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Abstract

We consider a multi-class M/G1/1 system, in which an average response time objective
is associated with each class. The performance of each class is measured by the ratio of the
average response time over the corresponding value of the objective. To achieve fairness in
service allocation it is required to find a policy that lexicographically minimizes the vector of
performance ratios arranged in non-increasing order. We provide such a policy that is adaptive,
uses only knowledge of arrival and departure instants and is thus easy to implement. We also
consider a variant of this policy which adapts faster to changes in the statistical parameters of
the model. Both policies are analyzed via associated stochastic recursions using techniques of

stochastic approximation.

Keywords: Stochastic Scheduling, Adaptive Control, Stochastic Approximation, Lexicographic

optimization.



1 Introduction

We consider an M /GI/1 queue in which customers belonging to N classes arrive for service. Cus-
tomers of different classes arrive at different rates and have different service requirements. Such
models are used to analyze the performance of shared computer systems and telecommunication

systems with heterogeneous traffic types.

To achieve efficient operation of such systems, a common approach is to provide a scheduling
policy that minimizes the weighted sum of the average response times of the customer classes.
In this case the optimal policy is a simple static priority rule [21],[3],[8]. In fact, with this linear
cost function, Bernoulli feedback of customers into the system upon service completion can also
be handled [26],[27]. See also [38] for the discounted cost case. More generally, these problems
fall in the class of Multi-armed Bandit problems [39] for which simple index policies are known

to be optimal.

In this paper we take a different approach. While the choice of cost function for a particular
system is often ad hoc, it is more natural to associate an average response time objective with each
class and consider its performance relative to the objective. Specifically, let g; be the response
time objective and let R denote the long-run average response time (assuming it exists) of class
1 customers under a scheduling policy p. Attention is restricted to the class I of non-idling,
non-preemptive, and non-anticipative policies; the last term means that scheduling decisions do
not depend on future arrival and service times. We are interested in determining a policy in II

which lexicographically minimizes the vector of performance ratios

(RY/g1,... . Ry /gn)", (1)

arranged in non-increasing order (see Section 2 for the definition.) We will refer to this minimiza-

tion as lexicographic.

Results on optimality crucially hinge on the possibility of characterizing the subset A of ]Rf

that consists of the vectors of mean response times achievable by policies in II. The set A is known



to be the base of a polymatroid and is described in Section 2. The lexicographic minimization of
vector (1) over the set A yields a unique point 6* := (R}/gi,..., Ry /gn)T. Such a point has
certain properties that capture fairness in resource allocation. These are described in remarks
following Problem (P) of Section 2. Lexicographic minimization has been studied extensively in

a deterministic context [15], [23].

The main contribution of this paper is two simple adaptive policies that (exactly and ap-
proximately, respectively) minimize (1) lexicographically. Three quantities are needed in order to
specify our policies. Set Ty = 0 and denote by 7, the end of the nth busy period, n =1,2,....
For i € N := {1,...,N} denote by A,; the number of customers of class i that have been
served by time 7,,, incremented by one; the additional unit is included for notational convenience.
It is well known that {7}, 11 — T,,}5°, are i.i.d. random variables whose distribution is invariant
over policies in II. For each i € N the same holds true for {A,11; — A,:}52,. Finally, fori e N/
and policy u € II denote by 1!*(¢) the number of customers of class i that are in the system at
time t > 0, when policy u is employed. We can now describe the first of our policies. Let

1
Api gi

T’IL
B = /0 nE(t)dt, i e N, 2)

denote the priority index of customers of class ¢ at time 7;, under a policy m € II which, during
the (n + 1)st busy period, employs a fixed priority rule that gives priority to class j over class i
if 0,,; > 0,,;. Ties can be resolved by assigning priorities according to an arbitrary but fixed rule.

Thus, policy 7 gives priority to class j over class i if class j has worse current performance. Set

O = (On1, ..., 00n)T.

Our first goal is to prove that policy 7 is optimal. As will turn out, it suffices to show that

lim 0, = 0", as. (3)

n—oo

This is the object of Section 3. The analysis is facilitated by writing (2) in recursive form and
applying techniques of stochastic approximation. However, the fact that the history, n7(¢), 0 <

t < T,, is equally weighted in (2), implies that 7w does not adequately adapt to an instantaneous



change of the statistical parameters of the model, that occurs at a large time t. An informal
discussion of this point based on the recursive form of (2) and its associated functional law of

large numbers seems worthwhile.

Set 7 := E [T} — Tp] and let \; be the rate of the Poisson arrival process of customers of

class i. To derive a recursion for (2) set forn =1,2,..., 1 € N,
( 1) T)\zgz T)\,L' “ 7?/7')\1' ( )

Jn() = (T (), JTan ()T @ = (@1, )" Ky = (K1, -+ -, Kan)", with the con-
vention that ag; = 1/7)\;. It is easy to check that 6,, and a,, satisfy fori € N and n =10,1,...,

1 1 1
n+li — ni — < |Yn+1,:\Un) — nan 7 —— |Yn+1,:\Un) — nan i -1
bt = Onit g [Josri0n) = OniBopn ] + == [ i(60) — 6 H,}[aw ](5)
1
an+1 = Gnp + n——l—l {Kn-&-l - 1{n21}an} . (6)

Because of fluctuations in traffic rates and service requirements that arise in real systems it is
important to consider the following situation. Suppose that, for ng large, at the end of the ngth
busy period there is an instantaneous change in the statistical parameters of the model such that
the optimal point 6 is displaced. This amounts to policy 7 using indices 6,,, n > ng, generated
by (5) and (6) with the initial value 6,,, being near the old optimal point. It will be seen in
Section 3 that convergence in (5) occurs for all ng > 0 and all initial vectors 6,,,. However, the

number of iterations necessary for convergence is an important figure of merit of policy .

A functional law of large numbers for (5) is crucial in providing an estimate for this quantity,

asymptotically as ny — oo. It states that for every ¢ > 0, T, 6,

lim P max |10k — O(tx)|| > e} =0, (7)

ny—00 {n0<k<u(n0,

where the sequence (t1)32,,, is given by t,, = 0, tpp1 = tp +1/(k+ 1), k = no,no +1...,

u(ng,T) = min{k : k > ng, tx > T}, and given an initial condition 0, = 6y, 0(-) is a



deterministic function on [0,00) into IRY such that 6(0) = 0,,, and 0(t) — 0* as t — oo. For
p > 0 denote by 7, the first time at which 6(t) enters to a p-ball of 6*. By picking T" > 75, we
see from (7) that for ny — oo, with high probability the process 6, will not visit a d—ball of
0* before time 75,.. Since t;, ~ In(k/ng), the number of steps needed for this visit is at least
ks, ~ nge™+<, asymptotically as nyg — oo. Therefore, the adaptivity of policy 7, of which ks, is

a natural measure, deteriorates with time.

In stochastic approximation this situation is commonly remedied by replacing the 1/(n + 1)
factor in (5) and (6) by a small constant v > 0. This factor is known as the gain of the recursion.
The second policy proposed in this paper, denoted by 77, acts as before but uses the indices
of the modified recursions. A law of large numbers for the modified recursions shows that, in
the situation of the previous paragraph, the time to enter a d-ball of 6* for the first time now
becomes 75,/ as v — 0. However, the policy 77 trades off convergence to 6* for improved
adaptability: Its performance indices have a stationary distribution that concentrates on 6* as
v — 0. The trade-off between speed of adaptation and proximity to the optimal is typical in
stochastic approximation. Other choices of the gain in (5) and (6) lead to a variety of policies and
the problem of choosing one for a particular application is of great practical significance. In [5]
the issue of choosing the appropriate magnitude of a fixed gain is taken up. Ordinary differential
equation (o.d.e.) limits and their associated diffusion limits which we do not discuss here are

central in this regard too.

The above statements follow from the results of Sections 5 and 6. In Section 5 we establish
a functional law of large numbers (also known as an o.d.e. limit) for our recursions. Since
the vector field defined by the drift of the recursions is discontinuous, there arise considerable
technical difficulties which seem to be inherent in applications of stochastic approximation to
queueing systems. Our novel technique should be applicable to other situations as well. In
Section 6 we prove that policy 77 is asymptotically optimal as v — 0. Bounds are obtained for

the difference between the optimal and the achieved mean response times.



This introduction concludes with a discussion of related previous work and some practical
heuristics based on our policies. The problem of finding a policy p that satisfies Y = g; for
every i = 1,2,---, N, was considered in [10]. Whenever this is possible, the authors showed that
such a policy can be obtained by mixing NV strict priority policies and the mixing proportions can
be obtained by solving a linear program. An adaptive method for determining these proportions
was proposed in [1]. A scheduling policy based on time-dependent priorities was provided in [13].
The problem of minimizing >, ¢;R; subject to R; < g; for every j = M +1,---, M + N,
was considered in [36]. The authors proposed an algorithm which decomposes the set of classes
into an ordered partition N' = U¥_, P,. They prove the existence of an optimal policy which for

1 <i<j <N, gives priority to classes in P; over classes in P;.

Compared to the work described above, the formulation we consider and the scheduling
policy we describe have some advantages. When the performance objectives are specified for
some classes independently of the others, it may be the case that there are no solutions to the
problems considered in [10],[36]. In our formulation the policy proceeds to do the “best” that is
possible under the circumstances. In order to implement the policies in [10],[36], knowledge of the
arrival rates and the first and second moments of the service times of all classes is needed. The
policy described in this paper only requires knowledge of arrival and departure instants. Moreover,
from (2) it can be easily seen that 6,1 can be computed from 6,,, A,,, A, 1 and f;;:’*l nr(t)dt.
Since 1] (-) is a step function, the last integral can be computed as a summation. Therefore, the

policy can be efficiently implemented on line and the memory requirements are minimal.

Another significant advantage of the present approach is its generality. It will be seen in
the sequel that the optimality of our policy depends only on the fact that the region of average
response times achievable by various policies in an M /G /1 queue is the base of a polymatroid and
explicit knowledge of the parameters of the region is not needed. It follows that our results apply
to other systems with the same property. It was shown in [?] that these include systems obeying
“strong” conservation laws. Such examples are multi-class Jackson networks with identical service

rates for all classes at all nodes (see [37]) and multi-class M /GI/c queues with identical service



distributions for all classes (see [13]). The latter is of particular interest since its region of
achievable average response times has not been calculated exactly. In [13], approximate methods
were developed to deal with this problem. Thus, while none of the methods in [10], [36] can be

used, our method is directly applicable since no knowledge of the region is required.

