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Abstract

We consider a noise-limited wireless sensor network that consists of battery-operated nodes which
can route information to a mobile sink in a multi-hop fashion. The problem of maximizing the network’s
lifetime, defined as the period of time during which the network can route a feasible flow to each
sink location subject to power/energy constraints, is cast into a linear program, reduced into a simpler
equivalent form and solved via dual decomposition. The unknowns are the sink sojourn times and the
routing flow vector for each sink location. The presence of a mobile sink presents new challenges but
the problem structure can still be exploited to find the optimal solution. A distributed algorithm based
on the subgradient method and using the sink as leader is proposed and its performance is evaluated

through simulation for random networks. The algorithm’s requirements in memory are also provided.

Index Terms

Sensor networks, network lifetime, duality, subgradient method, primal recovery.

I. INTRODUCTION

Wireless sensor networks (WSNs) typically consist of a large number of nodes used for gathering
information from a geographical area and sending it in a multi-hop fashion to designated sink nodes for
further processing. They are often employed in environmental monitoring applications, which requires

their topology to be either fixed or slowly varying in a controllable manner, and their operational lifetime
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is of the order of weeks or months. In addition to the usual ad-hoc nature of their formation, they
possess the unique characteristics of even more stringent energy/power requirements, due to their long-
term operation, as well as high correlation between the data generated in proximal nodes. Hence, issues
such as source coding, resource allocation (power, bandwidth etc.) and routing policies become very
important. This paper deals with the last two issues by jointly optimizing resource allocation and routing
in order to maximize a suitably defined notion of network lifetime for a sensor network where the sink
is mobile. Furthermore, due to the ad-hoc nature of these networks, we specifically direct our attention
towards algorithms that are amenable to a distributed implementation.

Although the individual facets of the energy-efficient routing problem, i.e. optimal routing and resource
allocation, have been extensively studied in isolation (see [1], [2] and the references in [3]), recently the
focus has shifted towards cross-layer optimization. Reference [3], with which this work shares many
traits (though our model does not fit in its framework), provides a general methodology for optimizing
various performance metrics through the formulation of convex problems with the flows and allocated
resources as unknowns. Similarly, [4] derives a schedule and power allocation policy that, for given
minimum rate requirements, minimizes the average total power expended by the network. Finally, in the
limiting case where the number of nodes grows denumerably to infinity (i.e. the nodes are so closely
placed that macroscopic quantities can be defined as aggregate averages) the problem of minimizing the
average total power can be cast into a partial differential equation (pde) similar to the ones encountered
in electrostatics [5], [6].

All of the aforementioned literature considers the total expended power (usually in its long-term average
form) as the sole metric of power efficiency which, as observed in [7], can be misleading in the case of
sensor networks, since the network lifetime is not directly related to the total expended power. Hence, a
min-max formulation is more appropriate than the standard min-sum previously used. This is performed
in [8], where an interference-free sensor network in the low-SNR regime with a single stationary sink is
considered and the lifetime problem is solved through subgradient projection. Reference [9] considers a
general interference-limited network and formulates the combined scheduling/routing/resource allocation
as a non-convex problem which is then approximated by a convex one in the high-SNR regime. Again,
a single stationary sink is considered.

The case of a mobile sink has received less attention than the stationary sink, although it has been
demonstrated in [10]- [12] that a mobile sink can potentially increase the network’s lifetime by causing
lower saturation on the nodes close to the sink due to its changing positions. Such a sink may be a

small vehicle, possibly unmanned, equipped with wireless transceiver. The vehicle may stop at specified

May 7, 2007 DRAFT



locations (i.e. terminals), where it can dock and collect available network data without obstructing other
vehicles (e.g. consider a WSN employed over cultivated farmland for the purpose of measuring air
humidity. Since an arbitrary sink movement could damage the crops, it is more likely that the sink moves
among predetermined locations). Recently, [13] examined multiple mobile sinks on sensor networks and
developed approximation algorithms for special cases of NP-complete problems. However, the proposed
algorithm is not easily adapted to a distributed environment. The main contribution of this paper is the
development of an efficient distributed (and parallel) algorithm for a single mobile sink sensor network,
offering an alternative to the centralized solution of [12]. As such, considerable emphasis will be placed
on issues related to distributed implementation.

The rest of the paper is organized as follows. Section Il contains the model description and statement
of the problem. The dual formulation, along with supporting analysis, is presented in Section Il with
Section IV describing in detail the distributed version of the proposed method. Numerical results and
heuristics are presented in Section V while Section VI concludes the paper and offers directions for future

work.

Il. SYSTEM MODEL AND STATEMENT OF THE PROBLEM

Consider a set A/ of battery-operated wireless sensors, which are randomly deployed over a given area
and remain stationary once placed. In the following, we model the system at the network flow level,
i.e. packet scheduling is not taken into account. Each sensor (a.k.a. node) i € A/ produces information,
at a fixed deterministic rate @); > 0, which must eventually be routed in a multi-hop fashion (i.e. using
other stationary nodes), to a distinct sink node s, moving between different locations [ € £. Such routing
is possible only if there exists a directed path from each node to at least one sink location [, which
is hereafter taken for granted. Node a communicates directly with node b, i.e. a directed link (a,b)
exists, if the received power at b due to a’s transmission is above a certain threshold, when a transmits
at maximum power. To make the distributed implementation (to be presented later) more tractable, all
links are assumed to be bi-directional, i.e. if a can communicate with b but not vice versa, none of the
edges (a,b), (b,a) is considered to exist. This restriction is imposed for convenience purposes and is not
required per se for the validity of the ensuing analysis.

