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Abstract

We consider the problem of scheduling packets over channels with time-varying
quality. This problem received a lot of attention lately in the context of devising methods
for providing quality of service in wireless communications. Earlier work in this problem
considered two cases. One case is that the arrival rate vector is in the throughput region
and then policies that stabilize the system are pursued. The other case is that all packet
queues are saturated and then policies that optimize an objective function of the channel
throughputs are investigated. In this paper we address the case where no assumption
on the arrival rates is made. We obtain a scheduling policy that maximizes the weighted
sum of channel throughputs. Under the optimal policy, in the general case, the system
may operate in a regime where some queues are stable while the rest become saturated.
If stability for the whole system is at all possible, it is always achieved. The optimal
policy is a combination of a criterion that gives priorities based on queue lengths and a
strict priority rule. The scheduling mechanism switches between the two criteria based
on thresholds on the queue lengths and is modulated by the availability of the channels.
The analysis of the operation of the system involves the study of a vector process which
in steady state has some of its components stable while the others are unstable. We
adopted a novel model for time-varying channel availability that dispenses with the
statistical assumptions and makes a rigorous description of system dynamics possible.

1 Introduction

The primary motivation of this work is to address the problem of scheduling transmissions
of multiple data flows sharing the same wireless channel under general arrival rates. The
relative delay tolerance of data applications, together with the bursty traffic characteristics,
opens up the potential for scheduling transmissions so as to optimize throughput [3]. Given
the above considerations, we examine a time-slotted parallel queue system with a single
server. The condition of the associated channel of every queue varies with time between
“on” and “off” states. In every time slot only one packet from a given queue can be
transmitted, if the associated channel is in the “on” state and the queue is non empty. For
such a system we design of scheduling policy that allocates the server to the queues in such
a way that the weighted sum of channel throughputs is maximal.
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A related approach along these lines is proposed in [1], where the authors identify opti-
mality properties for scheduling downlink transmissions to data users in CDMA networks.
For arbitrary-topology networks, the problem of admission control and rate allocation to
the users so that certain quality-of-service requirements are met, is investigated. A math-
ematical programming formulation is obtained for determining the optimal transmission
schedule. The effect of wireless channels on the performance of transmission protocols such
as TCP is examined through simulations in [2]. The authors conclude that channel state
dependent scheduling can lead to significant improvement in channel utilization.

The problem of scheduling wireless channels with time-varying connectivity has been
addressed in the past in several different contexts. In [15], optimal scheduling for a wireless
system consisting of multiple queues and a single server is studied. The arrival processes to
the queues are assumed i.i.d Bernoulli. The wireless channels can be in the “on” or in the
“off” state according to i.i.d Bernoulli processes. The authors derived the system stability
region; moreover, they showed that the policy that among the queues whose channel is “on”
serves longest one, stabilizes the system whenever the arrival rates are within the stability
region. In [16], Tassiulas considered a system that generalizes the one in [15] in the following
aspects. First, a network with arbitrary topology is considered. Second, the topology is
represented by a hidden Markov model instead of an independent and identically distributed
(i.i.d) process. Third, anticipative scheduling policies are taken into consideration. Fourth,
multiple link transmission rates are considered. In that context, after the characterization
of the region of achievable throughputs, a transmission scheduling policy is proposed that
achieves all throughput vectors achievable by any anticipative policy.

The problem of scheduling transmissions over a wireless channel with time-varying trans-
mission rates is considered in [12], [3], [9] and [10]. The problem of providing a scheduling
policy that stabilizes the system whenever the arrival rate vector lies within the stability
region is dealt in [12] and in [10]. In [12], a finite set of channel states is assumed and
every channel can be in one of these states. With each state there is an associated data
rate representing the rate at which the queue is served if selected for transmission. The
arrival processes to the queues are assumed mutually independent, ergodic, Markov chains
with countable state space. Under these assumptions it was shown that the scheduling
policy, called the ezponential rule, makes the queues stable if there exists any policy that
can do so. In [10], the authors consider the problem of power and server allocation in a
multi-beam satellite downlink which transmits data to different ground locations over time-
varying channels. The authors establish the stability region of the system and develop a
power allocation policy, which stabilizes the system whenever the system is stabilizable and
when the arrival and channel state processes are i.i.d.

In [9] and [3] the problem of developing a scheduling policy for efficient channel utiliza-
tion is considered for the case that all the queues are infinite. In [9] the state of a channel
is modeled by a stochastic process, which represents the level of performance of the given
channel. A scheduling policy is provided which maximizes the average system performance
given that a predetermined time-fraction assignment is achieved for all channels. In [3], the
authors consider a base station serving data-users. The feasible rates of the users vary over
time according to some stationary discrete-time stochastic process. A scheduling policy that
exploits the variations in the channel conditions and maximizes the minimum throughput
is developed.

The main contribution of this paper is the design and analysis of a scheduling policy



for a wireless system with time-varying connectivity, for general arrival rates. This is an
important situation that arises in practice, since the channel parameters and the arrival
rates may not be known apriori, or may vary over time. In such a case, scheduling policies
proposed before for maximizing throughput under various assumptions on the arrival rates
may fail, and the system may have a rather erratic behavior. In the current work we
consider the scheduling problem of maximizing the weighted sum of user throughputs. We
provide a scheduling policy that is optimal under any arrival rates. In the most general case,
under the optimal policy we propose, some queues will be stable while others will operate
in saturation. Such a dynamic behavior makes the analysis of the system rather difficult.
Instrumental in the analysis of our policy was the adoption of a “bounded burstiness” model
for the variability of the channel inspired by “burstiness constrained” traffic models that
have been used over the last several years in the analysis of communication networks [5],
4], [3].

The paper is organized as follows. In Section 2, the traffic and channel model is in-
troduced. Specifically, the constraints on the arrival and channel availability processes are
given. In Section 3 we provide the problem formulation and define the scheduling policy. In
Section 4 the optimality proof of the proposed policy is given. Conclusions and suggestions
for further work are discussed in Section 5.

1.1 Notations and Conventions

Before proceeding, we present some of the notations and conventions that we use throughout
the paper. Sets of numbers are denoted by calligraphic capital letters. In particular we
define N' = {1,...,N}. A subset S of a set D is denoted by S C D and a strict subset
by & C D. In several places we will use sets as subscripts or arguments, say F(S). To
simplify notation and if there is no possibility for confusion, instead of F({i1,...,ix}) we
write F'(i1,...,4;). We write ) s y; to denote ) ;s ;. If S = &, then we define ) s x; = 0.
Also, U'_, D; = @ if k > [. The cardinality of a set S is denoted by |S|. If X = [z;;] and
Y = [y;;] are matrices, then X <Y (X < Y) means that z;; < y;; (z;; < yi;) for all ¢ and
4. Finally, by X” we denote the transpose of X.

2 Traffic and Channel Model

We consider a system consisting of N channels. With each channel there is an associated
queue holding packets that are to be transmitted over the given channel. Packets are of
fixed size and time is divided in slots of unit length, equal to the transmission time of a
packet. Slot ¢ > 1 refers to the interval (¢ — 1,¢]. In the interval (¢ — 1,¢] (slot t), a;(t) new
packets join queue i to be transmitted over the corresponding channel. At the beginning of
slot ¢, i.e., at time ¢t — 1, one packet among those already in one of the N queues may be
chosen for transmission at slot ¢. The number of packets from queue 7 transmitted in slot ¢
is b;(t) (therefore, b;(t) is either 0 or 1) and the number of packets in queue ¢ at time ¢ > 0
is ¢;(t). Hence the number of packets at queue i, i € N, evolves with time according to the
equation

gi (t) = (qi (¢ —1) = b ()" +ai (1), (1)

where () = max {0,z} .