The necessity to alleviate some of the disadvantages associated with the policies in [10] and
[36] motivated the formulation discussed in this paper. It was first presented in [17], where only
the case of two classes was considered. Some of the results in [17] can be also shown by adapting

the arguments in [32].

A disadvantage of policies that follow fixed priorities that are determined at the beginning of
each busy period is that the variance of the response times may be high. To improve our policies
in this regard it is natural to shorten the time between updates in (2). In general, it is plausible
that they can be updated at any stopping time of the process of queue lengths without affecting

their optimality property. Examples are fixed time instants and instants of completion of service.

A policy that seems to have low variance of response times is the one of time-dependent
priorities (see [25], [12].) There, a vector ¢ := (c1,...,cy)? is specified and the priority index of
a customer of class i is ¢;W where W is the time the customer has been in the system. The server
is allocated (non-preemptively) to the customer with the highest index. Finding a simple adaptive
rule for choosing ¢ to achieve lexicographic minimization is an interesting problem. The response
times resulting from the intuitive choice ¢; = 1/g; converge to the optimal only as the utilization
goes to 1 as can be seen from equation (3.48) in p.131 of [25]. However, the convergence is not

uniform in the values of the goals {g;}.

Nevertheless, a modification of our policies along these lines should further reduce variance:
It will be seen in Remark 3.1 that if 6,,;, = 0,,; for some i, j € N, then no strict priority need be
specified between classes 7 and j. This suggests that in practice a time-dependent priority policy
can be used to allocate service between classes whose indices only differ by a small value from

each other. This modification should result in a correspondingly small effect on the optimality of



the algorithm and some reduction of variance.

In a forthcoming paper, we will focus on the optimality of policies with general update times

and extensions of our results to multi-class M /GI/1 queues with Bernoulli feedback.

A few words on the notation used in this paper. For a set .5,

S| denotes its cardinality
and 1g denotes its indicator function. For two sets S; and Sy, ®?2_, S; denotes their cartesian
product. For any vectors z,y € IRY, (x,y) denotes their inner product. A diagonal matrix A with
a1, -+ ,ayn as the diagonal elements is written as diag{a11, - -, anxn}. Finally, when i > j, the
expressions Z{ and UZ will be taken to represent 0 and () respectively and inf{z : x € S} = o

when S = 0.

2 Problem formulation

In this section the problem of lexicographic minimization is formulated. Necessary and sufficient

optimality conditions are recalled.

We begin with some additional notation. For customers of class i € A let B;(-) denote
the distribution of their service requirements. Denote the mean of this distribution by 1/, > 0.

Throughout, we will assume the usual stability condition: Zij\il pi < 1, where p; :== \;/p;, i € N.

We make the following assumption on the service times:
(A.1) The service requirements of every class have finite fourth moment.

For i € N and policy u € II denote by R¥(k) the response time of the kth customer of class
7 to arrive in the system. Sample means of response times and queue lengths satisfy certain linear
constraints that involve a set of non-negative constants { F'(-)} specified as a set function on all
subsets of A; by convention F(()) := 0. The rest of the notation used in the next lemma was

introduced in the previous section.



Lemma 2.1. (a) For all u € 11 we have

. 1
lim > pi= > Ri(k) = F(N), (8)
ien k=1
lim inf 3 pi% SO RAK) > F(S), for S C N. ()
€S k=1

(b) For any policy u € I that gives priority to classes in set S over classes in set N'\S,

limits exist and equality obtains in (9).
For a proof see [18].

Denote now by II the set of all policies w in II for which the sample mean response times
1/n>"¢_, R¥(k) converge a.s. as n — 0o. An example in [18] shows that I is a strict subset of
II. From Lemma 2.1 it follows that the set of mean response times achievable by policies in II is
the polytope

A={ReRY : Y pR, =FWN), Y pRi > F(S), SCN} (10)
ieN €S

Multi-class queueing networks whose mean response times are in a set of the form (10) are

said to satisfy conservation laws. This was shown in [?] to imply that the set function F'(-) is

supermodaular, i.e.,
F(S1USy) + F(S1NSy) > F(Sy) + F(S2), S1,58 CN. (11)

This property is used crucially in the sequel. Note that it can be established without explicit
knowledge of the constants F'(-). While explicit expressions are known for these in the case of
M/GI/1 queues, (see, e.g., [16],) our results can be applied to systems for which these are not
known. Certain difficulties encountered in [13] in the study of multi-class M /G1/c queues with

identical service distributions for all classes, are thus circumvented.

Relation (8) for u € II has been stated in [22] assuming only two moments on the distribution

of service times. The proof, however, appears incomplete (see equation (11-91) on p.433.) In

8



other previous work it has been shown (see [10],) that A is the set of achievable mean response
times if one considers policies in II whose actions during a busy period are independent of those
taken in previous busy periods. Only finiteness of the second moment of the service times is

required in this case.

We next present a lexicographic order that captures the notion of fairness in resource allocation
[23], p89. For i € N, let g; > 0 denote the average response time objective of the customers of
class i. These are considered fixed throughout this paper. Define a map ¢ : RY — R" as

o= (222, B (12)

iy ’ Giy 7 Jin

where z;, /gi, > iy /iy > -+ > ﬂcm/gm-

For later use note that if the vector of indices at the end of a busy period is § € IRY, then
throughout the next busy period policy 7 serves classes in a fixed priority corresponding to one

of the permutations {iy,...,ix} of N induced by the map ). Denote this permutation by

w(0) == {i7(0),...,i7%(0)}. (13)

The vector ¢(x) is said to be lexicographically smaller [14] than the vector ¢(y) (to be
denoted ¥ (z) = ¥(y) ) if the following condition holds: 1 (x) < ¥1(y) and ¥;(x) > ;i(y)
for some i = 2,..., N, implies ¢;(x) < 9;(y) for some j < i. We will write ¢(z) < 9(y) if
(x) # (y) and P(z) = P(y).

We can now state our optimization problem for policies in II. An extension to policies in II

will be given in Section 4.

Problem (P): Determine a policy p* € II such that R»" = R* , where R* is such that
Y(R*) 2 Y(R) for all R € A.

The existence of R* follows merely because A is compact. Two properties of R* and p* are

worth noting. They follow easily from the definition.

9



1. The vector R* is also a minimal element of A in the usual min-max sense. It follows that

if the objectives are achievable, then policy 7* achieves them, i.e.,
max{R;/g;} = minmax{R;/g;} < 1. (14)

2. Policy p* is fair in the following ways. First, it achieves a completely equitable allocation
of the server if one is possible: Suppose that there is an R € A such that Ry/g; =
... = Ry/gn. (Such a point is unique because of the equality constraint in A.) Then,
R = R*. Second, any policy p € II that reduces the ith largest performance ratio, i.e.
Vi (RP) < y(RP") fori =2,..., N, necessarily worsens a performance ratio that is at least

as large, i.e. ¥;(RF) > (RP") for some j < i.

We next recall from [14] a result which establishes uniqueness of R* and gives necessary and
sufficient optimality conditions for it. To state it, note that every x € IRY can be uniquely

represented by M () real numbers {v;(z)}22%) and a partition {S;(2)}22%) of A such that
(¢) z;/g; = vj(x) for every i€ S;j(x), j=1, -+, M(z),
(it) vi(x) > va(x) > - > Vi) ().

Therefore, the numbers {x;/g;}~ | take M (x) distinct values, for k = 1,2,---, M(z), vi(x)
denotes the k'" largest value and Sy (z) is the set containing the indices of the components which

attain the k' largest value.

Theorem 2.1. The following conditions are necessary and sufficient for a vector R* € RN

to satisfy Y(R*) 2 Y(R) for all R € A.

S iRl = F(ULS(R)) — F (UZSi(RY)) for every j=1,---, M(R").
1€S;(R*)

Furthermore, the conditions uniquely determine R*.

*

For notational convenience, we will write M* := M(R*) and fori =1,..., M*, v} := v;(R")

and S} := S;(R").

10



We conclude this section with the observation that the equality constraint in A can be relaxed
without affecting the lexicographic minimum. Set
Ao={ReR": Y pR; > F(9) for every S C N'}. (15)
i€s
The supermodularity of F'(-) implies that for every R € Ay there exists R’ € A such that

R, < R, for all i € N. The following result is therefore immediate from Theorem 2.1.

Corollary 2.1. ¢(R*) < (R) for every R € Ay \ A.

3 Optimality of policy =«

The goal of this section is to prove the optimality of policy 7w defined in the Introduction.

It turns out that if the indices {6, } defined in (2) converge a.s. as n — oo, then policy 7

belongs to I1. To see this note that for all v € II,

Th Api—1
/ mtydt= 3 RUk), n=12,... (16)

0 k=1
Therefore, the convergence of {6, } implies that for i € NV, (1/A,;) Y= ' R%(k) converges a.s.
as n — oo. By an argument similar to that used to establish partial reward limits from the known
limits of renewal reward processes, see e.g. [40, Section 2.3], it follows that (1/n)>"}_; R (k)

converges a.s. as n — oo. Therefore, policy 7 solves Problem (P) of Section 2 if we prove

Theorem 3.1. Under assumption (A.1) one has

lim 6, = 0" .= (R:/g1,...,Ry/g,)" , a.s. (17)

n—oo

In the remaining of this section we develop a proof of this statement in several steps.

For convenience let us first restate recursion (5). Fori € N and n=0,1,...

1 1

1
gn—l—l,i = Qm—i_n——i—l [Jn+1,i(9n) _gniKn+17i:| +—n 1 [Jn+1,i(9n) _QniKn—l—l,i] lan+1,i

-1].