The system is considered to operate in the low-SNR regime such that transmissions incur a power
expenditure directly proportional to the amount of transmitted information rate. This assumption is
justified in the context of, say, ultra-wide band (UWB) networks (see [14] for a detailed description of

the underlying physical model) which have lately attracted significant attention for sensing applications.
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We further assume, following a convention established in previous works, that receptions incur no cost (a
similar model has been proposed in [8] for a stationary sink). Adding a reception cost to the destination
node of each transmission does not change the main principles of our analysis or the structure of the
algorithm to be presented! and is neglected in order to simplify the discussion.

The sink’s movement over different locations effectively creates a new digraph G' (J\/U {s},Sl) for
each sink location [ (where the sink is allowed to stay for an arbitrary amount of time) and, hopefully,
distributes the routing and associated power costs more evenly compared to a stationary sink. All nodes
1 € N except for the sink are equipped with a non-renewable amount of energy E; > 0, which is
gradually depleted as the nodes participate in routing, and operate under a peak transmission power
constraint P; > 0. Once a node’s energy is drained, the node can no longer transmit. The lifetime of
the network has been traditionally defined as the period of time until the first node runs out of energy.
We start from a definition that captures the notion that a network is alive as long as it can transfer all
generated traffic to the sink while satisfying the energy/power and flow conservation constraints.

Specifically, we say that the network is survivable up to time 7" if for each sink location [ € £ a) there
exists a sequence of time intervals 7}, k = 1,..., K, (representing the time intervals during which the
sink resides at location /) such that 7" = >, _ - S et 7t and b) there exist feasible flow/power allocations
FE1 pli! for each time interval 7. Here f/' and p;' denote the traffic rate and transmission power,
respectively, on link (i, ) during the interval 7/. Denoting with S! = {n € N': (i,n) € &'} the set of
outgoing neighbors of node 4 for sink location I, the term feasible means that the following conditions

are true?

K,
SNNSN P < B, VieN, (1)

leL k=1 jeS!

P <P, VieN,Vke{l,...,K}, VieL, )
JES]

ol <n (pfj?l> , Vke{l,....K)} V(5 e, ViecL, 3)
SNt =i+ Y Y. VieNU{sh, VEe{l,... K}, VIEL (4)
JES! j:ieS}

Equation (1) ensures that the total expended energy by node ¢ during the network’s operation will not

exceed the initial energy reserve I;, while (2) places a peak transmission power constraint P; (say, due

as a foresight, only the edge costs dﬁj of the minimum cost flow problem developed in (17) of Section I1I-B are modified.
the specification of the vector (Tli, fi';’l,pf;l) for all 4, j, k, I can be regarded as a policy specification. Hence, a policy achieves

survivability up to time 7' if 7=, S/, 74 and (ffj’l,pf]fl) is a feasible allocation.
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to FCC regulations) to node 7 for all time intervals and sink locations. Equation (3) provides a capacity-
related upper bound h (pf]?l), where & is a non-decreasing concave function, on the achievable link rate
£ on link (i, j) using power pfi'. Finally, (4) ensures long-term network stability under a fluid model,
which is most suitable for the macroscopic (flow) level at which we examine the problem. For consistency
reasons, we also define Q% £ Q, = — > icn @i, V1€ L. Notice that flow conservation is imposed for
each individual sink location.

In this paper we are interested in maximizing the survivability time of the network, i.e. the problem

leL k=1 5)
s.t. constraints of (1)-(4).
The maximum value of T" in (5) is defined as the network “lifetime” (equivalently, the network “dies” at
time T7). This definition justifies the imposition of (4) as a problem constraint since, under the optimal
solution, the network lifetime will usually be sufficiently large for buffer overflow to occur in any location
of non-zero sojourn time (even though the latter may be a small portion of the total lifetime) where (4)
is violated. This is especially true considering the hardware capabilities of typical sensors.

Using a standard convex combination argument (see Appendix 1), it is easy to show that we can restrict
our attention to time-invariant flows for each sink location (i.e. a single flow allocation for each location
suffices), thereby removing the k& summation from all previous relations. The following observations
are also useful. First, it is clear that (3) holds with strict equality at optimality, since if there was an
allocation such that ffj’l <h (pfjfl> for a specific interval T,i and link (4,5) we could reduce pf]?l until
equality is achieved with no reduction in network lifetime. For an interference-free environment, the
low-SNR regime assumption allows us to use the following approximation to the Shannon rate formula
fli=nh (p%) =rln (1 +al; pﬁj/N()) ~ raj; pl;/No = pl;/€l;, where r,al; are link specific quantities
that depend on path quality, employed transmission scheme etc. Hence, elij represents the power required
to sustain a rate of 1 bps from node 7 to node j when the sink is at location [. Clearly, if both 4, j are static
nodes, the [ superscript is redundant since the same channel exists for all sink locations (i.e. eﬁj = ej; V).
It is only when j becomes equal to the sink index s that the [ superscript becomes meaningful and in fact
necessary to avoid ambiguity. The above results in the original problem being reduced to the equivalent

form

maximize ) ", (6)
leC
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st ) fhelitt <E;, VieN, @)

leL jeS!

S flel <P, VieN, VieL ®)
JES}

S fi=Qi+ > fli, VieNU{s}, VieL 9)
jES! FRISSH

Introducing the auxiliary variable bl; = £}, ¢' and multiplying (8), (9) by t' converts the above problem
into a linear program with respect to tl,blij. Since the original problem has been reduced to a simpler
form, we summarize the simplified notation in Table | for the reader’s convenience. Although in principle
any LP solution technique can be applied (as was the case in [12] where a centralized simplex algorithm
was used), we will focus instead on a distributed algorithm derived via duality.