Define as(t) = Y g a;(t) and bs(t) = > g bi(t). That is, as(t) is the number of arrivals in
slot ¢ to be transmitted over channel set S, and bgs(t) is the number of packets transmitted
over the channels in S, in slot ¢. Since only one packet may be transmitted in one slot, we
have

bs(t) = 1, if bi(t) =1 for one of the channels in S
S 0, otherwise

At slot t, channel ¢ may or may not be available for transmission of queue 7 packets. If
the channel is available for transmission, we say that the channel is in the “on” state. We
define for S C N, S # &,

cs(t) = 1, if at least one channel in § is “on” in slot ¢
S\ = 0, otherwise

and cg(t) = 0. For example, Figure 1 shows the channel availability for 3 channels during
15 time slots. According to the figure

° C{l}(t) =1 for 1 <t <12 and zero elsewhere.

° 6{3}(t) 1for2<t<7,9<t<14 and zero elsewhere.

® cf193(t) =1 for 1 <t <15 and zero elsewhere.

(
e c131(t) =1 for 1 <t <14 and zero elsewhere.
° 6{1,273}@) =1 for 1 <t <15 and zero elsewhere.

Transmission over channel ¢ may take place (b;(t) = 1) only if the channel is in the “on”
state and hence,

bs(t) < cs(t). (2)

If z(t) is any of the quantities defined above, we denote

X(s,t)= Y a(r).

We make the following assumptions regarding the traffic and channel availability pro-
cesses.

Traffic Model.
Ai(s,t) is (0¥, ok, a;)-constrained, i.e., for any t > s > 0, it holds
it —s) —of < Ai(s,t) < ait —s) + 07, (3)

where
oo>aiLZO, oo>aiUzO, oo > a; > 0.

Parameter «; is the packet arrival rate to queue i ( i.e., o; = limy_, o0 W) for

transmission over the corresponding channel. We allow for the possibility that
a; = 00, in order to include the case that some of the queues are infinite for
t > 1. It follows from the definition that if A;(s,t) is (¢¥,0F, a;)-constrained
for i € S, then Ag (s,t) is (X g0, Y g0k, Y s ai)-constrained.
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Figure 1: Channel Availability (“on” state) for 3 channels.

Channel Availability Model.
Cs(s,t), is (04,0%, F(S))-constrained, i.c., for any t > s > 0, it holds
F(S)(t—5) — 0% < Cs(s,) < F(S)(t — 5) + 0%,

where
0o > 0% >0, co>0Y > 0.

We also use the convention F(@) = 0% = 64 = 0.

We refer to the inequalities in (3) and (4) as “burstiness constraints”.

The definitions for the traffic model are standard, see e.g., [5], [6], [4], [8]. We elaborate

on the Channel Availability Model. From (4) it follows that

lim —CS(tO’t) — F(S),

t—o00

()

that is, F'(S) is equal to the long-term fraction of time that at least one of the channels in
S is in the “on” state. Also, from the definition of cs(t) we have that for any subsets S and

T of N, and for every t, it holds
er(t) <es(t), if T C S,
cs(t) +er(t) > csur(t) + esnt(t),

and hence

Cr(s,t) < Cs(s,t), if T C S,
Cs(S, t) + CT(S, t) > CguT(S, t) -+ CSﬂT(S’ t).



From (5), (6), (7) we conclude that F'(S) satisfies the following relations for any subsets
7 and S of V.

o
—~
Q
S—
Il
=
® @
oo
S—

F(T)<F(S), T CS, (
F(T)+ F(S) > F(TUS)+ F(SNT).

—
oo
o

~—

The last property is known as the submodularity property.

As an example, suppose that the channel availability pattern in Figure 1, is repeated
indefinitely, i.e., we have a periodic channel availability process. Consider the first channel,
ie., S ={1}. It holds

1, for 1<t <12
cplt) = { 0, for 13 <¢ <15

and ¢y (t + 15) = ¢q13(t), for every time-slot ¢ > 1. Therefore we have

t—s t—s
< < | —
{ T J12_C{1}(s,t) < [ R —‘12, or

t—s)—12 < Cpy (s, t)<%(t—s)+12

12

15 (
In conjunction with definition (4), the above inequality states that Cy1y(s,t) is (9{1}, 9{1}, (1))-
constrained, with 0{1} = 9{1} =12 and F(1) = 12/15, i.e., F(1) is equal to the long-term

fraction of time that the first channel is on. Similarly we have that Cs(s,t) is (8, 0%, F(S))-
constrained and according to the figure

o For S = {3}, 03y = 073y = 12 and F(3) = 12/15.

o For & ={1,2}, 0}, 5, = 07, 5y = 0 and F(1,2) = 1.

o For S ={1,3}, 0%, 5 = 0f; 5, = 14 and F(1,3) = 14/15.
o For S ={1,2,3}, 07 55 = 0f 55y = 0 and F(1,2,3) = 1.

We close this section with a few comments on the adopted traffic and channel mod-
els. The assumption that the channel can be it two states only is applicable in networks
with changing topology, e.g., Low-Earth-Orbit (LEO) satellite communications, metor-burst
communication networks and networks with mobile users [16]. Furthermore the adopted
burstiness-constrained model for the channel availability process is suitable for the repre-
sentation of periodic connectivity processes arising in LEO satellite communications. While
the “on-off” channel model is valid for several systems (see also [13], [14], [15]) it does not
cover the case where several transmission rates are available depending on the channel state.
We adopt this model here in order to simplify the situation and get a better insight into the
problem at hand. Extension to multiple rates is an important open research topic. As will
be seen, the adopted burstiness-constrained models make possible the complete description
of system dynamics using mainly elementary (although not straightforward) techniques.
Compared to introducing statistical assumptions for these models, there are both advan-
tages and disadvantages. Note that the stationarity assumption is not needed in our model,
although the existence of long-term averages is implied. On the other hand deterministic
rather than stochastic bounds on process fluctuations are imposed.



3 Problem Formulation

Consider a scheduling policy 7w that at the beginning of slot ¢, i.e., at time ¢ — 1, decides
which packet (if any) to transmit to one of the channels that are “on” at time ¢. Let
BT (0,t
r’ = lim inf M,
t—o0

be the “throughput” of channel ¢ under policy .

Given costs w;, 1 € N, w1 > wg > .... > wy > 0, our objective is to determine a policy
such that the weighted sum of throughputs

§ T
wl"ri 5
N

is maximal.

Assume that the channel state at a given slot is known to the scheduler at the beginning
of that slot and consider the following policy.
Scheduling Policy 7*.

With queue ¢ associate an index I;(q) of the form
Ii(¢) =min (¢, (N +1-14)T),

where T' > 0. At time ¢, consider the nonempty queues whose channel is “on”.
Among these queues, let i be the one with largest index I;(¢;(t)) (if there are
multiple such queues select one arbitrarily). Transmit a packet from queue i at
slot ¢ + 1.

Our objective is to show that for T' large enough, policy 7#* maximizes the weighted
sum of throughputs, irrespective of whether the overall system is stable or not. It is worth
observing the following.

e Only the order of the costs w;, i € N, not the actual values, determine policy 7*. This
situation is similar to the well-known pc-rule in queueing theory.

e Aswill be seen, the traffic and channel model parameters determine how large T" should
be chosen. In other words, the policy depends on these parameters only through 7.
Again, the actual costs w; do not have an effect on 7. Although estimates of T" can in
principle be obtained through the analysis that follows, these will be too conservative.
Moreover, in practice the traffic and channel parameters may not be known before-
hand. Of course, one can pick very large values of T" but this implies larger delays and
slower convergence. Hence, development of adaptive schemes for determining 1" seems
a more appropriate plausible way for choosing T. The development of such schemes
is an important subject requiring further research work.

e Following the definition in [15], we call “Longest Connected Queue (LCQ) First”, the
scheduling policy which among the queues whose channels are “on”, selects the one
with the largest number of packets (if there are at least two such queues, pick one
arbitrarily). Policy 7* has similarities with LCQ. In fact, when ¢;(t) < T for all i € N,
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Figure 2: Operating diagram of policy 7*

the two policies are identical. On the other hand, when ¢;(¢) > NT for all i € N, then
I;i(gi(t)) = (N + 1 — )T and hence 7* operates as a strict priority rule, giving higher
priority to lower indexed queues. It is easy to see that this latter rule is optimal when
all queues have always packets to transmit. In general, 7" operates as combination
of the LCQ and the strict priority policy, and this enables it to provide the optimal
throughput under any conditions on the arrival rates. The operating diagram of policy
7* is given in Figure 2. The comments seen in Figure 2 are true when all queue sizes
belong to the intervals pointed by the brackets, e.g., the comment “all queues except
queue N are served according to LCQ” is true when ¢;(t) < 27T, for all i € N.