11



with some initial value 6y. Assuming that all the processes involved are constructed on a suit-
able probability space (2, F,P), for n = 0,1,..., let F,, C F be the o-field generated by
{(0k, Ki), 0 < k <n}. Note that for each n > 1 the vector K, is independent of the policy and
that the vector J,(-) depends on F,_; only through the permutation 7(6,_;), defined in (13),
that specifies the priority in which classes are being served during the nth busy period. It follows

that the second term on the right in (18) is conditionally independent of F,, given 0,,.

Recursion (18) can thus be written in the stochastic approximation form

1
_ - r@ - -
n+ 1f (xn7yn+1) + (n+ 1)1+5

for some & > 0, and appropriate measurable functions f()(-), f®(-). The ith term in (19)

Tpntl = Tp + f(z)(xnayn—i—lawn—&-l)a n=01---. (19)

identifies with the th term in (18) for i = 1,2,3 and y,11 = (Kui1, Jut1(60r)), wp = an. The
triple (z,,, Yn, w,) is G,-measurable, where {G,}>  is a family of increasing o-fields such that
Yn+1 is conditionally independent of G, given x,. As a consequence, the drift of (19) can be

defined as

h(@n) = B [FO (@0, Yn41)[Gn] - (20)

Results on the convergence of recursions of the form (19) exist for a variety of different
assumptions. Typically, under some conditions on ), the third term in (19) is of higher order
and convergence is determined only from the properties of f(). Due to some special features of
our problem, application of existing results seems tedious. Instead we modify the general method
of proof developed in [35], [20] and [33] . We first give a brief account of the method and indicate

the difficulties and our modifications.
In order to show that (19) converges to a point z*, it often suffices to provide a quadratic
Liapunov-type function, i.e. a function
1 *
V(z) = 10 (@ =2, (21)
where ¥ is a N x N matrix satisfying the condition: for all ¢ > 0,

inf  (¥(z* —x), Yh(z)) > 0. (22)

[|lz—z*||>€

12



Thus, matrix ¥ transforms IR" so that the drift in (19) always has a component toward x*

uniformly for = outside each e-ball of z*.

A.s. convergence of V(x,) to a finite limit is obtained from the following result of Robbins

and Siegmund [35].

Lemma 3.1. On a probability space (2, F, P) equipped with a sequence of o-fields Fo C
.. CF, CF let z,, & and (, be non-negative and F,-measurable random variables such
that

Elzpnl|Fo) <zpn+& —C, n=0,1,.... (23)

Then, lim,,_.« 2, exists and is finite and Y~ Cx < 00 a.s. on the event

k=0
This is applied with z, = V(z,), ¢, = 1/(n+ 1) (¥(z* — z,,), Vh(z,)) and &, is higher order
terms. Finally, that lim, .., V(z,,) = 0 follows from (22) by an argument that is presented at

the end of this section.

Application of these results to our recursion (18) was carried out in a previous version of this
work [6]. The factor (1/a,+1,;—1) in the third term of (18) makes it complicated to obtain bounds
on the JF,,-conditional expectation of this term. In what follows this difficulty is circumvented by

a truncation technique.

We proceed by determining the drift of (18). For a fixed vector § € IRY consider the fixed
priority policy which serves classes in the order of the permutation () defined in (13); denote
this policy also by 7(6). Let R(f) denote the vector of mean response times of policy 7(f) and

set J;(0,) := E[Ju11.4(0,)]|F,]. From (16) and the point-wise regenerative theorem it follows

that
R, (0 1l T E B Owat]
Ril0) _ [ O @ = [z i 0)de] J.(0), (25)
9i n—00 An;g; =07 Tk AiT gi
and the drift in (18) is given by
E [Jn—l—l,i(en) - QniKn+1,i|fn] - jz(gn) - 9ni7 1€ N (26)

13



The next result shows that (22) is satisfied for the matrix

U .= diag {(plgl)1/2, c (,ONgN)l/2} ;

and hence that

N
V(0) = ZPz’%(ei - 9:)27
i=1

N| —

is a Liapunov-type function for (18).

Lemma 3.2. For all e > 0,

inf > pigi(0; — 0:)(Ji(0) — 6;) > 0.

10—-6%[|>¢ =
Proof. Rewriting the left hand side of (29) as

N N
> pigi(0; — 0;)(J:(0) — 07) + > pigi(0; — 07)?,
=1

=1

it will clearly suffice to show that

IN
o

N
> pigibi(Ji(0) — 67)
=1

N
> pigib (Ji(0) — 67) > 0.

=1

For (31), recalling the definition of iy, - - -, iy from (12), applied to 6, write for k = 1,.. ..

0;, = (911 - 0iz+1) + 0y -

Substituting in (31) and interchanging the order of summation yields the equivalent

N—-1 l N
Z (Qil - 9iz+1) Z pimgim<Jim(9) - ez*m) + QiN Z pmgWL<Jm(9) - H:n) <0.
=1 m=1 m=1

From Lemma 2.1 (b) and (25) note that for k =1,..., N —1,
k k

k
Zpizginil(e) - ZpizRiz(0> =F <{i17 e 72143}) < Zpilgizgz7
=1

=1 =1

14
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(29)

(30)

(31)

(32)

N —

(33)

(34)

(35)



and equality holds in (35) for £ = N. Since by definition 6;, > 6,

141

for[=1,---,N —1, (34)

follows.

For (32), recalling the definition of {v;}, {S;}, rewrite it as
ZV > pigi(J;(0) = 6;) <0, (36)
— ]GS*
and set v = S (vf — i) + Ve, i =1,...,M* — 1. The proof concludes as before by
noting that from Theorem 2.1 and for k =1,..., M*

-1,
k
Z Z Pjgje; = Uf 1 Z Jgj (37)

i=1jes? Sz

L

and equality holds in (37) for k = M™. O

Remark 3.1. Note that if §;, = 0,

2+1

for some 1 <1 < N — 1, (34) and Lemma 3.2 hold
for policies that do not necessarily use a fixed priority between 7; and ;1. It can be seen that
the remaining of the proof of Theorem 3.1 also goes through for this kind of policies and this

suggests the heuristic presented in the Introduction.

We proceed by writing a recursion for (28). Using (18) we have for n =0,1,...,

V(9n+1) = V(en Z ngz (9* nz [JnJrl,i(en) - HniKnJrl,i] (38)
zeN
R ( - 1) (O = 07) ir(02) = Opi P
ZEN Qnp41

2
2
+ n—|—1 o1 1)2 2 Z Pigi ( n—l—lz) [Jn41,i(0n) = OniFnia ]

Our goal is to apply Lemma 3.1 for z, = V(6,,). We must therefore turn our attention to
the F,-conditional expectation of the third and fourth terms of (38). The following truncation

scheme is crucial.

oo
Let {{A%};’o:l}le be a collection of events such that:

(C.1) For M =1,2,..., the sets AM are decreasing in n and belong to F,,, n =1,2,....
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(C.2) The sequence AM := N2 AM is increasing in M and

P (U AM) = 1. (39)

Set VM(n) :=V(0,)14m, n=1,2,....
Lemma 3.3. Iflim, ... VM(n) =0, a.s. M =1,2,..., then lim, .., V(0,) =0, a.s.

Proof. Note that
{1im V" (n) = 0} = (AM)* U (4" 0 { lim V(6,) = 0}), (40)
and therefore that
Jim P{lim VY(n) =0} = lim (P((AM) ) +P<AMm{hm V(o )) (41)

The left hand side equals 1 by hypothesis. From (39) we conclude that P{lim,,_., V'(#,) = 0} =
1. O

To proceed we need to bound the quantity
02 1,(00) = B [(Jns1a(0) — bui B0 1P (12)
To this end note that assumption (A.1) implies (see [19],)
E[(Ay; — Ag)Y] <00 forieN and E[(Ty —Tp)"] < co. (43)
Since K11, is independent of F,,, (43) implies that

E|K2, |F] =E|KL] <o, i€N. (44)

SE O yar )
)\ﬂ'gi

<Ai;ﬂ>2 E [(Ty — To)*(Au — Aoi)’|

The Cauchy-Schwartz inequality implies that

sup E[Jnﬂz(@ )]0 = 9} = sup E
b RY oeRY

1/2
<

(5] Bl = 1] [~ Ao

(45
NigiT OO( )

16



Expanding (42) and from the Cauchy-Schwartz inequality we get

P2nil0) < (B [Zens @ 7)) 0, (B [K20.]) ) (46)

The following events will be used in the truncation scheme. For M =1,2,..., n=1,2,...

and some § € (1/2,1), set

DY = (K, <MK, icN, k=1,...,n}, (47)
DM = {1/a, <M, ieN, k=1,...,n}, (48)
DY = {lap — 1| < M/E™°, i e N, k=1,...,n}, (49)
Dy = {ll6x—0*|| <M, k=1,...,n}. (50)

These satisfy conditions (C.1) and (C.2) above. Only the verification of (39) is not immediate.
Lemma 3.4. Forj=1,...,4, P (U%_, N, DM) = 1.

Proof. For j =1, note that since (UieN{Km > n’, infinitely often(i.o.)})c C U NP2y
DM it suffices to show that P{K,; > n’, io.} = 0, i € N. From Chebychev inequality
P{K,; >n°} < E[K%] /n*,n=1,2,..., and the result follows from the fact that F[K%] < oo

and the Borel-Cantelli lemma since § > 1/2.

Similarly for j = 2, recall that for n =1,2,.. .,

1

AT

Ap; =

1 n
—I——ZKM > 0. (51)
ni=

It suffices to show that P{a,; <1 —¢, i.0.} =0 for 0 < € < 1. But this follows from the strong

law of large numbers.

