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Abstract

We consider the ring network with spatial reuse. Traffic streams may enter
and exit the network at any node. We adopt an arrival traffic model with
deterministic constraints on its sample paths, which conforms to the output
traffic of a leaky bucket rate control mechanism. A transmission policy specifies
at each time which traffic stream will be transmitted at the outgoing link by
each node. We provide an upper bound on the asymptotic backlog of the ring
that holds for all work-conserving policies and is independent of the initial
conditions. This bound remains finite as long as the maximum load of every
link is less than one. The latter condition is also necessary for the existence of
an asymptotic bound that is independent of the initial conditions.

1 Introduction

We consider a uni-directional ring with spatial reuse, i.e., a ring in which multiple
simultaneous transmissions are allowed as long as they take place over different
links. A node can transmit at the outgoing link at the same time that it receives
traffic from the incoming link. Initially it is assumed that the ring has cut-through
capabilities, i.e., that a node receiving traffic from its incoming link may retransmit
the traffic immediately at the outgoing link. Results are obtained later for store and

forward rings as well. The ring with spatial reuse, special implementation of which
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is the register insertion ring [2], has attracted a lot of attention recently since it
allows a considerable increase in the throughput over the classical ring. Two classes
of transmission control policies have been proposed and analyzed. The first class
attempts to achieve the fair treatment of the nodes [7], [4], [11], [8], while the second
guarantees the maximal stability region for the ring [1], [9].

In this paper we address the issue of stability of the ring under work-conserving
policies. We adopt an arrival traffic model where certain deterministic constraints
are satisfied by all sample paths. This model was introduced by Cruz [5] and and
conforms to the output traffic of a leaky bucket rate control mechanism. When the
ring is operated under distributed policies it may exhibit very complicated behavior
as it has been demonstrated in recent studies. Cruz in [6] has obtained a sufficient
stability condition for the ring operated under a simple distributed policy. The
stability condition was strengthened later by [17]. However, the condition in [17]
is still stronger than the condition that all link loads are less than one, and the
question whether the latter condition is sufficient for stability of the ring remained
open [13], [10]. While this condition is intuitive, related studies [12], [16], [14], [15] in
the same context have shown that simple distributed systems may exhibit unstable
behavior even if the condition is satisfied and sophisticated policies may be needed
for their stabilization. For a single class Jackson-type network, it has been shown in
[3] that the system is stable when the load to each node is less than one. The method
presented in [3], however, does not seem to extend to multi-class non-feedforward
networks, a special case of which is the ring topology studied here.

In this work we show that any work conserving policy provides the maximal
stability region for the ring. This result indicates that no sophisticated control is

required for stabilizing a ring network. More specifically we provide an upper bound



on the asymptotic backlog of the ring that holds for all work-conserving policies and
is independent of the initial conditions, under the condition that the maximum load
of every link is less than one. This condition is also necessary for the existence of
an asymptotic bound that is independent of the initial conditions. Moreover, if the
maximum load of a link is larger than one, then there exist input traffic patterns
for which the backlog cannot be bounded under any initial conditions. Note that
the results of this paper hold for work-conserving policies. It can be seen by simple
examples that the stability conditions of policies like Metaring [4] and Orwell [7],
which do not have the work-conserving property, are in general stricter than the
condition that the maximum load of every link is less than one (see also [8] where
the throughput properties of these policies are studied under the assumption of zero

propagation delays).

2 The model and the transmission policies

Let M be the number of nodes and denote the set of nodes, M ={0,...,M — 1}.
The operations i @ j and ¢ © j denote respectively, addition and subtraction modulo
M. Furthermore, when i, j refer to node indices we denote Zi:l Tp = X + Tigl +
...+ xjo1 +x;. We assume that the nodes are arranged on the ring according to
their index so that the outgoing link of node 4 is the incoming link of node i & 1.
The sth link is joining nodes ¢ and ¢ @ 1. Nodes ¢ & k and ¢ & k are called the kth
node “downstream” and “upstream” from node i, respectively. For any two nodes
1,7, there may be traffic entering the ring at node ¢ with destination node j. Let
A;j(t1, t2), t1 < t2, be the amount of traffic that arrives to node i from the outside
with destination node j, in the interval [t1, t2) and A;(t1,t2) = ZjeM Aij(ti,t2).

If i = 4, then the traffic from node ¢ has to make a full circle around the ring and



exit at node ¢ again. We assume that the input traffic satisfies the following relation
Aij(tl, tg) < pij(tg - tl) + 045, 1,7 € M. (1)

The transmission capacity of all links is the same, equal to one. Each link ¢ has a
propagation delay (3; (it may be zero). At any time the amount of traffic that exists
in link ¢ is upper bounded by 3;. We define 8 = Ef\i 1 B