The power constraint of (2), (8) models a broadcast transmission, where each node operates in a frame
fashion and allocates individual slots in its frame to each of its neighbors. In that sense, P; is understood
as the maximum power expenditure per frame. Another meaningful constraint could be applied on a
slot basis and it would be expressed by dropping the j summation from (2), (8), so that an additional
constraint of the form ffjeﬁj < ]52-3- would appear for each edge and sink location. As will be seen in
Section Il1, this additional constraint is trivial to incorporate in our model, since the problem remains
convex and only the upper bounds of the flow in (13) (to appear soon) are affected, while the dual
minimum cost flow problem remains unaffected.

Finally, it is interesting to consider the relationship between the network’s lifetime and the first time
at least one node dies under the optimal policy of time-invariant flows for each sink location. For an
immobile sink, the previous definition of lifetime implies that, when the problem has a feasible solution,
the death of the first node occurs at the time the network dies under the optimal time-invariant policy2.
However, this is not the case for a mobile sink, as the trivial counterexample of Fig. 1 demonstrates.
In Fig. 1, the sink is allowed to move between two locations (marked as squares) while information is
injected into the black node with rate Q = 1 (the white nodes act as relays only). All nodes have a power
constraint of P = 1 and energy constraint of £ = 1 for the white nodes and £ = 2 for the black node.
The link labels represent the edge costs eﬁj of (7)-(8). Clearly, an optimal policy consists of the source

always transmitting with rate 1 to each relay node, which then forwards this rate to the sink. Regardless

this does not exclude the existence of optimal time-varying policies where the network survives the first node’s death. However,
Appendix | guarantees that these policies can be replaced by time-invariant policies, of optimal lifetime, where the network dies

exactly when the first node dies.
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of the order in which the locations are visited, each relay can transmit for at most one unit of time,
leading to a network lifetime of 2. Furthermore, there exists no time-invariant policy which can force
both relay nodes to die at time 2. It is clear though (applying the argument of Appendix I verbatim) that
if, for a mobile sink, the problem has a feasible solution, then there exists an optimal policy such that
for each location of non-zero sojourn, a node dies exactly at the end of the respective sojourn. At that

point, the sink must move to the next location.

I1l. DUAL FORMULATION

In [8] a distributed algorithm was presented for the solution of the sensor lifetime problem when the
sink location is fixed. As explained next, this algorithm cannot be applied to the problem at hand. Since
[8] considers a stationary sink, we must temporarily remove the / summation to be on common ground.
The LP in [8] is derived from (6)—(9) (without the [ summation) by performing the substitution ¢ = 1/%,
thus converting “maximize ¢” into “minimize ¢” and (7) into

> fijeis <qB; VieN. (10)
JES:
Equations (8), (9) don’t contain ¢ and are therefore unaffected. The problem is now reduced into LP form
with respect to g, f;;. In order for the same artifice to be applicable to our mobile sink case, we should
setq =1/, t* and transform (7) into a form containing ¢ only. However, the latter is impossible
since the [ summation now includes a product of three terms, which cannot be expressed as a function of
g. Hence, a different approach is required. We present a method in the following after discussing some

preliminary results.

A. Solution bounds and feasibility

To justify later analysis, we provide finite upper bounds on both fl and t', the lower bounds being
obviously zero. Total flow conservation requires fij < ien @i, Y€ L, (i,5) € E. Additionally, if
the alternative slot-based power constraint is applied, it also holds fz-lj < ]52-3- /eﬁj. In both cases, we can
define an upper bound w!; such that f/; <wu{; Vi€ L, (i,j) € £'. For the sojourn time, we have

B2y 3 et 2303 dhmin(cly) £ >Ztlrgi;;(m)z b2

leL jeS! leL jeS!

Ztlmm< )Q, Ztlmm< Z) Q;, VieN,VielLl.

ler JES! JES!

(11)
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Since the last bound applies to all nodes, we extract the following global upper bound for each sink
location

t<min | ———— | 2T, ViecL, (12)
N\ Qiminjegr e;;

!
the important property being that these bounds are independent of the flow. Their utility will become
apparent later.

The constraint set, when non-empty, is compact so that a solution always exists, although it may not be
unique (a common nuisance in linear programming). When only energy constraints are present (i.e. (8)
is removed) the set is always non-empty and the problem is feasible. This is justified as follows. If there
exists one sink location for which a directed path exists from each node to the sink, then Theorem 6.12
of [15] asserts that a valid flow can be constructed for this location. Accordingly, selecting a sufficient
small sojourn time allows us to satisfy (7) for all nodes, leading to a feasible solution. On the other
hand, it is easy to construct trivial networks where the addition of (8) results in infeasible problems.
Since there is no way of a priori knowing whether the problem is feasible, the proposed algorithm must
systematically detect (preferably as soon as possible) infeasible problems and halt properly. This will be

addressed in a later section.