For j = 3, (51) and the law of iterated logarithm [9] applied to {K,;}>°, implies that for

d>1/2 and as.,
1 1 1 1

Nt ntod — Nt nitd’

(52)
for all but finitely many values of n. This implies the result as in the cases above.
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Finally for j = 4 note that from Lemma 2.1 (a) and (16) we have that

Api—1

1
lim Z:plgZ i = hm ZplA Z R (k) = F(N).
T N ©ieN i k=1
This implies that lim sup,,_, . ||0, — 0*|| < oo a.s. and the result follows. O

Proof of Theorem 3.1. By Lemma 3.3 it will suffice to show that lim,, o, V¥ (n) = 0,
M=1,2, ..., for
VM(TL) = V(en)lD{”fllef{la n>2..., (53)

where BM := DM NDMND} . Taking conditional expectation in (38) and using the monotonicity

in n of the sets D}!, j=1,---,4, we can write for n > 2,
E [VM(n +1)|7] <VY(n) (54)

T > 0igill; = 0ni) E [Jng1,i(0n) — Oni Knga 6| Fu] 1pm Lpm
1EN
Zjvngz‘enz ej‘E “JnJrl,z(en) - eniKn+1,i‘ 1{Kn+1,¢>M(n+1)5} fn} 1B£{1D%
16
Z pigil0ni — 07 |E [ P - 1‘ | Jn41,i(0n) = Oni K14 1D{”_In+1“7:”] Ly
zEN n+1s '

1 \?
2
(n +1 22 z%\:/,OlgZ [(am—l,z‘) (Jrt1i(On) = OniFns1) 1D{vfn+1"7:"] 1371“\/'

By 7;/(n) denote the ith term on the right hand side of (54) j = 2,...,5. Note that from
Lemma 3.2, T (n) < 0. For the remaining terms the following bounds are obtained for n > 2,

where (') is a large enough deterministic constant that depends only on M.
(a) TM(n) < Cyr/n'*°: From the Cauchy-Schwartz inequality and (42) we get

fn} S Un+17i(9n)P (Kn+1’i > M(n + 1)6) 12
(55)

E |:‘J71+1,z(9n> - em'Kn+1,i| 1{Kn+1,i>M(n+1)5}

From (44)-(46) it follows that ¢,,,1(6,) is uniformly bounded on D}, The desired bound now

follows from (44) and the Chebychev inequality.

18



(b) TM(n) < Cu (1/n2 + 1/n2_‘5> : Observe that a,y1; > n/(n + 1)a,; and therefore,

1 Kn+1i 2 1 Kn+1i
( + |an — 1] + ’>§—<—+\am—1y+ )
n+1 n+1 api \n+1 n+1

(56)

The bound now follows from (47)-(50) and the uniform boundedness of o,,11(6,) on Di..

1

Ap41

-1 <
Ap+1,4

(c) TM(n) < Cyr/n* : This bound follows from (56) and the uniform boundedness of o,,11:(6,)

M
on Dy

Setting 7™ (n) := T (n)+ T} (n)+TM (n), the above bounds imply that 3% 7™ (n) < oo
a.s.. Lemma 3.1 applied for z, = V™(n), ¢, = =T (n), &, = TM(n) yields that lim,, ., V" (n)
exists and is finite and that — 3°°° T (n) < oo a.s.. To show that P {limn_)oo VM(n) > O} =
0, it suffices to show that P{linmHoo VM(n) > 1/m} =0, m=1,2,.... Observe that on
{lim,, ..o VM™(n) > 1/m}, we necessarily have lpm =1py =1 for n > 2 and therefore, from

Lemma 3.2, — 32 T4 (n) = oo, which can only happen on a set of probability zero. O

4 A generalization

In this section we present an extension of Problem (P) of Section 2 for all policies in II. Recall
that RY(n) denotes the response time of the n'" departing customer of class i and RP(n) is the

associated vector in IR".

Problem (P’): Determine p* € II that satisfies

n—oo

Y <limsup (l > Rp*(k:)>> < <lim sup (l > Rp(k:)>> , a.s., for every p € II.
n =1 n—00 n =1

Our result is that policy 7w solves this problem as well.

Theorem 4.1. For all p € 11,
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o (i (3 m)) = v (msw (53 w0)) e 57)

n4 -1

Proof. Lemma 2.1 implies that for p € 1II,

> s (£ 37 R09) > s S (53 7209 = POV

A — — )
i—1 n—00 n—oo Ty

and for every S C N, S # N,

S pslim sup (% kz_jl Rf’(k)) > liminf Y™ p, (% kgl Rf(k)) > F(S).

i€s n—oo ies

Therefore, the vector limsup,,_, (% Sy Rp(k:)) belongs to Ay defined in (15). However as
shown in Section 3, R™ = lim,, .o = >3y R™(k) = R* and (57) follows from Corollary 2.1. O

5 Finite time asymptotic behavior

As was seen in the Introduction, in order to assess the adaptivity of our policies 7 and 77 it
is necessary to study laws of large numbers for the indices used by these policies. A statement
of this law for 7 was given in (7). The notation will be simpler if we work with the indices of
7. The modifications needed to obtain result (7) for the indices of 7 are straightforward and

standard in stochastic approximation (see, e.g., [30].)

Let us first state the recursions for the indices of 77.
Opi = 0h_1,;+ V[Jni(ggfl) - ngl,iKm} + V[Jm(f)lfl) - 9271,1‘Km} [QT - 11 (58)
i
al = a) 4+ ’V{Kn — 1{n_121}a2_1}, n=12..., (59)
with some initial conditions 6,a;.

It was seen in the Section 3 that convergence in (5) was determined primarily by its drift

which satisfied (22). The third term in (5) is of higher order and has no effect on convergence.
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The situation in Sections 5 and 6 is similar. The results only depend on the drift of (58) and the
treatment of higher order terms is lengthy but inessential and can be done in a straightforward
manner. For the sake of clarity we will make a simplification that leads to a recursion with the
same drift but without the higher order terms. Henceforth assume that the arrival rates {\;} are
known and remain fixed. Then, it is natural to employ policy 7’ which in the (n + 1)-st busy

period serves classes in the order of permutation 7(P,) (see (13),) where

1 Tn /
PAT) 1= 5 [ (i, i€ N

or, equivalently, in the order of permutation 7(6,,) where

Tn 1 In 7 .
O i= PA(T,) 2 = /0 0 (t)dt, i€ N (60)

nT - A\ginT

Hn = enfl + E [Jn<9n71) - enfl] ) (61)
where
Tui(B) = 1/%HW“WW i€N. (62)
TNiGi JTuy ’

Replacing 1/n by v, 0 < < 1 in (61) we obtain
Op = Oh1+7[Jul0h-1) —0h_1]. (63)

Observe that the conditional expectations of the second terms on the right hand side of (58) and

(63) coincide.

The main result of this Section is a functional law of large numbers for (63). This is stated
below as Theorem 5.2 where the deterministic limit (-) is given by (65). Such limits have been
studied extensively in in this context, [4], [29], and they also arise in a variety of other situations,
[11]. There, the deterministic limit of a stochastic recursion is obtained as the unique integral

curve of the vector field determined by the drift of the recursion and the initial condition. It is
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for this reason that none of the results in the literature seem to apply to our recursion. The term

B0 0 =0 = p | [T 0a] =50, ien. 6

N TAigi
in the drift of (58) is a discontinuous function of §. To see this note that its points of discontinuity
are, except in degenerate cases, the points of discontinuity of the permutation 7(-) defined in
(13). More importantly, the limit of recursion (63) can evolve on surfaces of discontinuity of .J;(0)
as will be seen in Case 2 of Theorem 5.2 below. Thus, the limit of (63) cannot be characterized as
the unique integral curve of the vector field defined by the drift and the initial condition. Indeed,
it does not seem easy to guess what the deterministic limit is and whether it exists at all. Therein

lies the contribution of this section.

To summarize our intentions, in Sections 5 and 6 we will assume that arrival rates are known
and that the indices (60) are employed. In the remaining of this section we derive a functional law
of large numbers for (63) and in Section 6 we study the long-term behavior of that recursion. The
simplifications made allow us to present only the novel aspects of our results. The corresponding
results for (58) can be obtained by straightforward but lengthy modifications. Finally, let us
remark that one may be able to obtain the result of Section 3 from the o.d.e. limit of (58),
provided that the estimates based on Lemma 5.4 below are sharpened. However, since one may
only be interested in the optimality of policy 7, the much shorter and direct proof of Section 3

seems worthwhile.
The limit

The limit of recursion (63) will be seen to be the solution of a ‘piecewise linear' o.d.e.. Each
piece is determined by the region of ]Rf in which the solution happens to be. To describe the

limit, some additional notation is needed.

For a partition U = (S;)X, of N, a policy p € Il is said to be of type U if, at every decision
instant, customers of classes belonging to .S; are given priority over customers of classes belonging

to S for 1 < i < j < M. Observe that for such a policy p € II, the long-run average response
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times { RV} | satisfy
Y pRl=F (U;?:lsj)

icUk S
€U 1S

forevery k=1,---, M.

A vector § € IRY is said to be of type U = (Si)f‘il ifi € Sy, 7 €S, and k < [ implies that

¢; > 0;. For a partition U, let
Dy = {HERZX 2 0 isoftypeL{}.

The set of partitions of N/ with cardinality N will be denoted by P.

For a partition U = (5;)M, of A/ we will need to describe the set of average response time

vectors achievable by a policy of type . To this end, set for k =1,..., M and S C S,
Fi(S) = F(UZ!Sius) —F(UZS:),
As, = {:C = (Ti);es, € R > piwi = Fp (Si); Y piws > F (S'), S’ C Sk} .
Sk &z
For z € IRY and S C WV, let z|s denote the vector in RS with coordinates in S.
The following result is a well known (see [15]) property of polymatroids.

Lemma 5.1 For everyk=1,---, M,

(1) Fy(-) is supermodular and
(i7) As, = {Rp]gk : policy p € Il is of type (Uf;llSi, Sk, Uf\ikHSi)}.

For 6 € IRY with representation U(f) = {Si(e)}i;f), {Vi(Q)}i]\i(le) (see Section 2), let

0k () = (@,Ek)(é’))‘es " be such that ¥(©®)(0)) < ¢(O) for every © € Ag, (5. From
1ESk

Lemma 5.1 and Theorem 2.1, we have that ©()(f) exists and is unique. Define the vector

O(0) := (©1(0),---,0x(0))T by setting, for every i € N, ©,(0) := @Ek)(Q) whenever i € Si(0).

We are now ready to describe the limit in probability of recursion (63) as v — 0 and

over finite time intervals growing at rate 1/. For an initial condition 0y € IRY, let U(6) =
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{Si(6)} ¢ (6o) {VZ(QO)} (%) and ©(6) be as defined before. Let
TDygyy = INF {s >0 : 0(s) & Du(go)}.
For times 0 <t < TDy(og) " the limit is the solution of the o.d.e.
O(t) = ©(6y) — 0(t), 6(0) = 6.

