083502–1 to 083502–28.

[7] E. Belogay, Y. Wang, Arbitrarily smooth orthogonal non-separable wavelets
in R2, SIAM J. Math. Anal. 30 (3) (199) 678-697.

[8] J. J. Benedetto, J. R. Romero, The construction of d–dimensional multireso-
lution analysis frames, J. Appl. Funct. Anal., 2 (4) (2007) 403-406.

[9] J. J. Benedetto, O. M. Treiber., Wavelet frames: Multiresolution Analysis and
Extension Principles, in Lokenath Debnath (Ed.), Wavelet Transforms and
Time-Frequency Signal Analysis, Applied and Numerical Harmonic Analysis,
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