3.1 Achievable Throughput Space and Related Linear Optimization Prob-
lem

Consider that the system operates under an arbitrary scheduling policy 7. From (2), the
definitions of Bs(s,t), Cs(s,t) and (5), we have for any S C N,

F(S) = lim

t—o0

CS(Oat)
t

Bﬂ'
> lim inf @

t—o00

= lim inf —ZS B (0,1)
t—o0 t
> limtinf B (0,1) (0,2)

S
= er (9)
S

In addition, the fact that A;(0,t) > BF(0,¢) and (3) imply that for any ¢ € AV, it holds
0<r <a. (10)

From (9) and (10) we see that the maximum weighted sum of throughputs that can be
achieved by any scheduling policy cannot exceed the value of the following optimization
problem.

Linear Optimization Problem.

N
max E W; T4
N 11y

{zi}il4 i=1
subject to,
Yz < F(S), SCN, (11a)
S
T < (679 1= 1, ...,N, (llb)
z;>0,1=1,...,N. (11c)

and F'(S) satisfies (8a), (8b), (8c).
Let Ny = {1,....k}, and Ny = @. It can be shown that the solution to the previous
optimization problem is given recursively by

ooy (P00~ T} "
- D

for k=1,..., N. The proof is given in the Appendix A.1.

Our objective in the next section is to show that scheduling policy 7* achieves the
throughputs defined by (12) and therefore is optimal. Before proceeding with the details of
the proof we discuss the problems encountered when one applies either the strict priority
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Figure 3: Throughput space for a symmetric system with two users.

rule or the LCQ policy to maximize the weighted sum of throughputs for all arrival rate
vectors.

Regarding the strict priority rule, in [15] it is shown that there are cases where the arrival
rates are within the throughput space of the system, and yet this rule renders the system
unstable. That is, for at least one user the throughput is smaller than the arrival rate.
However, as mentioned before the strict priority rule is optimal when all queues are infinite.
On the other hand LCQ always stabilizes the system when the arrival rates are within
the throughput space [15], and hence achieves the maximum weighted sum of throughputs
(equal to weighted sum of arrival rates in this case). Next we give an example where the
LCQ policy is suboptimal when the arrival rates are outside the throughput space.

Example 1. In Figure 3 we see the achievable throughput space (see equations (9) and
(10)) of a symmetric system with two users. By symmetric we mean that the arrival as well
as the channel constraints for the two users are identical. When the arrival rate vector is
outside the stability region, e.g., point B, then the operating point under LCQ is C, which
belongs to the boundary of the stability region and is such that both users receive equal
throughputs (this follows from the symmetry of the system and the operation of LCQ).
However, since w; > wy it can be shown easily that point D is the one that maximizes the
weighted sum of throughputs. Hence D is the optimal point and LCQ, operating at point
C, is suboptimal in this scenario.

From the above discussion it is evident that both LCQ and the strict priority rule while
optimal for some cases, cannot maximize the weighted sum of throughputs for all arrival
rates. Intuitively the proposed policy 7%, which switches between these two “extreme”
policies according to system state, will be able to provide optimal throughputs regardless
of any assumptions imposed on the arrival rates.

10



4 Optimality Proof

Since we deal only with policy n* in this section, in order to simplify the notation we
eliminate 7* from all related notations, e.g., we use 7; in place of rT .

Before going into the details of the proof, we give an outline of the approach. In the
general case, it can be shown that under 7%, a subset U of the queues will grow to infinity,
while the rest of the queues will receive the maximum possible throughput, i.e., we have
ri = a;, 1 € N —U. Call queues in N — U “stable”, and those in U “unstable”. It can be
proved that for any stable queue ¢, we have 7; = z}. To determine the throughputs of the
unstable queues we first show that for T large enough, each of the stable queues fluctuates
in a certain range around kT, for some k, 0 < k < N. This fact and the manner the indices
are used to determine the scheduling decisions, implies that 7, = x for all unstable queues.
We mention that in the course of the proof, the fact that r; = z7, is established by starting
from the smallest indices and moving to the largest, rather than by first proving the result
for the stable and then for the unstable queues.

The following lemma will be useful in the sequel.

Lemma 1 For any subsets Sy, So of N and any t it holds
doait) =Y a(t) <
S1 Sa
Dat-1)= Y at-1)+> ait+ > of +F(S)+05,.
S1 Sa S1 S1

Proof. This is immediate from the burstiness constraints on the arrival and channel
availability processes and equation (1). m

We use the term “a set G has priority at time ¢ over a set Q”, if given that at time ¢
policy 7* chooses for transmission one of the packets in GU Q, this packet must belong to G
provided that the queues in G have at least one packet and the associated channel is “on”.

In order to simplify notation in the proofs, in the following we will use the symbol O,
to denote a finite nonnegative quantity that depends only on the parameters of the arrival
and channel availability processes. In particular O depends neither on the time ¢ nor on
the policy parameter T. As will be clear from the proofs, in principle O can be explicitly
computed, e.g., in Lemma 1, 0 =Yg o; + Y 5, 07 + F (S2) + 0%,

Lemmas 2 and 3 below are used to determine the range around k7' in which each of
the stable queues fluctuates. To elucidate the meaning of Lemma 2, consider some set £
of queues. Note that the average number of slots available for transmission of packets from
the queues in a set S C N — L is at least F(LUS) — F(L) (with equality when the queues
in £ have always packets to transmit and the set £ has priority over set §). Assume now
that for any subset S C D = N — L it holds,

> ai <F(LUS) - F(L).

S
These inequalities state that the packet arrival rate to any subset S of D is smaller that
the average number of slots available for transmission of packets from S. It is intuitively

plausible and it can be shown that these inequalities are sufficient conditions for the queues
in D to be bounded under the LCQ policy. In our case, however, the situation is more

11



complicated since 7* does not always operate as the LCQ policy, and in general we will
have D C N — L, i.e., there may be other queues in N’ — L competing with the queues in
D, which may have priority at certain times. It turns out, however, that for the queues in
D to remain bounded it is sufficient to ensure that whenever the queues in a subset of D
are above a certain threshold, they have priority over the queues in N’ — £ and are served
according to LCQ policy. This is made precise in the following lemma.

Lemma 2 Suppose that there are queue sets L C N, D C N — L, such that the following
inequalities hold for any S C D.

Y @i <F(LUS)-F(L). (13)
S

Suppose further that there are numbers H (T') > 0, ® (T') > 0, with limy_,oc ® (T) = o0,
such that when 7" operates with parameter T, the following hold.

a) The set G(t) = {i € D:qi(t) > H(T)}, has priority at time t over the queues in
N —L.

b) If max;ep {qi(t)} < H(T)+ @ (T), the queues in the set G(t) are served according to
LCQ policy.

Then, there is a number Q such that, if ®(T') > O and max;ep {q:(0)} < H(T'), it holds

max {:i(t)} < H(T)+ O, forallt>0. (14)

Proof. The proof is given in Appendix A.2. =

The next lemma provides conditions under which it is known that the queue sizes of a set
of queues do not fall below certain threshold after some time. We are essentially dealing with
the inverse situation of Lemma 2. However, we need different arguments mainly because
we can claim the truth of the lemma only after some time large enough to remove the effect
of initial conditions.