For times beyond Do) the limit is obtained by repeating the above procedure with 6 (TDM(QO))
as the initial condition. The function obtained in this way can be easily shown to be the unique

solution of the integral equation

o) = b0+ [ (©0()) ~0(5))ds (65)

Recall the definition of matrix A from (27) and of * € IR" from (17).) We conclude the
description of the limit by showing that the solution of (65) converges to 0*as t — oo, for any
initial condition. We first need the following result that can be derived by mimicking the proof

of Lemma 3.2.
Lemma 5.2. For every 0 € ./Rf,
(U — Uo*, vO(h) — vo*) <0
and equality holds if and only if 6 = 0*.
Theorem 5.1. The vector 0* is a globally asymptotically stable point of (65).

Proof. We show that V(0) := 1/2||¥0 — W6*||* is a Liapunov function for (65). Indeed,

whenever 6(t) is differentiable and different from 6* we obtain, from Lemma 5.2, that

jtV (0(t)) = (WO(t) — WO*, WO (A(t)) — VO*) < 0

Preliminary results
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The results in this subsection are preparatory for the convergence proofs that follow. Recursion

(63) is first written in an appropriate form and followed by three technical lemmas.

Recall from (64) the definition of J. Also, let J° := J;(6y) when 6 is of type o € P, and
J? := E[J° | §p). Recursion (63) can be written as

n—1 n—1
0y = 00 +7> Jea(0]) —v> 0]
k=0

k=0
n—1 n—1

= 00+ JO) -y 00+ My, (66)
k=0 k=0

where M := 4022 (Jrp1(60]) — J(6])), is a martingale with respect to the history F) of the

process {67}5° .

In the sequel, for a sequence {X}}72,, we denote the right-continuous process Xj;/,| by
X(t), where |-] denotes the integer part of a non-negative number. Then, (66) can be written

in the integral form

It/ ot
m@):ewoy—/’ 0 (s)ds+~ > J(0]) + M(t) (67)

0 k=0

We will need the following Lemmas.

Lemma 5.3. (Gronwall) For ¢ : [0,00) — IR} and non-negative constants Ko, K, K,
the integral inequality
t
O(1) < (Ko + Kut) + Ko [ ls)ds, >0,
implies that

K
Kot 1 ( Kot
o(t) < Koek? —|——2(e 1), t>0

For a proof see [31].

Lemma 5.4. (Lenglart) Let (M, F,), -, be an IR-valued, zero mean square integrable martin-

gale with quadratic variation {{M), = Y370 E [(Mgs1 — My)?| Fi]}. For any F,,-stopping
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time T, we have

P{max M, 26} < g+P{(M>T26},

0<n<T

for all o >0, e > 0.

For a proof see [24].

Corollary 5.1. For all € > 0,

lir%P{ sup ||M7(s)|| > e} =0.
"/—)

0<s<t
Proof. Let L = max,cp F||J°||?. Notice that by assumption (A.1) and (45), L < oo. From

the definition of M7 (t) we have

[t/v]

f 2
(M), =737 Bl J(@_y) = JOL)I < Lt
k=1
and the result follows from Lemma 5.4. O

The symbol =- denotes weak convergence.

Lemma 5.5. If 07(0) = 0(0) as v — 0, then for K > max,cp ||J°|| + [|0(0)]],

@%P{ sup [[07(s) — 07(0)|| > K (e’ - 1)} = 0.

0<s<t

Proof. From (67) we obtain

/7] s
07(s) = 07(0) =~ kf_j J(0-1) — /0 07 (u)du + (s = [s/v] ) 67 (s) + M7 (s).

By adding and subtracting appropriate terms involving 6(0) and 07(0) and using the triangle

inequality it follows that

(1 =) [17(s) =07(0)]] < s (rggg 17711 + ||9(0)H) + (s +7)167(0) = 6(0)]]

OO+ 1M )+ [ 167(w) — (0w,
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and by Lemma 5.3 (Gronwall),
76 =) < (=2 s IGO0+ -+-)67(0) - 0] ) e
+ (max |71+ 0] ) (77 = 1)
The result now follows from Corollary 5.1. O
Convergence
We intend to show the following result.
Theorem 5.2. For every e > 0, t > 0 and 6(0) € RY, if 07(0) = 6(0) as v — 0, then

lin%P{ sup [|07(s) —0(s)| > e} = 0.
y—

0<s<t

The essential difficulty in proving Theorem 5.2 is that the drift k(6] _,) = J(0]_,) — 0] _,
in (63) is a discontinuous function on IRY. Suppose that 6(0) belongs to D, for some o € P.
Then, the finite time analysis of (63) can be carried out using standard results of stochastic

approximation [29] and [33] only in the time interval [0, 7p, ).

For clarity of presentation, we first give convergence proofs for two special cases of initial
conditions (Theorems 5.3 and 5.4). Convergence for arbitrary initial conditions follows easily by

combining these two special cases.

Case 1: We begin by considering the situation in which 0(0) is of type o € P. In this case the

limit is the solution of the differential equation

o(t)=J° —0(), t>0. (68)

The next result establishes the convergence in the time interval [0,7p,]. Our technique is
closest to the one of [28]. For a subset D of IRY define the F-stopping time

hi=1inf{t >0:07(t) & D}.
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Theorem 5.3. If 67(0) = 0(0) as v — 0, where 0(0) is of type o € P, then for every e >0

and 0 <t < oo,
lin%)P{ sup ||07(s) —0(s)|| > e} = 0.
’Y*)

0<s<7p, At

Proof. The main difficulty is that the drift 2 (#) is discontinuous at 7p,. The proof is carried

out in two steps.

Step 1: We prove that for 0 <t < 7p, and all e >0,

0<s<t

liI%P{ sup [|07(s) —0(s)| > e} = 0.
y—

From (67) and the observation that for s < 7, , J(0)) = J°, 0 <k < [s/y] —1, we obtain

07(s) = 0(s) = (67(0) = 6(0)) — /0 (07 () = 0(u)) du + (s = [s/7])(07(s) — 6(s))
+(s =y Ls/7]) 0(s) + M7(s) = (s =y [s/7]) J°.
By setting U7 (s) := ||67(s) — 6(s)||, we have that

(1-NU(sATh) < U”’(O)+/OSU”’(u/\Tga)du

07 TO
+ sup M@+ (g 10(s)] + max 7))

Ogugt/\Tga

which after the application of Lemma 5.3 (Gronwall) gives

U (sAth,) < (1=9)7" (m(m +osup [|MY)] A (5nax 16(5)]| + max IIJUII)) /=,

Ogugt/\TgU

From Corollary 5.1 and the convergence of the initial condition we have that for all € > 0,

hII(l)P{ sup U'(s A7h) > e} =0. (69)
7—)

0<s<t

It remains to remove the stopping time in the supremum of the event above. For this note that

P{ sup U7(s) > e} <P{t>7) }+ P{ sup U7(s A7j)) > e} . (70)

0<s<t 0<s<t
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It therefore suffices to show that

; 24 —

lim P {t=7.} =0 (71)
Since t < 7p, there exists a ( > 0 such that

inf p (6(s), Dg) > ¢,

s<t
where p(z, D) = inf {||x —y|| : y € D} denotes the distance of the set D from z. Now note
that {t > Tga} C {supogsgt Ul(sA\Th,) > C}. Relation (71) follows as a consequence of (69).

Step 2: To complete the proof of the theorem, it suffices to show that if 7p, <t < 0o, then

there exists a ' € [0, 7p, ) such that

yir(l)P{ sup ||07(s) — 0(s)|| > 6} = 0. (72)

t'<s<7p,

Observe that for all #' € [0,7p,)

sup [|07(s)=0(s)[ < sup |67 (s)=0" ()| +]107 () =0+ sup [|0()—0(s)[|. (73)

t/<s<7p, t'<s<7p, t'<s<Tp,
Pick t" < 7p, large enough so that sup,,<,, [|6(s)—0(t')|| < €/3, and so that, for the constant
K in Lemma 5.5, K (eTDo_t' — 1) < €/3. Note that from Step 1 above we have as a corollary
that 07(t') = 0(t') asy — 0. Using Lemma 5.5, (72) follows from (73) and the proof is complete.
(]

Case 2: We now consider the situation in which

6;,(0) = 0,(0), i,j€N. (74)
As mentioned before, the limit in this case is the solution of

O(t) = 6* —0(t), t>0.

The difficulty here is that the drift in (63) is discontinuous at the initial condition ¢(0), and

furthermore, the trajectory of 6(t) may not leave the set where the drift is discontinuous. Assume

that 0(0) # 60*.
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It will be convenient to transform the state space Bﬁ by multiplying all vectors by the matrix
W. A transformed vector X will be denoted by X. Deviating slightly from this rule we set,
J(0) :== w.J(0).

Instead of considering the vector 6] we consider the projection and the vertical distance of

0] — 6(0) from the line determined by the points 6(0) and 6*. They are defined as follows.

Q= (07 —06(0),6" - 6(0)),
Zi = 0] —0(0) —uQy,
where L
u .= ?_—.Q(O)2
16 = 6(0)]]
The basic idea of the proof is to show that Z7(t) converges to zero (Corollary 5.3) and Q" (t)
converges to f(s)—0(0) (Theorem 5.4) as v — 0, where in both cases convergence is in probability

and uniformly over finite time intervals.

Observe that <j(«9) — 6, 5(0)> = 0 for 6(0) satisfying (74). Then from Lemma 3.2 we obtain,
for all 6 € IRY,

(6" —0(0),J(0) —07) > 0, (75)
(6-00),J(0)—07) < 0 (76)

From (75), we also have
(0" = 0(0),J(0) — 6(0)) > 116" — 6(0)||*. (77)

Note that equality holds in (75) and (77) when 0 is of type U(0*).