Let

i
Pm = Z Z Pij-

1EM j=md1

The quantity p,, is an upper bound of the average rate of the total flow through link
m. Our objective is to show that if the maximum link utilization on the ring is less
than one, i.e., p:= max{p; : i € M} < 1, then the ring is stable under any work-
conserving policy. This is made precise in the theorem of the next section. Before we
proceed we need some notation. Let Q;;(t) be the amount of traffic with destination

node j stored at node 7 at time ¢, and Q;(t) = >_,;cpq Qij(t). The amount of traffic

traveling at time ¢ on link ¢ with destination link j is denoted by e;;(t). Also, let

ei(t) = > jer€ij(t) be the total traffic at time ¢ on link i. Note that e;(t) < 8; for
all ¢ > 0. The degree of node m at time ¢, dy,(¢), is defined as the total amount of
traffic that exists on the ring at time ¢, that has to cross node m in order to reach
its destination. This traffic may be either queued at any of the nodes on the ring,

or it may be traveling on any of the links. By definition,

dm(t) = Diem Z;:m@l Qij(t) + 2ieM Zé’:m@l eij(t)

1) + Srent o S QD) - St S e (B, )

For the sake of generality we allow more than one packets to be transmitted



simultaneously as long as the total transmission rate of all packets is less than 1 at
all times. Let p;;(t) be the transmission rate of traffic with destination j through

link ¢ at time t. Then

> pii(t) <1, t>0.

JEM
A transmission policy is any rule for selecting the transmission rates such that, in

addition to the above capacity condition the following holds

pij(t) < picnj(t), if Qij(t) =0,

which is necessary for flow conservation at every node. The backlog of stream j at

node ¢ evolves according to the equation

to t2

pio1j(t — Bie1)dt — / wij(t)dt, ta >ty

t1

Quj(t2) = Qi (1) + /

t1

In this paper we are interested on the class of work-conserving policies W. It contains
those policies for which each link transmits in full capacity whenever the backlog in

its origin node is not empty, that is u;(t) = 1 if Q;(¢) > 0.

3 The bound on the backlog

A bound of the backlog over all work-conserving policies is given in the following

theorem.

Theorem 1 If the traffic constraints satisfy the condition max{p;: i € M} < 1,

then for any initial condition @Q;;(0), €;;(0), and under any work conserving policy,

2
lim sup (max {Q;(t) : i € M}) < w
t—o00 B p

+ 6,

where o =3, i A Tij.



Proof. We will show the stronger result

lim sup (max {d;(t) : i € M}) < M + 8,

t—o0 1—p

which by (2) implies the theorem. The proof will be by contradiction. The basic
idea is to show that if for an arbitrarily large time the degree of some node is above
the specified bound, then necessarily at some earlier time there will be a node with
even higher degree. Following this backward in time procedure we will conclude
that at the beginning of time at least one node has degree higher than the specified
initial conditions, a contradiction.

Assume that the previous inequality is not true. Then there exists 6 > 0, such
that for any time ¢ there is a time T' > ¢ at which the following holds.

M6+ MB+ M?*o
I—p

max {d;(T) : i € M} > + B. (3)

Denote the right-hand side of equation (3) by B. Equation (3) implies that there
is a node my, such that d,, () > B. Let 7 = (B — 5)/M and assume that ¢ is
fixed with ¢ > 7 so that T > 7. By (2) there is at least one node, k, such that
Qr(T) > (B — p)/M. We will show next that the queue of node k is nonempty
during the interval [T'— 7, T). To see this, let 79 be the length of time since the last
instant before 7" that node k was empty (if the node was nonempty in the interval
[0, T), the claim is true.) Then since the employed policy is work conserving we
have that

Qr(T) = Ap(T — 710, T) + Rie1 (T — 70, T) — 70,

where Ryo1(T —710,T) is the traffic received from link k&1 by node k in the interval
[T — 19, T), with destination a node other than node k. Since the transmission

rate of all nodes is 1 and the nodes have cut-through capability, we have that



Ryc1(T — 10, T) < 79 and therefore, Qi (T) < Ax(T — 19, T') < p19 + 0. Taking into

account that Qx(T) > (B — )/M = 1, we conclude

T—O0

It remains to observe that by the definition of 7 and B, we have that (1 —o)/p > 7.
Returning to node my, define 7 as follows. If the queue of node m; is nonempty
in the interval [T'— 7, T'), set 71 = 7. Otherwise, let 71 be the length of time since

the last instant before 7" that the queue of node m; was empty. Note that 7, = 0 if

Qm,(T) =0.
Consider now the sequence of nodes m; and time lengths 7;, 1 <14 < I, obtained

by the following procedure.
1. If m; = 7, then I = 1; stop. Else, i = 2.
2. my=m;—1 01

3. If the queue of node m; is nonempty in the interval [T — 7, T — 23;11 7;), set

Ti=T— Z;;ll 7;; 1 = 1i; stop.

4. else, let 7; be the length of time since the last instant before T — Z;;ll 7; that

the queue of node m; was empty; ¢ < ¢ + 1; go to step 2.