Lemma 3 Suppose that there are queue sets L C N, D C N — L, such that the following
inequalities hold for allS C D, S # @.

Y ;> F(LUD) - F(LUS), (15)
S

where S = D — S. Suppose further that there is a number H(T) > 0, such that when m*
operates with parameter T, the following hold.

a) The queues in L always have packets to transmit and have higher priority than the
queues in G(t) ={ie D:q(t) < HT)}.

b) The queues in the set G(t) are served according to LCQ policy and have lower priority
than the queues in D—G(t).

Then there it a time T¢ such that min;ep {¢;(t)} > H(T) — O, for allt > T9.

Proof. The proof is given in Appendix A.3. =

Next we need to examine in more detail the structure of the optimal linear programming
solution (12). According to (12), z; may take values less than or equal to . An index

12
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Figure 4: Partitioning of the index set.

such that x} = oy is called “stable”, while an index such that x} < oy, “unstable”. We
therefore have that for a stable index k and for any set D C Njy_1,

o < F(kUD) — Zx (16)

Similarly, for an unstable index %k and for any set Dy C Nj_1 such that

xy = F(kUDy) — Emz,

it holds
F(kUDy) — Zm < ay. (17)

The general structure of the vector {x}, -\, is as follows. The set of indices is partitioned
into index sets Z7, i = 1,...,1s, Z}', i = 1, ..., 1, such that

e Indices in the set Ui‘; 1 I3 are stable. Indices in the set Ué"zl 73 are unstable.
e Index set Z7, x € {s,u} consists of successive integers.

e If i > j then all indices in Z}, z € {s,u} are larger than the indices in 17. Figure
4 shows an example of the partition of the index set for N = 10 channels. For
convenience in the discussion we assume that for a given 7, the indices in Z; are
smaller than the indices in Z*. Hence, for consistency, if index 1 is unstable, we define
17 =

Denote by w1 < ug < ... <urp, L = ’Ui’;lff‘ the unstable indices. The following lemma

describes some useful properties of stable and unstable indices, that are simple consequences
of the definitions.

13



Lemma 4 Consider the vector {z}}, . s defined for k =1,..., N, by the recursion

xy —min{ak, Dglji\rfl {F(kUD)—ZQ:f}}

k—1 D
a) For any set S C I7 it holds,

Y i <F(S).

S

b) For index k € I;L, j=1,..., 1, there is at least one index set Dy, such that Dy, € Nyi_1,

Zl‘ =F(kUDy),

kUDy,

and for all D C Nj_1,

F(kUDy) =) af <F(kUD)— > af.

Dy, D
c) If k € T} is an unstable index, then for any set S C Ué‘;lff — Dy, it holds

> i <F(kUD,US)— F(kUDy).
S

Proof. a) Let S C 7§ and let k be the largest index in S. Then, since S — {k} € Nj_1,
we have from (16) that

ar < F(kU(S—k)) Zaz

or,

d i <F(S). (18)
S

b) This follows directly from the definition of an unstable index.
c) Let I be the largest index in S. If [ € UJ_; I?, then S C U] 1 I — Dy, € Nj—1. By
part b),
F(kUDy) =Y af < F(kUDUS)— > af,
Dy, DyUS

hence, taking into account that SNDy = @ and z] = a; for i € S, we have,

> a; <F(kUDLUS) - F(kUDy).
S

Assume next that [ € Uz, Z¢. Since kUDy U (S —1) CN;_1, and (kUDy) N (S —1) =

we have from (16),

i=j+1

o < FIUEUDRU (S —1)) Zz—Zal

kUDy,
= F(kUDLUS) — F(kUDy) — Zaj,

14



where we used the fact that by part b) of the lemma,

> af =F(kUDy).

kUDy,

Therefore,
Y a; <F(kUDyUS) - F(kUDy).
S

]

For an unstable index k € Z; define by Py, the class of index sets that satisfy part b)
of Lemma 4. In the next lemma, part a) essentially identifies stable indices in Zj whose
corresponding queues, as will be be shown in conjunction with Lemma 3, stay above a given
threshold after some time. Part b), is used to derive further lemmas that permit to extend
this identification to indices in Z7, i > 2.

Lemma 5 a) For index uy, there is a unique index set ﬁul € Py, such that for allD C 73“1
it holds R
$u1=F(U1UDu1> ZZL‘ < F (u1 UD) Zw (19)
D,
or, with D = ﬁul - D +# @,

Zai>F<u1U5u1>—F(u1 uD). (20)
D

b) For every index uj, j > 2 there is an index set 5uj € Pu; such that uy U ﬁul - ﬁuj.

Proof. a) Inequality (20) is immediate from (19) by observing that D C I§ and there-
fore, z} = a;, i € D. To prove (19), we will show that if Dy, Dy belong to P,,, then so does
D1 NDs. This implies that the set

~

Dul - ﬂ'DE’Pul Da

is the only one in P, satisfying the required property.
According to the definition, it holds for any D C N, 1

:L‘u1:F(uluDl)—Zw;‘SF(uluD)—Z:cf, (21)
D1 D

ry, = F(u1 UDz) — Zx < F(up UD) — ZZL‘ (22)
Do

Replacing D by D1 U D5 in (21) and by D; N Dy in (22), we have,
U1UD1 Za: <F(U1UD1UD2)— Z $;<,

U1UD2 Za: <F(U1U(’D1QID2))— Z .’L‘;k

15



Adding these two inequalities and observing that

fo—FZx;‘: Z x; + Z x},
Dy Dy

D1UDo D1NDoy

we obtain
F(up UD1) 4+ F (up UDs) < F(ug UD; UDy) + F(uy U (D1 N Dy)),
which by the submodularity property implies that,
F(u1 UDy) + F (u1 UD3) = F(uy UD; UDs) + F(u; U (D1 N Dy)). (23)

Replacing D by D; U Dy both in (21) and (22) we have

F(uluDl)—fo+F(u1UD2 Zx <2 F(U1UD1UD2 Z :1:* ,
D, Do D1UDo

or,

F(U1UD1)+F(U1UD2 Z .’I,' — Z :L‘ <2 F(U1UD1UD2) Z .’L';k
D1UDy D1NDy D1UDo

Using (23) we conclude

FlupU(D1NDy)) = Y af < FluyUD1UDy) — »  af.
D1NDoy D1UDo

A similar argument shows that

F(U1UD1UD2 Z x <F('LL1U(’D1Q’D2)) Z 37?,
D1UDs D1NDo

and therefore,

F(U1UD1UD2 Z z;, =F U1U(D10D2))— Z {IZ:
D1UDsy D1NDy

Finally,

2z5, = F (w1 UD1) = ) zi+ F (u1 UDy) _Zg;;f
Dy

F(ulUD1UD2 Z ZL‘ —i—F’LLl Dlﬂpg Z .’E;k
D1UDo D1NDy

=2 FlwU(DiND))— Y af |,
D1NDo

where the second equality follows from (23). Therefore D1 N Dy € Py, .