Let
Aw(OF-) = (Ju(6]-,) = T(07_)))

In terms of this notation the sequence {Q]}32, can be written as
k
T = (=9"Q¢+v (1= (J6]_) - 6(0),6" - 6(0))
1=0
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931 =) (Apaa(6] ). 6 = 0(0))

> (=i + (1= (1= 7)) (16" - 6(0)?
1 3(= ) (Baa(6-0). 0 = 0(0)) (78)

the inequality following from (77). When 0] is of type U(6*) for every [ = 0,1,---,k, then
equality holds in (78).

Lemma 5.6. For every e > 0,

[s/v]-1 . .
Z (1 - r}/)l <A|_5/'YJ—Z<6'LYS/’H7I71)7 0" — 9(0)>

lim P < sup =
v—0 =0

0<s<t

26}20.

Proof. Set i

Vi =D (1 =)' (Akaa(67-), 0% = 6(0)) .
1=0
{V,]}%2,, satisfies the recursion

Vi = Vil =~ <Ak+1(92), 0" — 9(0)> — Vi,

which in integral form can be written as

[s/v]-1 5 5 s
VI =1 3 (Beal@) 0 =00)) = [TVt (s =715/ V(6)

From the triangle inequality we have that for 0 < s <,

Ls/~) o
(1= [V7(s)| < sup |y kg (Apya(07), 07— 0(0))

0<s<t

+/Os|w<u)|du.

From Lemma 5.3 (Gronwall),

[s/v]-1 . N
v Y <Ak+1(6’g)79* - 9(0)>
k=0

sup [V7(s)] < (1) sup e

0<s<t 0<s<t
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Observe that y 31/ <Ak+1(6’g), 0% — 5(0)> is a FJ-martingale. The result follows now, by a

similar argument as in Corollary 5.1. O

Corollary 5.2. If 7(0) = 6(0) as v — 0, then, for every ¢ > 0,

limP{ inf [Q7(s) — (1— )6 — 6(0)2] < —e} — 0.

v—0 0<s<t

Proof. Since 67(0) = 0(0) as v — 0, we have that for all € > 0,

hII(l]P{ sup (1 —7)Qy > e} = 0.
"YA)

0<s<t

Using in addition Lemma 5.6, we conclude from (78) that

limy P {nggt (Q() = (1 = (1 = /)8 = B(O)IP) < —e} 0.

The result follows by observing that lim, (1 — ~)*/7) = e, uniformly in s € [0, 1]. O

We now turn our attention to the sequence {Z,}%2,. Let T2 :=inf {s >0 : ||Z7(s)| > C}
for C' > 0, and

Le(0iy) = Ar(0i_y) — U<Ak(9z—1>7 0" — 5(0)>
H(6}_,) = J(]_,)—6(0) —u(J(6]_,) - 0(0),6" —6(0)).

We first show the following result.

Lemma 5.7. If 07(0) = 0(0) as v — 0, then for every ¢ > 0 and C > 0,

hI%P{ sup ||Z7(s)|| > 6} = 0.
y—

0<s<tATY,

Proof. It can be easily seen that {Z]}°, satisfies the following recursion.

Zipa = (1 =7)Z¢ +vH(0;) + ATk (07)- (79)
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From the definition of H(6)) and I'y11(0)), we have the existence of finite constants Uy and Ur

such that, max;, ||H(0))||*> < Uy a.s., and maxy, E||T;.1(0})||* < Ur. From (79) we have

1Z7all? < NZ2P + U + 2T (07) + 297 (H(67), Tusa (67))
+29(1 =) (2 T (67)) +29v(1 =) (2], H(0])) ,

from which it follows that

ls/v]—-1
127$)|P < 125117 +vsUu +9° > ITea (6]
1=0
) [s/v]—-1 ls/v]—-1
+29° Y (H(0)),Tea(0)) +29(1 =) > (4], Tea(6)))
1=0 =0
[s/v]—-1
+29(1—=7) > (Z,H@O)). (80)
1=0

The Lemma will be proved if for every term, Ty(s),k = 1,...,6, on the right hand side of
(80), it is shown that for every € > 0,
lim P{ sup |Ti(s)|>e€p =0.
70 | o<s<enTy,

We consider each term separately.

a) Ty(s) := || Z3||*: The assertion follows from the weak convergence of the initial condition.
b) Ts(s) := vsUpg: Obvious.

¢) Ty(s) := 2 L1141 (67)||?: Since the terms in the summation are non-negative,

) Lt/v]-1 )
sup [Ty(s)] <7° > [T (0D
OSSSt 1=0

Since 12 E (X1%5" " |[Tu41(07)|2) < 4tUr, the result follows by Chebyshev's inequality.
d) Ty(s) = v2 S (H(6)),T141(67)): Observe that the sum is a F7-martingale. For the
quadratic variation, (7})., of the sum we have that,

[t/7]

B(Ty), <" Y E(H(0)),Tis1(6)))® < ¥3UnUr.
=0
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The result now follows from Lemma 5.4, by applying Chebyshev's inequality to (T})..

e) Ts(s) == (1 — Y)SEM(ZY T1(67)): Again, the sum is a F)-martingale. Since
1Z7(s)|| < C for s <TZ, (Ts);nry — 0 a.s. and the result follows from Lemma 5.4 (Lenglart).
1) Tols) =291 =) S (2 H(O])): Set

(J(67) - 6(0),6* — 6(0))
16— 6(0)]?

c)):=1-
Observe that Uc := maxy gy C(0) < co. From the definitions of Z," and H(6;), it follows that

7z, 1) = (G - 60), HE))
= C(ONQ] +(67(1) = 6(0), J(6]) — 7)
C)Q

IN

where the inequality follows from (76). From (77), we have that C(6]) < 0 for every [ and

consequently, from (78), we obtain

Ls/v]—1|1-1 L
4] < 20c Q] |+ 20 3 | S (0= " (a8 = 00)]. (1)
=0 m=0

From the convergence of the initial condition, we have that the first term in (81) converges to 0

as v — 0. The second term is dominated by

[1/7) -1 o
2tUcsup v| > (L= (Aupgm(O 1) 0 — 9(0)>|
0<i<t | m=o
for which Lemma 5.6 applies. This completes the proof of Lemma 5.7. O

The stopping time T, can be removed from the supremum as in Step | in the proof of Theorem

5.2 (see (70)).
Corollary 5.3. Under the same assumptions as in Lemma 5.7,

lir%P{ sup || Z7(s)|| > 6} =0.
’Y*)

0<s<t
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We will need the following simple geometric result. For any § € RY, let Q(f) and Z(0)
denote, respectively, the projection and the vertical distance of § — 6(0) from the line joining
g* and 6(0); i.e., Q(0) := (#—0(0),0* —6(0)) and Z(f) := 6 — 6(0) — uQ(f), with u =
16* — 0(0)]| 72 (6* — 0(0)). Recall that 6(0) satisfies (74).

Lemma 5.8. For every €, > 0, there exists § > 0 such that for every 0 € RN with Q(0) > ¢,
and | Z(0)|| < 0, 07 > 0F implies 0; > 0; .
Proof. We need to consider only the case where 6] # 07 for some 7, j € N. If we choose

o min {[6; — 03] : 07 # 03}
-2 16~ — 6(0)]1> ’

then 07 > 07 implies

0:—0; = Zi(0) — Z;(0) + (wi — u;)Q(0)
~5+ e, (07 —6;) 0" = 6(0)[| 7 > 0.

v

Recall that 6(-) is the solution of the integral equation (65).

Theorem 5.4. If §7(0) = 0(0) as v — 0 and 0(0) satisfies (74), then for every ¢ > 0,

0<t< oo,
lir%P{ sup [|07(s) — 6(s)|| > 6} = 0.
y—

0<s<t

Proof. Assume first that #(0) # 6*. Set Q(s) := (1—e*)||#* —0(0)||>. Since 67(s) —6(0) =

uQ"(s) + Z7(s), and f(s) — 6(0) = (1 — e=*) (6* — 6(0) ) , we have
167(s) — (s)|| < 127 (s)]| + [[ull - 1Q(s) — Q(s)]
and, in view of Corollary 5.3, it suffices to show that for ¢ > 0,

tiny P sup 1Q7(5) = Qo) > o 0. 2

0<s<t
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Observe that

sup [Q7(w) = Q)] < sup |Q(u) ~ Q7(0)] + |Q(0)] + sup Q).

0<u<s

Fix € > 0 and pick s, > 0 small enough such that (i) supy<,,, |Q(u)| < €/3; and (ii)

limP{ sup |Q7(w) — QV(0)] > f} ~0.
7=0 | 0<u<s, 3

The final choice can be made by virtue of Lemma 5.5. From the convergence of the initial

condition we have that

limP{ sup |Q7(s) — Q(s)| > e} = 0. (83)
7—0 0<s<50
It remains to show that
limP{ sup |Q7(s) —Q(s)| > e} =0. (84)
y—0 So<s<t

Consider the events

Q= { it [Q7(s) - Qs)) > ~Qs.) 2]

so<s<t

0 - {sup ||Zv<s>||<6},

so<s<t
where ¢ corresponds to the choice €, = Q(s,)/2 in Lemma 5.8. From Lemma 5.8, we have that
for all sample paths in Q7 := Q] NQJ, 67(s) is of type U(6*) for every s, < s < t. Consequently,
for all these paths, an equality holds in (78) for k = |s,/v], -+, [t/7] — 1 and we obtain, for
So <8<,

Q(s) = (1=l Qi(s,) + [1 = (1 =)/l 1G5 — G(0) 2

[s/7) -1 L
7 > (L= (A0 11).0" = 6(0)). (85)
I=[s0/7]

From Corollary 5.2 and Corollary 5.3, we have that lim,_,, P(£27) = 1. On the set 7, replace
Q" (s) with the right hand side of (85). From the choice of s, and Lemma 5.6, we have that

by s, 10°60) = QU1 > ef = Jig P {7 04 smp 0705~ QI 2 =0,
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Finally, suppose that 6(0) = #*. With this initial condition, 6(¢) = 6*. The proof in this case

is derived by using the recursion
0 — 0" = (1L =)0+ |[J(07-1) = 0]+ [J(07-1) — J(671)]

and the techniques of Lemma 5.7. O

We provide now an outline of the proof of Theorem 5.2

Proof of Theorem 5.2. Let 7y := 7p,, , and forn > 1, 7, ;= inf {s > T 0(s) & Du(@_rnil)}.