Note that the fact that node k is nonempty in the interval [T" — 7,T) implies that
a) I < M and b) Z]I‘:1 T =T.
Let A™(t1, t2) be the traffic that arrives in the interval [t1, t2) from the outside

to any node on the ring and has to be transmitted through node m in order to reach



its destination. That is,

" (t1, t2) Z Z Aij(t, t2). (4)

1EM j=mP1l
From (1) we conclude that
A™(t1,t2) < pm(te —t1) + o

Since the queue of node m;, 1 < i < I, is nonempty in the interval [T’ —E;Zl 7, T —
1) an e policy is work-conserving, node m; transmits a e link transmis-
-~ 7j) and the policy k g, nod t ts at the link t

Jj=1

sion capacity in this interval and therefore,

o, (T =020 7) = dn (T= i) + 4™ (T =S, T- S m) =7
< dp, T—Z;ZIT]‘ +p7i+o—T
()
where we adopt the standard convention that Z; =0 when ¢ < j.
Note next that the ring topology implies the following relation for the node

degrees
di(t) < diea(t) + €ien(t), if Qi(t) =0. (6)

Assume now that I > 2. By (6) and the definition of the indices m; we have that

i—1 1—1
Qo | T=D 75 | Sy [T=D 75| +Bmiy 2<i<T (7)
7j=1 7j=1

From (5) and (7) we conclude that

i—1
dm,; T—ZTj ZT] P)Ti+ 0+ Pm,;, 2<i<1. (8)
=1



Summing the inequalities in (8) for i = 2,...,I together with the inequality in (5)
corresponding to ¢ = 1, canceling identical terms and taking into account the fact

that Z]I':1 Tj =T, we get
oy (T) < iy, (T = 7) = (1= p)7 + Lo + B (9)

From (5) we see that (9) holds for I = 1 as well. Replacing the value of 7 and

recalling that I < M, we finally conclude

A, (T —T) Ay, (T)+ 0+ B+ Mo —1o—f
d

>
> dy, (T) + 6.

If T' > 27, we can repeat the same argument at time 7' — 7. In general, repeating the
previous procedure we conclude that there are node indices [,, 1 < n < L%J + 1,

such that [y = m; and
dlnH(T —n1) >d;, (T —(n—1)T)+ 4.

Therefore, for n = L%J , we have that

o (1 2] i | sz me |2 o

T

Since t can be chosen arbitrarily large and T' > ¢, we conclude that there is a node
whose degree can become arbitrarily large in the interval [0, 7). This is impossi-
ble however, since the maximum degree of any node in this interval is less than
max {d;(0) : i € M} + pT+ 0+ 0. O

The necessity for stability of the condition that the load of each link is less than
one, follows from the following fact. If max{p; : i € M} = 1, then there are traffic
patterns for which no asymptotic bound, independent of the initial conditions can

be found. Consider for example a single queue where p = 1 and consider the input



stream A(t1,te) = tg — t1. Clearly, the queue size in this case will be equal to the
initial conditions. This example can be easily extended to any ring network. If
max{p; : i € M} > 1, then there are traffic patterns such that the backlog on the
ring cannot be bounded under any initial conditions. For example, consider the case
A;j(ti,t2) = pij(ta — t1) and let m be a node such that p,, > 1. Since in this case
A™(t1,t2) = pm(ta — t1), it is clear that the backlog of the traffic that has to cross

node m will increase indefinitely.

4 Remarks-Discussion

There are several interesting consequences of the analysis in the proof of theorem
1. One of them is a bound on the elapsed time until the backlog will cross below a
certain threshold. Let 6 > 0, and define Tf as the last time after which the node
degrees will never exceed the threshold

_M5+MB+M20
= T,

Bs + 5.

According to theorem 1 this time is well defined. Using a slight modification of the

proof of this theorem, it can be shown that

_ +
i < (MOEETE I L) (1)

where at := max(a,0), 75 = (Bs — 8)/M and d(0) = max {d;(0) : i € M}. Denote
the right-hand side of equation (11) by Us. Indeed, if Tf > Us, then for some
T > Us we should have d,,(T") > Bj. Following the same argument as in the proof
of theorem 1 we conclude from (10) that dy,,, (T — [£]7) > d(0) + p7s + 0 + B,
which is impossible. Note that for M > 2, if d(0) = 0, then Us = 0, and therefore

the bound in theorem 1 is never exceeded.

10



The bound on Té readily gives an upper bound for the node degrees that holds

at all times and not only asymptotically. For general initial condition we have
d;(t) < max {d(O) YUl +o, Bg} .

The results are easily generalizable when the ring has store-and-forward capa-
bilities instead of cut-through. In this case, a node cannot process a packet until it
is completely received. Let L be the maximum packet length. Minor modifications
of the proof of the theorem can be used to show that the system is stable in this
case as well and the corresponding bound is now

MB+ M?L + M?*o
L—p

+ 5.

It is not clear whether the bound of theorem 1 is tight within the class of work
conserving policies. Nevertheless it provides a basis for comparison. When there
is no propagation delay, the bound of theorem 1 becomes M?c/(1 — p). For the
adaptive quota policy considered in [9], the bound on the asymptotic backlog is
2(c +1)/(1 — p). Hence the latter policy performs better than the worst possible
performance of a work conserving policy by a factor of the order of the square of

the number of nodes in the network.
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