16



b) Let D € Py, j > 2. Since D Uuy U ﬁul C Ny, -1, it holds,

F(ujUD)—Zx;kSF(uJ-UDUulU@ul)— Z x; (24)
D DUuyUDy,

:F<ujUDUu1U13ul)— Z x; — Z z;
uluﬁul D—(uluﬁul)
:F<ujUDUu1U@ul> —F(uyUDy)— > af.
'D—(ulU'/D\ul)

Taking into account that ) ,z} — ZDf(uluﬁ )T = we have from the
uy

ZDm(uluﬁul) i,
above inequality,

Z x} >F(u]UD)—I—F(u1UDul) (uJUDUulLJDul)

DN (u1UDy, )
>F ((uj UD)N (ul U ﬁul)) (25)
:F(Dm <u1Uﬁul>), (26)

where inequality (25) follows from the submodularity property and equality (26) from the
fact that since j > 1, u; N <u1 U 73“1> = &. Hence

Z x%‘ZF(Dﬂ(ulUZSm)). (27)
DN (u1UDy, )

Since {z} } _, is a feasible pomt of the linear optimization problem, it satisfies equation
(11a), which for S =D N (u; UDy,) C N gives

Z mfﬁF(Dﬂ(uluﬁm)).
DN (u1UDy, )
Form the last inequality and (27) we obtain
S :F<Dﬂ <u1 uﬁul)).
DN (u1UDy, )
Observe that because of (24), this equality is true only if
F(u; UD) — Zx = (ujUDUuluﬁul)— Z x;,
Dumuﬁul

i.e., only if DUwu; U ﬁul € Pu; and the lemma follows by setting Zsuj =DUu U Z/jul. [ |

Lemma 6 The indices in the set N — (ﬁul U u1> satisfy the recursion

Zj, = min < o, min Fi(ku D) x;
{ DC Nj—1—(u1UDy, ) { Z }}

17



where

~

F(D)=F <u1 U Dy, U D) — F(uy UDy,).

Proof. Consider an unstable index wj, 7 > 2. According to part b) of Lemma 5 and
part b) of lemma 4, we have for any S C Nuj,l

v, = F(u;UDy) = > o] < Flu; US) = > a7,
D, S
where 25uj = w U ﬁul U Duj, Duj - Nuj_l — (ul Uﬁul). Consider now any set D C

Nuj_l — (ul U 731“) . Setting S =D U <u1 U ﬁul) in the inequality above, we obtain,

v, = Fu;UuUD,, UD,)— > a2} <F(ujUuUD, UD)— Y . (28)

Uj

u1UDy, UDy, uUDy, UD

Since <u1 U YSUI> N Dy; = I we have

Noooar= > xf—i—;xf:F(ulUﬁul)—i—Z:ﬁ
uj

u1UDy, UD,, u1UD,, Dy;

Similarly,

Z zf:F(uluﬁul)+sz.

uUDy, UD D
Replacing in (28) we obtain

vy, = Fi(u; UDy,) =Y af < Fi(u; UD)= Y _af,
D D
J

which together with the fact that 27 < ay; implies the lemma for k = u;.
Next, let k € T3 — (ﬁul U u1> and D C Nj_q — (ﬁul U ul) . Since k UD C I3 — Dy,
we have by replacing in part ¢) of Lemma 4, S with £ U D and k with uy,

> " ai < F(uy UD,, Uk UD) — F(uy UD,,),
kUD

or,
ar < Fi(D) =Y af,
D

which implies the lemma for k € Z7 — (ﬁul U u1>.
Finally, assume that k € Ué-SZQIj and let D C Nj,_; — (ﬁul U u1>. Since in this case

Ul Uﬁul UD C Ny_1,

18



we have by the definition of x}, and taking into account that <u1 U ﬁm) ND =g,

25 =ap < F(kUuy UD,, UD) — Z x;

7
uUDy, UD

— F(kUu; UD,, UD) — Z } —Zac
ulLJDul

= F(kUuy UD,, UD) — F(uy UDy,) Zx

=F(kUD) > af,

D

which again implies the lemma. =
Based on Lemma 6 we can now apply Lemma 5 with index set N — (ul U 731“) , to

conclude the existence of a unique set ﬁm C Nuy—1— (ul U 5u1) such that for all D C
NU2_1 — <u1 U Dm)

$22:F1 <UJ2Uﬁu2> Z$ < F UQUD le’
Dug

and for all D C 73“2,
<F1 U2UD Zx

In a similar manner, applying repeatedly Lemmas 6 and 5 we define the sets ﬁu »J =1L
The next theorem provides the range within which the queues in A fluctuate.

Theorem 7 Under policy ©*, if ¢i(0) = 0, i € N, then for T large enough, the queues in
Ué-“zll;-‘ tend to infinity. Moreover, there is a number M = O such that for 1 < j < L it
holds

max {¢;i(t)} < (N +1—wu;)T+ M forallt >0,
iG'Duj

min {g;(t)} > (N +1—wu;)T — M for all t > Ty,
iGDu]-

and

max _ qi(t) <M forallt.
ieUls I3 —UL_ Dy

It suffices to take T > 2M.

In the course of the proof of Theorem 7 we also prove the main result of this paper, that
is,
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Theorem 8 The throughputs achieved by policy ©* for T large enough, satisfy the recursive
equations
. = mi i (kUD)
Xy, mln{ak,pg}\lfgl { Za: }}

Proof of Theorem 7. From part a) of Lemma 4 we have that (13) holds in Lemma
2. Set now, D =72°, H(T)=H = (N+1—-w)T, ®(T) = ® =T, and £ = @. Conditions
a), b), of the lemma 2 hold because of the definition of policy 7*. Indeed, for ¢ € G(t),
Ii( ¢i(t)) > H while the queues in N/ — G(¢) have index at most H, so that condition a)
is satisfied. Moreover, for ¢ € G(t), I; (gi(t)) = ¢;(t) whenever ¢;(t) < H + T and hence
condition b) also holds.

Since ¢;(0) =0 < H, i € N, we conclude that for all ¢ > 0,

for k=1,...,N.

l;relgg{q@( < (N+1—u)T+0 (29)

provided that T' > Q.
Since B;(0,t) = A;(0,t) — ¢;(t), from (29) we conclude that for i € Z7,

B; (0,1 . A (0, X
TZ:I (—0):111(11&: i = . (30)
t—o0 t t—o0 t
Since D, C 77 we have from (17) and the definition of Z7 that
F(up U Dul Zaz < Quyyy - (31)

Du,

Observing that

> gt = Ayip,, (0.) = B, 5, (0.1)

UlUﬁul
> AmUﬁul (0,t) — CmUﬁul (0,t)
> Z Ozi—F<U1Uﬁul> t—Q,
uluﬁul

and taking into account (31) we conclude that

lim ) g(t) = <.

ul Uﬁul

Since by (29) ¢i(t) is finite for i € Dy, C 77, we conclude that limy o0 gy, (£) = 00.
Consider now Lemma 3 with £ = u1, D = Dy, and H(T) = H = (N +1—w)T .
Inequalities (15) hold since according to (20) in Lemma 5 for any nonempty subset S C D,

we have R
§ai>F(u1UDul>— (u1U< u1_8>>
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Notice also that since 737“ C 73, by the definition of the queue indices I;(q), the queues in
D,, are served according to the LCQ policy when they are smaller than H = (N +1—wuy)T
and the queues in G(t) = {z €Dy, :qi(t) <H } have lower priority than the queues in
ﬁul — G(t), hence condition b) of Lemma 3 also holds. Moreover, since lim;_,0 qu, (t) = 00,
it holds that Iy, (qu, (t)) = H, for ¢ larger than or equal to some time #o. Hence, for t > tg

queue u1 has priority over the queues in S C D,,, whenever max;es {g; (t)} < H. Therefore,
condition a) holds as well. We conclude that there is some time 7§ > to such that for

t € Dy,, and for all ¢ > Té, it holds

.mﬁin {g(t)} > (N+1—u)T - 0. (32)

From Lemma 4, c) it follows that for any subset S C & = Ué-szll'j — ﬁul it holds
}:aiﬁp«uﬂfﬁ“US)—F(uﬂJﬁm).
S

Applying now Lemma 2 with D =&, H=(N+1—u2)T, ® =T and £ = u3 U ﬁm we
conclude that for all £ > 0,

max {g:(t)} < (N+1—-u)T + O, (33)

provided that T' > O. Pick now T large enough so that
T-0>0. (34)
Then since ug > ug, it holds
(N+1-u))T—0>(N+1—-u)T+0. (35)

Inequalities (32), (33) and (35) and the fact that gy, (t) — oo, (i.e., Iuy (qu, (¢)) = (N + 1 —u1) T,
for t > T(l)) imply that the queues in u; UD,, have higher priority over the rest of the queues

for t > 7§ and that they are nonempty. Therefore, the queues in u; Uﬁul use all the available
channel slots and we have

1 1
Buluﬁul (7’0, t) = Cu1U5u1 (7‘0, t).