For the solution of (65) we have that 7;, > ¢ for some L > 0. It is sufficient to show that

hIr[l)P{ sup ||9’Y(S)_0(S)|| 26} :07 n:]-a"'uLv
’Y‘)

Tn—1<8<tATh

and this will follow by induction if it is shown that

ti s () <003 > ¢} =o. (6

0<s<tATo
Recall that z|s denotes the vector in IR"®! with coordinates in S C . Using Lemma 5.1, the
methodologies of the proof of Theorem 5.4 and step 1 of Theorem 5.3 it can be shown that for

every ¢ > 0 and t < 7y,

%iE%P{ sup HW(SNS,C(@O) - 9(8)|Sk(90)

0<s<t

26}:0, ]{Z:]_,,M<90)
Using the same procedure as in the proof of step 2 of Theorem 5.3, we have that

lim P { sup
v—0

0<s<tAT1g

0 ()] sut00) — 0065w = } S0, k=1, M(0).

which implies (86). 0

6 Long time asymptotic behavior of policy 7”7

In this section we establish the asymptotic optimality of policy 77 as v — 0. Specifically we show

that the long run average of the vector of response times
1 n—1 1 n—1 T
(91— Z Ji1,1(00), - 9N — Z Jk+1,N(9;§Y)>
" k=0 k=0
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under policy 7 converges a.s. to a finite limit as n — oo. The magnitude of the difference
between this limit and the lexicographically minimum vector 6* is bounded from above and the

bound converges to zero as v — 0.

We first restate recursion (63) as

07 = 0) 1+ [Inlbh1) =0, 4] (87)
n—1

= (1=)"+7Y_ (1 —7)""" T (6]). (88)
k=0

The behavior of the sample mean response times is closely related to the long run behavior of
{07}. We begin by considering the existence of a stationary distribution of the RN -valued time-
homogeneous Markov chain {07}> .. The reader is referred to [34] for related definitions and
results. The following result shows that for every n = 1,2, -, the conditional distribution of
J.(07)_1) given 6] _, has a component that is absolutely continuous with respect to Lebesgue

measure, {(-), restricted to an appropriate set. The assumption of Poisson arrivals is crucial.

Lemma 6.1. There exists G := Q. [ci, B;] C IR such that for every (Borel) measurable

D C G, we have
P{J.0)_y)eD|0)_,=0} > clD), n=1,2,---, (89)
for some constant ¢ > 0.

Proof. Observe that it suffices to show (89) for sets of the form D = @, D;, where D; is a
measurable subset of [«;, 3;] for every i € . Indeed, then it is easy to show that (89) holds for
finite disjoint unions of sets of the above form and, invoking the monotone class theorem, (89)

would hold for all measurable subsets of (.

Since B;(0) < 1 for every i € N, there exists ¢; > 0 such that B;(c; + ¢) — Bi(¢;) > 0
for every ¢; > 0; here B;(t7) := limy; Bi(s). Set € = min;(¢;/3), au = (2¢1 + 2¢)/(TA\1g1),
1 =3c1/(tAq1), and o = (¢; +€)/(TNigs), Bi = (i1 + ¢i)/(TNig;) for every i = 2,--- N.

Consider the event £ in which, during the time interval [T,,_1,T,], exactly N + 1 customers
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arrive: a customer of class 1 arrives at time 7;,_1, yet another customer of class 1 arrives during
its service time and after that, a customer of class ¢ arrives during the service time of a customer
of classt—1 forv = 2,3,---, N. Since the policy is non-idling and non-preemptive, on this event

&, the response times of the customers are independent of the policy and we can write

P{J(0;-1) € D0, =0} = P{(Ju(0-1) e D)NE |0, =0}
= P{(n(0;-1) e D)NE}. (90)

For D C IRand x € IR, let D—x denote the set {y—x : y € D}. Also, let dB(S1, 1,82, -+, SNn) :=
dB;(51) [T, dB;(s;). Then the right hand side in (90) can be written as

/P{(Jn,z(egfl) € Dz,l GN) | 8,51,81,"',SN}P{8 | 51,81,"',SN}dB(gl,Sl,"',SN>.

For convenience, set D; := {T)\;g;x : © € D;} for i € N'. From the memoryless nature of the
arrivals and the independence of the arrivals and service times, it follows further that the above
integral is equal to

/ (({D1 =5 =s1}n[0,5)) i’ (£Ds = s:} N [0, 50-4])

S1 i=2 Si—1

P(g|§17817 R SN) dB(gl,Sl, e 7SN>-
(91)

Consider the integral only over the set
Dy={c1 <5 <ci+eand ¢;<s;<c;+¢€ i€N}.

Observe that for the specific choices of {c;} and {3;}, we have that D; — 5, — s; C [0, 5,] and
D; — s; C [0,8;_1] for every i = 2,3,--- N whenever (31,51,52,-++,sy) € D,. Using this fact

and the translation invariance of the Lebesgue measure, it follows that (91) is no smaller than

N N -1
(D) (H T)\igi> /D (81 HSi—1> P{E 51,51, --,sn}dB(51,51, -+, 5n).
i=1 o\ iz2

From the choice of {c;}, we have that dB measure of D, is positive and the result follows by

setting the coefficient of /(D) above to ¢ > 0. O
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Let (1¢(+) := £(GN-) with G := @, [a, Bi] as defined in Lemma 6.1. We will now show that
the chain {0} is ¢1g-irreducible and will identify G C G such that every bounded measurable
set C C IRY with (15 (C) > 0 is a small set for the chain. Our approach is similar to that in
example (f) (p. 5,12,15) of [34]. Let

Vo =) (),
k=0
N
G, = {1 = (1= )"} + €n, {1 = (1= 79)"}B; — €]

=1
with €, < 271 — (1 —9)"|(B; — o) and €, — 0 as n — oo. Fix § € IRY. From Lemma 6.1, it
follows by an inductive argument (see Appendix ), that there exists ¢, > 0 (that is independent

of D) such that
P{VleD|0;=0} > c, (D), VDCG,, n=12---. (92)
Pick D such that {15(D) > 0. Then from (88) and (92), we have
P{0leD|Oy=0}y > P{V)eG,N[D—-(1—~)"0]|60; =0}

> c, L(G,N[D—(1—-7v)"0)). (93)

Since /(GN D) > 0 and G,, — G, the quantity on the right is (strictly) positive for some n,

sufficiently large and we have shown that
Lemma 6.2. The Markov chain {0)} is {1g-irreducible.

Let G := QN [a; + ¢, B — €] with 0 < e < (B; — o;)/2 for every i € N. Let C C IRY be a
bounded measurable set. Since GG,, — G, it follows from the boundedness of C that there exists

n, (independent of @) sufficiently large so that for every n > n,,
(DNG)—(1—y)"6C G, VoeC. (94)

Applying (94) and the translation invariance of Lebesgue measure in (93), we now have, for every

Dc RN and § € C:
P{o1,eD|bo=0} > P{6) €(DNG)|6 =0}
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v

Cny ¥ ((D N G) —(1— 7)”0«9)
= ¢p, U1a (D).

o

This shows that

Lemma 6.3. For the Markov chain {07}, any bounded measurable set C C IRY such that
15(C) > 0 is a small set.

We are now ready for our main result.

Theorem 6.1. For every 0 < vy < 1, the Markov chain {6} is Harris ergodic. The limiting

r.v. 00 has finite mean and E||0, — 0*||*> < ¢y, for some ¢ > 0.

Proof. We first establish positive Harris recurrence. With U defined as in (27), let V(0) :=
2||W6 — wh*||>. Using (87) we can write

V) = (=P V) + 0 106 ) - vl
+ (1 =) (WO, — V0", W, (0, ;) — Vo). (95)
Taking conditional expectation given ) _; on both sides of (95) and using Lemma 3.2 we obtain
E[V(07) = V(i) 1 0h4] < v(v=2)V(0) + Yo (96)
for some positive constant ¢;. If we choose
C .= {HEZRN:HH—Q*H SM},

a sufficiently large choice of M gives (see (96)): (a) supgece E [V (6)) —V(0)_1) | 0)_1 =0] <
0, (b) supgec E[V(07) | 07_1 = 0] < o0, and (¢) £15(C) > 0. Positive recurrence now follows

from Proposition 5.10 (page 77) in [34] and Lemmas 6.2 and 6.3.

Arguing as in Lemma 6.3, we can easily show that there exists ¢, > 0 and an integer n, such
that
P{07 e D|0] =0} > cu l1a(D), n=mne n,+1,
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for every D ¢ IRY and 0 € C, C C IR" being a bounded and measurable set with ¢15(C) > 0.
From Problem 3.2 (p. 157) in [2], it follows that the chain {6} is aperiodic and therefore Harris

ergodic.

We now show that Ef2 < oo. Without loss of generality assume that EV (6]) < co. Taking

expectation in (96) we obtain
EV(0;) < (1=9)*EV(6h1) + Ve,
and iterating, this yields
EV(0;) < (L=7)™EV(0) + vei/(2—1). (97)

Therefore, limsup,,_,.. EV(07) < ~c¢;. Since ) converges weakly to 67, as n — oo, from

Theorem 6.3 in [7], we obtain

EV(0L) < liminf EV(0)) < v < oo. (98)

n—oo

From Jensen’s inequality, it follows that E07 < oo.

Finally, (98), implies that E||03, — 0*|] < ——5. 0

As an immediate consequence we have that the long run average of the response times under

77 exists and that this limit approaches R* as v — 0.

Corollary 6.1. For 0 <y <1,
1 n—1

0 = lim — 3 Jes (67)
=0

n—0o0 N, P

exists a.s. and ||07 — 0*|| < /ey, where ¢ is as in Theorem 6.1.