B. Minimum cost flow via duality

Contrary to previous work that treats (7)—(9) as constraints for the dual formulation and introduces
Lagrange multipliers for each of them, we only regard (7), (8) as constraints. We therefore define for
each sink location [ the set

=S (F) Y S Qi= Y 0 g <ul 04 < T, (13)
j:z‘esj jJES!
which is essentially the set of all flow conserving vectors when the sink is at location [. The primal
problem then becomes
o .
mqu:ggllze lezﬁt , "
s.t. constraints of (7)—(8).
Removing the flow conservation from the constraint set imposes additional structure to the dual problem,

which makes it more amenable to a distributed solution. Furthermore, it forces all intermediate numerical
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solutions obtained during the subgradient projection iterations to be flow-conserving. Hence, exploiting

the fact that both sides of (8) can be multiplied by ¢!, the Lagrangian is written as

Liftvp)==> 4> v D> fhelt =B +> > uh | Y fliel it — ptt| =

leL ieN leL jeS! leL ieN jeS!

g JES; i JES] (15)
==Y wB+ Y 1= Y RIS (vt k) Sl o
ieN leL ieN i€EN jeS!
which results in a dual-function of
q(v, /,l,)—lnfL(ftV/,l, ZVZE—I—me t _1_ZMZP+ZZ<VZ+'“1> if ,
ieN lel ieN ieN jeS!

(16)

where we exploited the separability of the Lagrangian with respect to [ to pass the min through the
summation (in the case where only slot-based power constraints are applied and (8) is not imposed, it
trivially follows that ul =0 Vi,l in all subsequent expressions).

Since the two product terms inside the infimum are bounded and independent of each other, the infimum
can be further decomposed as follows: for a given (v, u) pair, we compute

= arg 1nf Z Z (VZ + uz> €5j fzj, a7

zE/\/’]eSl%/—/
dl

which corresponds to a minimum cost flow problem [16], since the set X' contains all flow-conserving
vectors®. Denoting as F' the corresponding minimum cost, the minimizer of the separable Lagrangian

becomes

. 0 ifF>1+
A Yiewtibi (18)
T' otherwise

so that the dual function can be written as

=Y B+ Y T'T|F <1+ up

ieN leL ieN
where I[ | denotes the indicator function of the enclosed logic statement. Hence, minimization of the

; (19)

Lagrangian in (15) is equivalent to the solution of |£| minimum cost flow problems, which can be

performed in a distributed manner [16].

for the case where link (7, 5) incurs a power reception cost on the receiver j equal to a; f;;, a straightforward repetition of the

previous procedure results in di; = (v; + ui) el + a; (v; + ph).
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The dual problem now becomes

max q(v, ),
(20)
st. v, perF,
where F = {(v,u) : v, u >0, q(v,pn) > —oo} is the set of Lagrange multipliers leading to a bounded
(from below) Lagrangian. It is clear from (19) that the last predicate in F is redundant so that F =
{(v,u) : v, p > 0}. The dual problem is solved via standard subgradient projection [17], i.e. an update

procedure of the form

_ +
Ay S Py ZZfUt” — E B R szwt” — B ’

i leL jes! leL jes! 21

- s (21)
po = e b (X el - p | 8| = [t st (X Tl -1 ) ]

i JES! JES]

where the Px operator denotes a projection (in the metric space context) of the enclosed argument onto
space F, which is then reduced to the simple [ ]© = max([ ],0) operator, s* is a suitably chosen
scalar step-size for subgradient iteration & and the quantities between parentheses in (21) represent the
subgradients for the energy/power constraints, respectively.

On a more technical note, the subgradient method is conditionally convergent upon a suitable choice
for s*. According to Proposition 8.2.6 of [17], choosing s* = 1/k ensures convergence to the dual
optimal (v*, u*) solution as & — oo. This choice for s* also facilitates the primal recovery scheme to be
explained later. Additionally, since the problem is effectively an LP, through the substitution b}, = f}t/,
the Slater conditions hold [18] and there is no duality gap so that a primal solution can be obtained

through the minimization of L (f,t,v*, u*).

C. Some fine points

This section provides information on certain important details of the proposed method as well as
additional issues alluded to in the previous analysis. It is clear that the heart of the problem is the efficient
solution of a minimum (linear) cost flow problem for each Lagrange multiplier pair. This problem has
been extensively studied and various techniques have been proposed. We choose the synchronous scaled
e-relaxation (SER) [16] algorithm due to its ease of distributed implementation and use it exclusively in
this paper.

The SER algorithm, as most flow algorithms, implicitly assumes integer edge costs, which translates in

our case to dl being integer in (17). This cannot be satisfied a priori since d!. ; encapsulate the Lagrange
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multipliers v;, 1}, which are most likely floating point numbers. Thankfully, this can be circumvented by
exploiting the scale invariance of a linear problem with respect to its (linear) objective. Specifically, all
edge costs dlij are up-scaled by an appropriate power of 10, so that the minimum modified edge cost
becomes of the order of 1000, and all fractional parts are then truncated. Since all costs are larger than
1000, the truncation effect is expected to be minimal. Notice that this does not affect the optimal flow
allocation since the constraint set remains unaffected (the scaling is essentially performed on the v; + uﬁ
part of the cost). The SER algorithm is of pseudo-polynomial time complexity so that the scaling affects
the execution time; however the time dependence on the maximum cost exists only in the form of a log
function, which imposes a minimal computational burden. Once the solution is obtained, the costs are
down-scaled to their original values so that (18) can be correctly computed.