Hence
fim P O 01 _ fim 2P ) (O’t).
t—o0 t t—o0 t
Taking into account (30) and the fact that
C 5 (0t N

we conclude that lim; o (By, (0,t)/t) exists and

By, (0,1 ~
Ty, = lim 7“17(5 .t :F(uluDul) —Zai,

that is, 7y, =z, .
For the indices in the set N'— (w1 U ﬁul and based on the definition of ﬁuj, we can

use similar arguments to verify the rest of the claims. m
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5 Conclusions

In this paper we considered the problem of scheduling transmissions to multiple users over
a wireless channel with time-varying connectivity. We presented a scheduling policy that
maximizes the weighted sum of channel throughputs in a general setting where no assump-
tions on the arrival rates are imposed. Instrumental in the analysis was the adoption of a
burstiness-constrained model for the description of the wireless channel. This model makes
the rigorous description of the system dynamics possible, without relying on statistical
assumptions.

The proposed optimal scheduling policy is fairly simple and the only parameter that
needs to be determined is T'. The analysis presented in this work applies to “on-off” channels
models. A subject of further study is the extension of the analysis to include multi-rate
channels and more general optimization functions. In addition the consideration of packet
delays is a practical matter that needs to be addressed. Another issue for further study is the
development of an adaptive control mechanism for determining the value of policy parameter
T according to observed system performance. Finally a general topic, where intense research
is devoted lately in the area of wireless communications, is that of exploring the interaction
of scheduling policies with higher layer protocols. In this respect, an interesting subject of
future work is to assess the interaction of the proposed policy with the congestion control
mechanism of the TCP/IP protocol.
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A Appendix

A.1 Proof of the Solution to the Linear Optimization Problem (equation
(12))

In this appendix we prove formula (12). Specifically, we prove the following theorem, where
we denote min {z,y} =z \/ y.

Theorem 9 Let w1 > wy > ... > wy > 0. The point

o =ar\ {F(kup)—zx;},keN, (36)

DCNj—1 D

Maxrimizes Zf\il w;x; subject to the constraints

Soa < F(S), SCN, (37)
S
Z; < Ozi,i:L...,N, (38)
z > 0,i=1,..,N. (39)

We first need some auxiliary lemmas.

Lemma 10 The point x* is a feasible point, i.e., satisfies (37), (38), (39).
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Proof. Let D C N and let n be the largest coordinate index in D. Then,

> ap=aj, +Zx;‘§ { (nug) - Zw}JrDZ_%:Bf

D QC/\/’n 1

F(nu{D —n}) —injtzxi =
D—n D—n

In the second inequality above we used the fact that D —n C N,,_1. On the other hand,
by definition we have z}, < aj. Hence equations (37) and (38) are satisfied. To show (39),
notice that since ) ., xf < F(D), we have

i = apV V { (kUD) — Zaz}

DCNi—1

> ap\ V {F(UD)-F(D)} >0,

DCN; 1
where the last inequality follows from (8b) and from the fact that ap > 0. m
Lemma 11 For every subset G C N — Ny, it holds
Dé//\/k F(GUD) +Nkszi > Dé//\/k F(GuUD) +Nkzpai
Proof. For k = 1 the lemma states that for G C N — N7,
(F(G) +21) VEGUL) =2 {F(9) +a} VF(GUT).
Indeed, since 27 = a1 \/ F (1) we have
F(G)+ 21 ={F(9) + ar} V{F(9) + F(1)} 2 {F () + aa} V F(GU 1),

where the last inequality follows from the fact that F(G)+ F (1) > F(GU1) and GN1 = 0.
Assume that it is true for k£ — 1. Let G C N — N. Then by splitting the sets in N in
those that contain k and those that do not, we have

V {F@GUD)+ Y a}p=

DN, Ni—D

V. {F@GUEUD)+ > 2V V SF@GUD)+azp+ >

DCNj,—1 Nio 1—D DCNj—1 Ni 1—D

Now, by the induction hypothesis, and because G U k C N — N},_1, it holds,

V SF@UEUD)+ Y aip> \V SF(@UEUD)+ Y o

DCN—1 Niy_1—D DCNk-1 Ni_1-D
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Next,

F(GUD)+aj+ Y, af=
Ni_1—D

F(QUD)+ak\/{ Y, { (kU Q) — Zx}} >

QCNj—1 Niw 1-D

= (ak+F(gUD)+ > :1:) \/

Ni_1-D

QCNi—1 Ny 1—D

Using (8¢), we can write for Q, D, subsets of Nj_1

F(GUD)+F(kUQ)— Za:—i— > oap

Ni_1—D
F(GUEUQUD)+F(QND)— > zi+ >
onD Ni—1—(DUQ)
F(GUkUQUD)+ > i,
/\/—kfl—('DUQ)

where the last inequality follows from the fact that F/(QND) > 5-p 77
Hence,

F(GUD)+at+ Y af

Ni_1—D

>(ak+F(QUD)+ > x;")V V {F(QUkUQUpH >
Ni—1—(DUQ

Ny_1-D QCNj—1

and
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V. {F@UD)+aj+ > afe>|a+ V SFEGUD)+ Y iy |V

DCNj,—1 Ny_1-D DCNj—1 Nig1-D
V (F@GuUkuQuD)+ Y ]
DCNg—1 QCNj 1 Ni—1—(DUQ)

DCNk—1 Ni_1-D DCNg—1 Ng—1—D

=[x+ V {F(QUD)+ > :c;f‘} VAR, {F(gukuD)+ > x;}

v

a+ V OAF@GUD)+ DY i |V V SF(@UEUD)+ >

DCN_1 Ny 1—D DCNk_1 Ny 1—D

= V {F(@UD)+ > aiyp,

DN N,—D
where we used the fact that
V. {F(GUEUQUD)+ > afr= \V (F(@GUEUD)+ Y afy,
DCNj—1 QCNk 1 Ni_1—(DUQ) DCNj—1 Ng—1-D

because if D C N,_1 and Q C Nj;_1 then QU D C Nj_1. In the last equality we used
as before the argument for splitting the sets in N, in those that contain k& and those that
do not and the last inequality follows from the induction hypothesis. From the above we
conclude that

V {F(GUD)+ Zx* >V {F@UkuD)+ Y aigV

Niy_1—D

\V {F(GUD)+ Zaz = V (F(GUD)+ > «
= D

Lemma 12 If y is a point satisfying (37), (38), (39), it holds

k k
;yi_DCNk{ZaZ+FNk— }:;wz

Proof. We have for any set D C N,

k
Zyi=Zyi+ Z yi§2a¢+F(J\/’k—D).
i=1 D

€D €N —D
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Hence

We will use induction to show
k
{L';k o; +F Nk —
; DCN;, {Z ’ )}

For k = 1 this follows from the definition (36). Assume now that it holds for £ — 1. Then,
we have

k

k-1
Soai=ap+ Y a
=1 i=1 -
- F(kUD)
[Vt e T s

=1

k—1
_{ a;;f+ak}\/ V. (F(kUD)+ Y af
=1

DCNj—1 N 1—D

=V {Z +ay + F(Nj—1 — )}\/ V. {F(EUD)+ Y afs,

DCN—1 | D DNk Ng—1—D

where the last equality follows from the induction hypothesis. Using now Lemma 11 we
have

k
> a2
i=1

Where we used the fact that

V {FEUD)+ Y =\ {Zaz‘JrF(Nk—D)}
D

DCNj—1 Ny 1-D DCNj—1

DCNk_1

{Zai+ak+F(Nk—1—D)}v V F(kuD)+ Z Q;
D

DCNi—1 Ni_1—D

and once again the argument of splitting the sets in N} in those that contain k and those
that do not. Since z* is feasible, equality must hold. m

Theorem 9 follows now easily.