Proof. Some algebra (using (87)) shows that

1 n—1 1 n—1 (Q’Y _H'y)

N0 = = N Jea(8)) ¢ 2

n ’;) k o ’;) k1 (07) vy
From Theorem 6.1, we have 1/nY.7—5 6] converges a.s. which implies 67 /n converges to 0
a.s.. Therefore 7 exists and is equal to £/02,. The rest follows from Theorem 6.1 and Jensen's

inequality. O
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7 Appendix

In this appendix we present a proof of the inequality (92) in Section 6. Let

ani = {1 —=(1—=7)"}ai+ €
bpi = {1 - (1 - ’Y)n}ﬁz — €Eng
N
Gn = ® [ania bnz] .
i=1

We have to show that for every n = 1,2, - -, there exists ¢, > 0 (independent of D) such that
P{V7eD|bOy=0} > ¢, D), DCG,. (99)

Let us first choose {e,} so that in addition to satisfying ¢, < [1 — (1 —)"](8; — ;)/2 and

€, — 0 as n — oo, we have
ent1 = (1 =) (en + 0n), (100)

and 9, > 0 and 9,, — 0 as n — oo. That this is always possible can be seen, for example, from

the choice
€;
o= = L= (1=,
e = L= (=)
vei — (1 —7)ep ,
(Sm‘ = s ZGN,
(n+1)(1-7)

Lemma 6.1 shows that (99) holds for n = 1. Assuming that (99) holds for n, we will
show that it holds for n 4+ 1 as well. Consider first the case in which D C G, is such that
D C @¥,[ci,d;] C Gy with 0 < d; — ¢; = y(B; — ;) /2 for every i € N. For ¢ € IR and
D C IR, let D4c:={0+c:0 € D}yand D/c:={0/c: 0 € D}. Also, let 0(v) := (1—7)"0 + v.

Since

Vv]+1 - (I_V)Vn + 7Jn+1(9%)’
0 = (1—9)"0 + V7,

n
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we can write

P{V),eD|b=0 = /P{Jn+1(§(v)) €D~ (1—)l/y | Vi = 0,0 =0}
dP{Vy <v |6 =0}
= [ P{Ia(B)) € [D = (1 =)0l | 6 = (0)}
dP{Vy <v |0 =0}. (101)

Assume first that there exists D, C IR" such that
D, C G, [D—(1—vW]/yCG=aY,la 03] VYveD, and ¢D,)>0. (102)

Consider the integral in (101) only over the set {v € D,}. From Lemma 6.1, we have, using the
translation invariance of Lebesgue measure, that the quantity on the right in (101) is no smaller

than
c/yN 4(D) P{V € D, |6y =0}.

Setting cpy1 := cc, l(D,)/yN > 0, the induction hypothesis now gives (99) for the special choice
of the set D. Since an arbitrary set D C G, 1 can be written as a finite disjoint union of sets of

this type the proof of (99) for the general case is straightforward.

It remains to show that D, C IR" can be chosen so that (102) holds. Some algebra (using
the definitions of {a,} and {b,}) shows that

ant1; = (1 —7)an +y; + (1 — 7)o,

bot1; = (1 —=79)bni +78i — (1 —7)0ni,

and this implies that (recall that D C G,,11)

0; — yay 0; — Vi .
inf e > Ap; + Oni;  SUP —W <bpi—0pi, 1€N. (103)
oD\ 11— peD \ 1—7

From the choice of {¢;} and {d;}, we have further that

0; — 5 di — Vi P~ Y 0; — v .
sup Al < Al LG < inf vi T , 1eN,
1—7 1—7 oeD\ 1—v
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and

1 -~ 9eD \ 1—7 1 -~
- Y(Bi — o)
2(1=7)

If we let

. { <9¢ — 7@)}
i = 1Aax\y dp;, Sup ,
9eD \ 1 —7
u; = min{bm-, inf (M)} ., 1eN,
6eD 1—7

then from (103)-(104), we have that

u; —l; > min (bm‘ — Qnpg, 5m‘, M) >0
2(1-9)

(104)

for every i € N. Define D, := @ ,[l;,u;]. It follows from the choices of {I;} and {u;} that

(102) holds and the proof is complete.

45



References

[1]

2]

3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

E. Altman and A. Shwartz. Adaptive control of constrained markov chains. IEEE Trans.

on Automatic Control, 36:454—462, April 1991.
S. Asmussen. Applied Probability and Queues. John Wiley and Sons, 1987.

J.S. Baras, D.J. Ma, and A.M. Makowski. K competing queues with geometric service
requirements and linear costs: the pc rule is always optimal. Systems and Control Letters,

6:173-180, 1985.

A. Benveniste, M. Métivier, and P. Priouret. Algorithms Adaptatifs et Approximation
Stochastique. Mason Paris, 1987.

A. Benveniste and G. Ruget. A measure of the tracking capability of recursive stochastic
algortihms with constant gains. IEEE Transactions on Automatic Control, 27(3):639-649,
June 1982.

P.P. Bhattacharya, L. Georgiadis, P. Tsoucas, and |. Viniotis. Optimality and finite time
behavior of an adaptive multi-objective scheduling algorithm. Technical report RC 15967,

IBM T.J. Watson Research Center, 1990. Mathematics of Operations Research, to appear.
P. Billingsley. Convergence of Probability Measures. John Wiley and Sons, 1968.

C. Buyukkoc, P. Varaiya, and J. Walrand. The cu rule revisited. Advances in Applied
Probability, 17:234-235, 1985.

Y. S. Chow and H. Teicher. Probability Theory: Independence, Interchangeability, Mar-
tingales. Springer Texts in Statistics. Springer Verlag, 1988.

E. G. Coffman and |. Mitrani. A characterization of waiting time performance realizable by

single server queues. Operations Research, 28:810-821, 1980.

46



[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

S. N. Ethier and T. G. Kurtz. Markov Processes: Characterization and Convergence. J.

Wiley and Sons, New York, 1986.

A. Federgruen and H. Groenevelt. Characterization and optimization of achievable perfor-

mance in general queueing systems. Operations Research, 36:733-741, 1988.

A. Federgruen and H. Groenevelt. M/G/c queueing systems with multiple customer classes:
Characterization and control of achievable performance under nonpreemptive priority rules.

Management Science, 34(9):1121-1138, 1988.

S. Fujishige. Lexicographically optimal base of a polymatroid with respect to a weight vector.

Mathematics of Operations Research, 5(2):186-195, May 1980.

S. Fujishige. Submodular Functions and Optimization, volume 47 of Annals of Discrete

Mathematics. North-Holland, 1991.

E. Gelenbe and |. Mitrani. Analysis and Synthesis of Computer Systems. Academic Press,
New York, 1980.

L. Georgiadis, C. Nikolaou, and I. Viniotis. Adaptive scheduling algorithms that satisfy aver-
age response time objectives. In Proceedings, Twenty-Seventh Annual Allerton Conf. on
Comunication, Control, and Computing, pages 810-919, Urbana, Champaign, September
27-29 1989. University of lllinois.

L. Georgiadis and I. Viniotis. On the conservation law and the performance space of single
server systems. Technical report RC 15673, IBM T.J. Watson Research Center, 1990.

Operations Research, to appear.

S. Ghahramani and R. W. Wolff. A new proof of finite moment conditions for gi/g/1 busy
periods. Queueing Systems, 4:171-178, 1989.

E.G. Gladyshev. On stochastic approximation. Theory of Probability and its Applications,
10:275-278, 1965.

47



[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

J. M. Harrison. Dynamic scheduling of a multiclass queue: Discount optimality. Operations

Research, 23:270-282, 1975.

D. P. Heyman and M. J. Sobel. Stochastic Models in Operations Research, volume I.
McGraw-Hill, New York, 1982.

T. Ibaraki and N. Katoh. Resource allocation problems: Algorithmic approaches. MIT

Press Series in the Foundations of Computing, 1988.

|. Karatzas and S.E. Shreve. Brownian Motion and Stochastic Calculus. Springer-Verlag,

New York, 1987.
L. Kleinrock. Queueing Systems, volume 2. John Wiley, 1976.

G. P. Klimov. Time sharing service systems i. Theory of Probability and Applications,
19:532-551, 1974.

G. P. Klimov. Time sharing service systems ii. Theory of Probability and Applications,
23:314-321, 1978.

Y. A. Kogan, P. S. Liptser, and A. V. Smorodinskii. Gaussian diffusion approximation of
closed markon models of computer networks. Problems of Information Transmission,

22(1):38-51, January-March 1986.

H. Kushner. Approximation and Weak Convergence Methods for Random Processes with
Applications to Stochastic Systems Theory. Signal Processing and Control. MIT Press,
Cambridge, Mass., 1984.

H. J. Kushner and A. Shwartz. An invariant measure approach to the convergence of
stochastic approximations with state dependent noise. SIAM Journal on Control and

Optimization, 22(1):13-27, January 1984.

V. Lakshmikantham, S. Leela, and A. A. Martynyuk. Stability Analysis of Nonlinear
Systems. Marcel Dekker Inc., New York and Basel, 1989.

48



[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

D. J. Ma and A. M. Makowski. A class of steering policies under a recurrence condition. In

Proceedings of the 27th Conference on Decision and Control, pages 1192-1197, 1988.

M. Métivier. Introduction to stochastic approximation and adaptive filtering. Lecture Notes:

Departimento di Mathematica, Universita di Roma, 1987.

E. Nummelin. General Irreducible Markov Chains and Non-negative Operators. Cam-

bridge University Press, 1984.

H. Robbins and D. Siegmund. A convergence theorem for non-negative almost supermartin-
gales and some applications. In J.S. Rustagi, editor, Optimizing Methods in Statistics,
pages 233-257, New York, 1971. Academic Press.

K. W. Ross and B. Chen. Optimal scheduling of interactive and noninteractive traffic in
telecommunication systems. [EEE Transactions on Automatic Control, AC-33(2):261-

267, 1988.

K. W. Ross and D. D. Yao. Optimal dynamic scheduling in Jackson networks. [IEEE
Transactions on Automatic Control, AC-34(1):47-53, 1989.

D. Tcha and S. R. Pliska. Optimal control of single-server queuing networks and multi-class

M/G/1 queues with feedback. Operations Research, 25(2):248-258, March-April 1977.

P.P. Varaiya, J. Walrand, and C. Buyukkoc. Extensions of the multiarmed bandit problem:
The discounted case. IEEE Transactions on Automatic Control, 30:426—439, 1985.

R. W. Wolff. Stochastic Modeling and the Theory of Queues. Industrial and Systems
Engineering. Prendice Hall, 1989.

49