Furthermore, the Lagrange minimizer in (18) is essentially a binary decision process, i.e. the sink stays
either for the maximum allowable time 7" or leaves immediately. Since the original bounds may be too
loose, we seek to refine them during the algorithm’s execution. This can be performed through the weak
duality theorem [17], which implies

qF ) <gr <=t > =l <> < —q(F, b, (22)
el el el

where ¢*,t*! are the exact dual/primal optimal values, respectively. Therefore, for every iteration where
it holds —q(v*, u*) < T*, T' can be set to the left hand side of the last inequality (we hereafter use
the notation 7>* to refer to the upper sojourn bound for location [ at the end of iteration k). Experience
has shown this procedure to lead to increased execution speed. The above property can also be used to

derive an infeasibility detection criterion according to the following fact (see Appendix Il for the proof)

Corallary 1 If during the execution of the subgradient projection algorithm there exists an iteration k *
such that 7%+ = 0 for all | € M C L, then for all I € M there exist no flows f1; satisfying the power
constraints of (8). If, additionally, it holds M = L, then the original problem is infeasible.

Regarding the primal recovery procedure, we adopt the methodology in [19], from which we have the

following

Proposition 1 Assume that for a step size s* = 1/k, the subgradient projection method converges to a

pair (v*, p*). For each iteration k, denote y¥ = 1/k, Vj = 1...k and & = (b, )" the minimizer of
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the Lagrangian for the k iteration. Construct the sequence {:ck} as follows
¥ = ",
23)
k 1 (
k+1 _ k ~k
B ES A el

Then, the sequence z* converges to a vector & which is primal optimal.

€Tr

This leads to a scheme that allows “on-the-fly” update of the primal feasible candidate solution with no
backstorage required.

Application of the subgradient method requires an initial guess (uo, po) for the Lagrange multipliers,
as well as two scalar parameters maxiter and winrec denoting, respectively, a maximum number of
subgradient iterations and the number of iterations during which the primal recovery scheme is applied
(i.e. the subgradient method is run for at most maxiter iterations, barring earlier convergence, and the
primal recovery scheme is switched “on” during the last winrec < maxiter iterations). It is well known
that choosing an initial guess sufficiently close to the dual solution (v*, u*) is crucial in obtaining
fast convergence. Unfortunately, (uo, po) is usually chosen at random so that the parameter maxiter
is used to guard against a very slow (numerical) convergence due to a poor initial guess. The term
“slow” refers to the fact that the recovered primal solution at the end of maxiter iterations may be
of poor “quality”, i.e. the energy and power constraints may be violated by a significant amount. In
practice, the network designer may construct quality metrics such as the maximum normalized energy
and power violations, max;cnr|é; — E;|/FE; and max;en|p; — P;|/P;, respectively (where é;, p; is the
energy/power expended by node i under the recovered solution. These two definitions are in accordance
with [8]) and deem a recovered solution as acceptable only when these metrics satisfy given thresholds
(say below 10%). Obviously, a way of modifying (v°, u°) must be provided for the contingency where
a solution is considered unacceptable. To this end, three heuristics were proposed in [20] and compared
via simulations. It was concluded that one of them significantly outperforms the others and hence results
will be presented for this heuristic, only, in a later section. The reader is referred to [20] for further

details on the rationale behind each heuristic.

IV. DISTRIBUTED IMPLEMENTATION

The previous analysis already suggests the distributed implementation of the above solution. Specifi-
cally, we assume that each node locally stores its Lagrange multipliers v; and ! (for a total of [£] + 1

values), properly initialized. Furthermore, for each sink location, every node can determine its outgoing
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neighbors and estimate the associated link costs. For each location, a spanning tree®, rooted at the sink,
is constructed in a distributed manner and used for message exchange between the nodes and the sink.
Its utility stems from the fact that summations and min/max operations over nodes (which, as will be
seen, are the only operations needed by the sink in order to perform its task) can be easily performed
in a distributed manner [21] through the spanning tree with only O (]JA/|) messages (rather than having
each node transmit its individual variable to the sink with the latter carrying out the entire computation).
Also, the sink can broadcast control instructions to all nodes through the spanning tree using O (|N])
messages.

The algorithm now proceeds as follows: the sink starts at the first location (say / = 0) and performs
some standard initializations (among which is the determination of 7%). It then instructs the network
to solve, in the distributed manner of [16], the minimum cost flow problem of (17) using the current
Lagrange multipliers. Once the minimum cost flow solution has been attained, the total minimum cost
objective F' is computed in a distributed manner and is transmitted to the sink along with the quantities
>ien 1P, =Y. n viEs, which are also computed in a distributed way. These values travel towards
the sink through the spanning tree and once they reach the sink, the quantity ¢ in (18) is evaluated and
transmitted back to the entire network through the spanning tree. Each node then updates its current
power Lagrange multiplier uﬁ according to (21), since the outgoing flows are locally stored. Additionally,
each node adds the quantity Zjesg ffjﬂeﬁj to a locally stored variable called sumR and performs the
primal recovery scheme of (23), if applicable.

At this point, the sink moves to the next location (I = 1) and performs exactly the same steps as in
the previous paragraph, with the minor difference that the quantity — > . \- v;E; need not be computed
again for the duration of the current round-trip (i.e. until the sink returns to the original location). A
spanning tree rooted at the new sink location must also be constructed and used for the exchange of
control messages. Again, once the new minimum cost flow problem is solved, each node updates its Mﬁ
and increments its sumR variable. This continues as the sink visits all locations in sequence. The sink
will eventually return to its initial location [ = 0, where it will detect that a round-trip has been completed
(we assume that the sink is equipped with such a capability). At this point, and before starting a second
round-trip, the sink transmits a special message through the spanning tree instructing the nodes to update
their v; according to (21). If desired, the sink can also transmit back the value of ¢ (v, ), which has

been computed during the previous round-trip, so that the nodes can refine their 7" bounds from (22), if

since all links are assumed bi-directional, the same property applies to the tree as well.
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applicable. Once this is performed, the sink starts a second round-trip applying the previous procedure
verbatim. The algorithm continues in that manner until it is terminated by a convergence criterion being
satisfied. Once the complete solution has been recovered, the sink moves to each location and stays
there for the specified optimal sojourn time. In this sense, the round-trips performed until convergence
is achieved can be considered as part of the network’s initialization period (i.e. the network is truly
operational only after the algorithm has converged to a solution).