Proof of Theorem 9 . Write

N-1

N 7 N
Zwix;" = Z (wi—wiH)Zx; —|-’LUNZ$:.
i=1 k=1 k=1

=1

Using the fact that ¢; > ¢; 11, and Lemma 12 we have for any feasible point y

N N-1 i N N
sz‘xf > Z ((wi — Wit1) Z%) + wNZyz‘ = Zwiyi-
=1 =1 k=1 k=1 i=1
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Figure 5: Evolution with time of the queue sizes in the set D.

Time t is the largest time for which the maximum queue size in D is less than
H + ®. During the time interval [t;,¢] the index set corresponding to the [ largest queues
among the queues in D remains the same and above H. At time t; — 1 either this set
changes or it drops bellow H.

A.2 Proof of Lemma 2

In this appendix we give the proof of Lemma 2.
Proof. We first need some notation. For D C N, denote by qg) (t) the I** maximum
of {q;(t)},ep - Hence ¢ (t) = maxsep {gi(t)} and iV (£) = miniep {q:(t)}. Let 7P (1),

l € {1,...,|D|} be a permutation of the indices in D such that xP (1) (t) = g) (t). Also, let
Sg) (t) = Uézlep(t) (i.e., the set containing the [ largest queues among the queues in D)
and S (1) =D — sV (1).
In the following H and ® stand for H (T') and ® (T") respectively. Let D = |D|. Define
also,
u(t) = > (at)—H)".

sP(®)
We observe that for 2 <[ < D — 1, it holds

v () 4w ® =200 + (a5 - 1)~ (a5 0) - H) " (40)
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and

wo(t) = 20(0) + (a20) ~H) (1)~ H) " (41)
yo(t) =up () = () - H) . (42)

Figure 5 will be useful in the following. Let ¢ < oo be the largest time for which
o+ H > q(Dl)(t) for all t <t . Consider a time ¢ < ¢ such that qg)(t) > H and let ¢t; — 1
be the largest time before ¢, such that either Sg) (t) # Sg) (t;—1) or qg) (t1 —1) < H (for
I = D only the second situation makes sense). Time t; is well defined since by assumption
max;ep {¢i(0)} < H. In the time interval [¢;,¢], the set Sl(,l) (t) remains the same, i.e.,
Sg)(T) = Sg)(tl), t; < 7 < t, and all the queues in this set are bigger than H, i.e.,
nonempty. Because of assumptions a) and b) and because qg)(t) < ® + H, this set of
queues has priority over the queues in N’ — £ and since its queues are nonempty, they
use all the available slots in [t;,t]. Since these slots are at least Ccusg) (t,)(tl’ t) — Cr(ty, ),

(t;,t) > C (t1,t) — Cr(t,t). Setting F(S) = F(LUS) — F(L), we

we have B £usO )

Sg) (t1)
conclude

Z Qi<t) = Z Qi(tl) + Asg)(tl)<tl’t) - BSg)(tl)(tl’t)

s () s ()

<> )+ | D a-F (Sg)(tl)> (t—t)+0
s () SV 1)

< > alt)+0. (43)

s ()

In the first inequality above we used the burstiness constraints on the arrival and channel
availability processes. In the second inequality we used (13). Because of the way ¢; is defined,
we have that for i € Sg) (t;) it holds ¢;(t) > H and ¢;(t;) > H. Therefore by subtracting [H
from both sides of inequality (43) we obtain

S @) - B < Y (alt) - HYF +0. (44)
s ) S5 ()
Hence,
yi(t) < wi(t) + 0. (45)
Let 2 <1< D — 1. We will show now that
1 1
yi(t) < 53/171(751) + 5y1+1(tl) + 0. (46)

Note that by definition qg)(tl) > H and therefore from equation (40) it holds

n(t) = gu-a(t) + o) + 5 (@) - #) =3 (P -1) . @)

29



We consider two cases.
Case 1. qg) (t;—1) < H. Then, there must be an index iy € Sg)(tl) such that g;, (t;—1)
&, we conclude that

H and qg)(tl) < @iy (t1). Using Lemma 1 with &1 = {ip}, S2
Gio(t1) < qig(t1 — 1) + O < H + Q.

(48)

Hence,
gy (t) — H < 0.
. . (I+1) +
From (48) and (47) (taklng also into account that (qD (t) —H ) > 0) follows (46).
) > H. Then, there must be indices iy €

Case 2. S )( ) # S ( — 1) and q(l)(
SOt o € S(t), suh that g, (i~ 1) < gz (1 — 1) and g0 () < gy 1) —
j, (t1) - By using Lemma 1 with S; = {ip}, S2 = {jo}, we conclude that

Qo (t) — @jo (1) < ip (1 — 1) = qjo (1 — 1) + O <O

Hence,

ap (t) = ap (1) < O, (49)

Since < (Hl)(t ) — H) > q(lﬂ)( t;) — H, from (47) we have

1 1 1 1 1
wlte) < 5y () + Ju () + 5 (8 (@) — ™ (1))
which in conjunction with (49) shows (46)
Combining now (46) and (45) we get
1 1
w(t) < Sy—1(t) + Sy (t) + O (50)
Similarly, we have with an analogous definition of ¢; and tp
1

n(t) < 2u2 (1) + O, (51)
yp (t) < yp-1(tp) + 0. (52)

()( ) < H, then we have from (40), (41) and (42) that (50) - (52) still hold with

If qDl t
t; =t.
Fix now a time ¢ < t and define
7, () = maxy; (t) < oo, (53)
t<t
From (50), it follows for 2 <1 < D — 1, that for any ¢, 0 <t <t
I
w(t) < 5Yi-1 () + SY+1 (t) +O. (54)
Similarly, from (51) and (52) it follows that for any ¢, 0 <¢ <t¢
1_ -
n(®) < 37, (0) + 0. (55)
(56)

yp (t) <Tp_; (£) + 0.

30



Therefore we have for 2 <[ < D — 1,
t (57)

Y
and
— 1_ -
7, (1) < 572 (t) +0, (58)
Up (f) <Fp_1 () +O (59)
The above inequalities can be written in matrix form as
(60)

I-B)Y <O,

where Y = [yl (t)..Up (f)]T, and I is the unity matrix, O is a matrix whose elements are
of type O and
[0 1/2 0 0 0 7

/2 0 1/2 0 0
0 1/2 0 1/2 0 | (61)

0 0 1/2 0 1/2
0 0 0 1 0 |

Since the row sums of B are all less than or equal to 1 and the sum of the first raw is 1/2,
i.e., less than 1, it follows from the Perron-Frobenius Theorem [11], that the eigenvalues of
B are all smaller than 1 in absolute value. Therefore, the matrix (I — B)f1 has nonnegative

elements. Hence, we can multiply (60) with (I—B) ™ to get Y < (I—B)™'Q, or
(62)

gl(%) S @, l == 1, ,D
Therefore, for 0 < t <7 < t, we have
+
max {q: ()} = H = a5 (t) = H < (o' () = H) =3 () <HEH <O
or,
max{q ()} <H+0,0<t<t<t (63)

€D
We will show next that we can pick ® > O so that (63) holds for all ¢ > 0. Indeed if
t < oo, from (63) and Lemma 1 and for any choice of ®, we have
(Tt < )
max {g; (f+1)} <H+0 (64)
Pick ® > O, where O is as computed in (64). For this choice of ®, if t were finite, we would

have by the definition of %,
m (41 H+d
ieﬁg{{qz (t+1)} > H+ @,

which contradicts (64). =
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A.3 Proof of Lemma 3

In this Appendix the proof of Lemma 3 is given.