A pseudo-code representation of the above algorithm is given in Fig. 2. It is clear that the core of the
algorithm is the distributed solution of the minimum cost flow problem. The humber and type of messages
that must be exchanged for this operation is described in detail in [20], and omitted from here due to
space restrictions. However, it should be mentioned that a second variant of the above algorithm exists, in
which the sink performs a single round-trip, allows the nodes to discover their neighbors for each location,
and then returns to the initial location and stays there for the remainder of the algorithm. Obviously,
“virtual” sink movement must be emulated by the sink generating appropriate messages. This variant
requires the construction of a single spanning tree only, which is performed when the sink returns to the
initial location after the round-trip. It offers the advantage of decreased initialization time (convergence
is achieved in less “actual time”®) but implicitly assumes that the network topology is time-invariant. If
this is not the case, the sink must move to each location and monitor the network topology anew.

It follows from the previous discussion that each node (including the sink, unless otherwise stated)

must locally store the following information.

1) a node tag, possibly hardware-coded, serving as a unique identifier. The sink identifier is globally
recognized by all nodes, i.e. a node can always distinguish between communication with the sink
and with another static node (i.e. any node other than the sink) .

2) the maximum energy and instantaneous power constraints £, P;, the Lagrange multipliers v;, uﬁ
and the exogenous rate of information @; (static nodes only).

3) a group of variables representing the flow surplus g; and flow conservation cost p;. These are used
by the minimum cost flow algorithm [16].

4) the outgoing and incoming edges in suitable doubly-linked lists. The acquisition of this information
is described in [20]. The incoming edges also require some memory to be reserved for the primal
recovery scheme.

5) an array of maximum length (outdeg(i) + 2) necessary for storing the children and parent of the

6 «“actual time”, measured in seconds, is used here in contrast to “algorithmic time”, measured in subgradient iterations.

May 7, 2007 DRAFT



10

node for the spanning tree.

6) a number of bookkeeping variables that is independent of network size, i.e. O(1).

A simple inspection of the previous list reveals that the memory required by the algorithm is O (outdeg()+
|£| + |£| - outdeg(¢)) = O (|£| - outdeg(s)) per node, where the last term comes from the primal recovery
scheme. This compares very favorably to the memory requirements of a centralized solution method such
as simplex. Specifically, a full tableau [18] simplex requires O ([N - |£| - (|£] + |€])) memory while a
revised simplex requires O (|£|* - |N]?). The proposed distributed algorithm clearly has superior memory
scalability than either simplex method. Furthermore, the sink needs no special knowledge of the network,
other than the ability to communicate with its direct neighbors (essentially, the sink’s neighbors carry
the necessary topology information to the sink through the spanning tree) and requires minimal CPU
resources since the sum/max/min operations are performed by the nodes themselves in a distributed

manner. We consider these properties as significant assets of the proposed algorithm.

V. NUMERICAL RESULTS

A large number of simulations was performed in order to evaluate the proposed algorithm. Specifically
three sets of network topologies with 20, 40 and 80 nodes, respectively, were constructed as explained in
[12], each set containing 100 random network instances. The sink was allowed to move over 4 locations,
which were the same for all networks. In all cases, each node had an exogenous rate of (); = 1. The
flow cost of edge (i,7) was assumed proportional to dfj, with d;; the physical distance between the
two nodes. Two scenarios were studied: in the first one, only a power constraint of £, = 1000 was
applied while in the second one a power constraint of P; = 100 was also imposed (the values were
chosen for demonstration purposes only and don’t correspond to any actual specs. Additionally, we use
dimensionless quantities since the paper’s focus is on the algorithm’s convergence properties and not
on actual values). The case of energy constraints only may arise when the exogenous rates are so low
that the power constraints are inactive for all nodes. Two different (maxiter, winrec) pairs were used,
(400,200) and (200, 100), respectively, to study the algorithm’s sensitivity to these parameters. All these
combinations resulted in a huge data set, so that only the most representative results will be given. The
following results were obtained using the H3 heuristic of [20] since it provided the best performance
relative to the other heuristics.

A typical evolution of the lifetime solution as well as the constraint violation is shown in Fig. 3
for the pair (400, 200) and an energy-constrained 20-node network. The normalized maximum lifetime,

measured by the left axis in Fig. 3 using the circle markers, is defined as the ratio of the lifetime predicted
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by the distributed algorithm over the lifetime computed by a standard LP solver while the normalized
maximum energy violation, previously defined in Section Ill, is measured by the right axis in Fig. 3.
A casual inspection of Fig. 3 reveals that convergence is practically achieved even after 300 iterations,
assuming a 10% violation threshold in order to consider a solution acceptable. Hence, no additional runs
are required. However, this is not the case for the second scenario where, using the pair (200, 100) for
a 40-node network, 7 individual runs were required for a total of 1380 iterations. This is depicted in
Fig. 4, which shows the energy/power violations for the last 100 iterations of the last run, during which
the primal recovery scheme was applied, using the left axis with the circle marker and the right axis
with the solid line, respectively. The convergence of the normalized computed lifetime is also shown in
the subplot of Fig. 4. Since the solution’s evolution will generally vary among different random graphs,
further insight may only be gained by cumulative results which capture the “average” performance of
the algorithm. Specifically, we define the following quantities as performance metrics for the proposed

distributed algorithm combined with the H3 heuristic.

« number of network instances (out of the original 100 instances) for which the algorithm produces an
acceptable solution, i.e. a solution that minimally violates the energy/power constraints (according
to criteria imposed by the network designer). Denote this number as 1.

« the average (with respect to the I instances ) relative error between the optimal lifetime predicted
by the proposed algorithm and the optimal lifetime obtained through a centralized solution (say,
simplex method).

« the average (with respect to the I instances) number of iterations required to achieve an acceptable

solution.

Under the previous definitions, for the 20-node networks with energy constraints only and using the
pair (200, 100) the algorithm produced 98 acceptable solutions with an average relative error of 3.04%
and 379 iterations on average. This performance can be further improved by using the pair (400, 200),
which results in 98 acceptable solutions with an average error of 1.93%. This is, obviously, achieved
at the cost of more iterations, which now rise to an average of 514. The corresponding results for the
40-node networks with energy constraints only are a) 89 instances with 5.37% error and 647 iterations
for the (200, 100) pair and b) 100 instances with 4.2% error and 800 iterations for the (400,200) pair.
Imposing power constraints naturally leads to an increase in iterations (since there exist more dual
variables). Specifically, for the 20-node networks, the pair (200, 100) produced 89 acceptable solutions
with a 3.42% average error and 819 iterations, while the pair (400,200) provided 92 solutions with
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2.9% error and 1519 iterations. For each pair, five infeasible problems were also detected. For the 40-
node networks, the (200, 100) pair provided 86 solutions with 2.67% error and 1141 iterations while
the (400, 200) pair produced 93 solutions with 2.77% error and 1681 iterations. Finally, for the 80-node
networks under power constraints, the (200, 100) pair produced only 71 acceptable solutions with 3.99%
average error and 1498 iterations. Using the (400, 200) resulted in a huge improvement: 96 acceptable
solutions with 5.11% error and 1875 iterations. Finally, in order to examine the effect of the number of
sink locations on the algorithm’s performance, the power-constrained simulations were repeated using 8
and 2 sink locations, respectively. The results are summarized in Table I, which reveals that the effect
of the number of sink locations on the total number of iterations is more significant as the network size
increases. Even in these cases, however, the increase appears to be sublinear and exhibits a diminishing
trend. This is another indication of the algorithm’s robustness.

Although the algorithm’s execution time (as measured by the number of iterations above) may seem
too large in absolute terms, we note that it should be viewed relative to the expected lifetime of the
WSN. WSNs are often designed to operate unattended for weeks or months; hence, the allocation of
some initial time interval (in the order of seconds or minutes, which is the algorithm’s typical execution
time) in order to determine the policy that maximizes the network lifetime may be worthwhile.

Another practical issue is the algorithm’s adaptability to changing network conditions, since our method
implicitly assumes that the problem parameters elij, Q; do not change during the algorithm’s execution.
Since the nodes remain stationary, the most common source of variation is a change in @ ;. Obviously,
our algorithm should be applied anew to the modified problem; however we claim that if the variations
are slight,” the new problem can be solved relatively fast using the last known Lagrange multipliers of
the last problem as initial guesses for the new one. The number of iterations cannot become too small,
as there is always the need for the primal recovery, but it can still be smaller than solving the problem
anew.

To examine this claim, the following experiment was performed. Consider a power-constrained network
whose nodes have a time-varying @; in the interval [7 13] with a mean value of 10. Initially, all nodes
have Q; = 10 and E; = P, = 1000. However, during the network’s lifetime four “disturbances” occur
at random epochs. In each disturbance epoch, a random node changes its @Q; randomly in the allowed
interval. Hence, in addition to the original problem, four new LP problems need to be solved (note that

apart from @;, the residual energy E; of each node also changes between the disturbances since the

meaning that each @Q;, viewed as a random variable, has a small standard deviation
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network is already operational). The two options are either solving the problem anew without exploiting
any past information (approach A) or using the last known Lagrange multipliers as initial guess for
the new “disturbed” problem (approach B). The results of each approach are summarized in Table I1I,
which contains the lifetime obtained from both approaches (with a centralized solution lifetime used as
benchmark), as well as the maximum constraint violation and the number of required iterations. The
results were obtained for a typical 20 and 80-node network.

Clearly, approach B can obtain very good solutions with acceptable constraint violations and, most
importantly, using at most 400 or 160 iterations for the 80 and 20 node network, respectively. Solving
the problem from scratch (approach A) allows us to obtain superior accuracy compared to approach B
in some cases (i.e. for the 20-node network) but at the cost of far more iterations. Although the decision
of which approach to use lies with the network designer, we believe the above example illustrates the

algorithm’s ability to adapt to small network perturbations.

V1. CONCLUSIONS AND FUTURE WORK

This paper presented a distributed algorithm for computing the maximum lifetime of a sensor network
which routes data to a mobile sink. By imposing flow conservation to all sink locations and removing
some constraints from the dual problem, the number of Lagrange multipliers was reduced and the dual
problem acquired special structure that allowed for an efficient solution using the standard subgradient
method and the minimum cost flow e-relaxation algorithm. Details about the memory requirements and
types of exchanged messages were also provided. The efficiency of the proposed algorithm was studied
by numerical simulation.

The case of a mobile sink has not received as much attention as the single immobile sink. Hence,
most open problems regarding the latter case, such as various convexifications of the general non-convex
interference-based model or incorporation of stochastic components into the model, carry over to the
former. We consider the stochastic aspects of the problem (including fading effects) to be of more
interest, especially since previous work, such as [22], has been restricted to a semi-deterministic setting

and we plan to investigate these in the future.

APPENDIX |

SUFFICIENCY OF TIME-INVARIANT FLOWS

Let the network be survivable up to time 7. By definition, there exist values 7" such that >°,., 7' = T

kl k1

as well as a sequence of valid fij's vij values, meaning that they (1)—(4) are satisfied. We construct the
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for each sink location I € £, where T* = >/, /. We only need to show that this flow is feasible for

the special case of (1)-(4) with K; =1, VI € L. We verify each constraint separately

, 1
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conc

Z fz'il—iTkh(za) = h(i;—’%pﬁl>éh(ﬁ5j), @)
k=1

where the last inequality is due to the concavity of A. Finally, the flow conservation for fl is obtained
by multiplying both sides of (4) with Tk/Tl, summing over k for each location [ and interchanging the
summations. This results in
Y fh=Qi+> fli, VieNU{s} VieL. (28)
jest €St
Hence, under the convex combination of (24), the network is still survivable up to time 7. This concludes

the proof.

APPENDIX 1l

PROOF OF COROLLARY 1

Proof is by contradiction. Specifically, assume that there exists a flow vector fz-lj satisfying power and
flow conservation constraints for some [ € M. Then, for this [ we could pick a sufficiently small, but
still positive ¢, such that the energy constraint is satisfied for all i € A/ and arrive at a feasible solution
with positive sojourn. However, this is a contradiction since the assumption 7:*" = 0 implies, according
to (22), that the sojourn time at location [ is zero for any feasible solution. If M = L, then, from the

above, no power-satisfying feasible solutions exist for any / € £ and the problem is therefore infeasible.
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TABLE |

LIST OF NOTATIONS

| Notation | Definition
N set of static sensor nodes
L set of locations where sink may stay
gl set of edges (i.e. links) between the static nodes and the sink when the latter is at location | € £
t! sink sojourn time at location [ € £, also an unknown in the formulated linear program
Tt upper bound on sink sojourn time for location [ € L.
Qi exogenous traffic rate for static node i € N
S! set of outgoing neighbors of node ¢ when the sink is at location [ € £
eigj amount of power needed to transmit 1 bps from node 7 to node j when the sink is at location [ € £
}j time-invariant rate of flow (in bps) from node ¢ to node j when the sink is at location [ € £
pf;j amount of power needed to transmit with rate fi’]- from node 7 to node j when sink is at location [ € £
bf;j fjjt’ : an unknown in the formulated linear program
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TABLE 11

NUMBER OF ITERATIONS FOR VARIOUS SETS OF SINK LOCATIONS

20 nodes 40 nodes 80 nodes
sinks | 200/100 | 400/200 | 200/100 | 400/200 | 200/100 | 400/200
2 859 1539 851 1644 1004 1567
4 819 1519 1141 1681 1498 1875
8 879 1538 1178 1751 1646 1942
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TABLE 11l

EXAMPLE OF ALGORITHM’S ADAPTABILITY TO PARAMETER CHANGES

approach A approach B

20 nodes
problem | centralized sol. lifetime | lifetime | violation (%) | iterations | lifetime | violation (%) | iterations
original 3.3557 3.66161 9.11 800 N/A N/A N/A
disturb 2.91661 2.91358 1.74 600 2.9306 6.19 80
disturb 0.865215 0.874121 6.44 800 0.689 7.73 160
disturb 0.382747 0.384058 0.345 800 0.40288 5.26 80
disturb 0.261876 0.275827 5.33 800 0.221995 0.0 80

80 nodes
original 1.89755 1.91398 2.01 1200 N/A N/A N/A
disturb 1.69949 1.70545 481 1200 1.69068 9.48 200
disturb 1.5178 1.58869 5.73 1200 1.53319 251 200
disturb 1.36093 1.4077 4.25 1200 1.31622 0.00 400
disturb 1.22384 1.27272 8.59 1200 1.22355 4.47 200
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Fig. 1. Trivial network demonstrating the relationship between network lifetime and time of first node’s death.
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Algorithm 1: solve_maxlife.

Objective: solve problem defined in (6)—(9).

Input: the digraphs G' for all I, vectors E, P, Q, an initial guess vector (v, u)°, a starting iteration
index k¢ and a maximum number of iterations maxs.

Output: the optimal flows f;5' V(I,i,j) € £ x €' and sojourn times ¢*! V1 € L.

initialization phase ;

k ko ;

select subgradient step-size s = 1/k ;

while number of iterations < max: do

for { —0to|£|—1do
if /=0 then
perform round-trip initialization ;
endif
solve minimum cost flow problem for digraph G' with respect to (v, u)* ;
determine #' according to (18) ;
update bl;, ¢ for all (i, j) € £ according to (23) if applicable ;
update uﬁ from k to k£ + 1 for all nodes if power constraints are enforced ;
endfor
update v from k to k + 1 for all nodes ;
refine all lifetime upper bounds 7"* according to (22) if applicable
test termination criterion for (v, u)* and (v, u)*+1;
if termination criterion is true then
return;
else
k—k+1;
endif
endw

Fig. 2: Pseudocode for the maximum lifetime algorithm.
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Fig. 3. Lifetime and violation evolution for a sample network under energy constraints.
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Fig. 4. Lifetime and violation evolution for a sample network under energy/power constraints.
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