Proof. In the following H stands for H(T'). We redefine qg) (t) and y(t), first defined
in the proof of Lemma 2, as follows. For D C N, denote by qg) (t) the I minimum of
{ai(t)};ep - Hence q(Dl)(t) = min;ep {¢;(t)} and qu‘)(t) = max;ep {¢i(t)}. The definitions
of 7P (t), Sg) (1), 3%) (t) remain the same. Also, define

yt)= Y (H-aq)". (65)

s ()

In the following we will need to define several time instances. For a schematic represen-
tation of these times refer to Figure 6.

Let ¢t > 0. If qg)(t) > H, then define tl(l) =t. Else (i.e., if qg) (t) < H) let tl(l) —1 be the
largest time before ¢ (if it exists) such that Sg) (t) # Sg) (tl(l) —1), or qg)(tl(l) —1)> H;if
no such tl(l) exists, define tl(l) = 0.

If tl(l) = 0, then for 7 in the interval [0, ¢] the set Sg) (1) remains the same and qg) (1) <
H, 0 <7 <t. Moreover, according to assumptions a) and b) of the lemma, the queues in
L UE%) (t) have priority over the queues in Sg) (t). Notice also that by definition, whenever
some of the queues in Sg) (t) are nonempty, the queues in E(Dl) (t) are nonempty as well.
Therefore, if one of the channels in £ U 3%) (t) is “on” at time t, this slot cannot be used

for transmission of packets of queues in Sg) (t) . We conclude that

B

Sg)(t) (07 t) < CﬁUD(Oa t) -C

050 ) (O t)

< <F(£ UD) - F(LUSY (t)) t+O.
Hence, by setting F (S) = F(LUD) — F(LUS), we have,

Y at)= > a0)+ A504y(0,8) = Bgw ) (0,%)

0] S9)(1)
> a0+ | > ai—7<8g)(t)> t—0
s9) S5
> Z ¢i(0) — O. (66)
S5 ()

where the last inequality follows from (15). Since qg) (1) < H, 0 <7 <t, subtracting |H
from both sides of (66) and taking into account the definition (65) we have for 2 <1 < D—1,

u(t) < () + 0 < S 1(0) + u141(0) + w(0) +, (67)
and 1
y1(t) < 91(0) + 0 =512(0) +41(0) + O, (68)
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2t time

Figure 6: Schematic representation of the times tl(j ), Tl(j ) and tj, for D = 2.

yp (t) <yp (0) + O <yp—1 (0) + yp (0) + O. (69)
The inclusion of additional terms in the second inequalities in (67)-(69) is made in order
to treat the various cases in a uniform fashion, see inequalities (73)-(75) below. Assume

next that tl(l) > 0. Following an analogous reasoning as in the proof of Lemma 2 we have
that for 2 <1< D —1,

u(t) < sua () + sua @) +0, (70)

and
n() < g (1) +0, ()
yp (1) < yp1(tH)) + 0. (72)

Combining (67)-(72) ( i.e., the cases tl(l) > 0 and tl(l) =0) we have for2<1 <D —1

u(t) < %yzq(t@) + %yz“(tz(l)) + 1w _u(0)+0, (73)
and 1
n(® < g0 (1) + L _ym(0) +0, (74)
yp (1) < yp-1(t%)) + l{tg>:0}yD(0) + O, (75)
where 1 tl(l):o =1if tl(l) = 0 and zero otherwise.

If z(t), t > 0, is a real function defined on the nonnegative integers, define

Zla,b] = max z(71). (76)
T€[a,b]

Let t1=minjcqy . py {tl(l)}. Using definition (76) and (73)-(75), yield: for 2 <1< D —1,

1 1
y(t) < 5911 [t1,t] + S Y41 [(t1,t] + 1y, —0ywi(0) + O,
and
1
y1(t) < 52 [t t] + 1, =0y1(0) + O

yp (t) <TUp_1 [t1,t] + L1,—01yp(0) + O.
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The above inequalities can be written in matrix form as

Y (1) <BYW + 14,0, Y (0) + O, (77)

where B is defined by (61) in the proof of lemma 2, Y (¢) = [y1 (¢) ,...,yp (t)]* and YW =
T [t 1] To[t,t] - Tp [t t]]T. Let 7Y € [t1,4], I = 1,..,D, be the time where 7, [t1, ]
is achieved, (i.e., yl(Tl(l)) =7, [t1,t]). For [ = 1,..., D, the time tl(2), is defined for the set

Sg) (’Tl(l)) exactly as the time tl(l) were defined for the sets Sg) (t). Generally, provided that

t(])

) are defined, define recursively:

[ ] t] = minle{L__.D} {tl(j)} .
° Tl(j) € [tj,t], { =1,.., D, the time where 7 [t;, ] is achieved.
o If qg) (Tl(j)) > H, then define tl(jH) = Tl(j). Else, let tl(jH) — 1, be the largest time (if

one exists) before Tl(j) such that Sg) (Tl(j)) # Sl()l) (tl(j+1) —1), or qg)(tl(jH) —1)>H.

If no such time exists, set tl(jﬂ) = 0.

Arguing as above we have,

YV <BYY"™ 41, Y (0)+T, (78)

where Y = (7, [t;,1] T [t;,1] .. Tp[t;.1]]"
Let k (t) + 1 be the smallest integer such that either t;) 11 =0 or 0 <ty < tp)41-
We consider two cases depending on whether #3,;)41 is larger than zero, or zero.
case 1. 0 < tpy) < tp)41- In this case we have [tk(t)+17 t] C [tk(t), t] which implies that

y*®) > YO Therefore by using inequality (78) we conclude that

(k(t)+1)

Y <BY"OH) @

From the last inequality and the Perron-Frobenius theorem we have that
(k(t)+1)

Y <(I-B)'0=0 (79)

Observing that 1y, y =0for 1 <j <k(t)+1, we have from (78) that

j+1=0
Y (1) < BROHFHOTD (I +B+..+ B’“‘”) 0. (80)
From the Perron-Frobenius theorem we also have that for any k,
m .
Bk§<I+B+...+Bk>SZBZ:(I—B)_l. (81)
i=0
Inequalities (79), (80), (81) implies,
Y(t)<(I-B)'O+(I-B)'0=0
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Hence . )
O 2yi(t) = (H —qp’ ()" 2 H —ap) (1) = H — min {a:(1)}

and the lemma follows.
case 2. typ41 = 0. Observing that 1. gy = 0 for 1 < j < k(t), we have from (78)
and by using the Perron-Frobenius theorem,

Y (1) < BEO+157R(0+1) +B*OY (0) + (I-B)"'0.
By the definition of y;(¢) it holds for any ¢,
wi(t) < |DIH. (82)
Therefore, we can write
Y (t) < B*+1z 4+ BFOZ 4+ (1-B) 'O, (83)

where Z is a column matrix such that all it’s entries are equal to |D| H.
We claim that

E(t) >~t—1, (84)
where 5

"= BHTO
and

) —gncl%{Zai —F(S)} > 0.
S#Zo \ S
This can be proved as follows. Define
Ii(t):ti_l—ti, QSiSk(t)—i-l
Lt)=t—t.
By the definition of k (¢), we have I;(¢) > 0 for 1 <i < k (¢) + 1. Moreover,

k(t)+1

Y Lit)=t (85)

From the definition of times t;, there exists a time t > tj—1, and an index [ such that
qg)(T) <H,t; <7<t and

a)z Y at)+ | Y a-F(spw) | (¢ -4)-0

5 (¢) 5 (¢) 55 (1)

> G (ty)+0 (' —t;) —0> > q(ty) +6L(t) - 0. (86)
SO (1) S9(t)
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Subtracting [H from both sides of (86) we have
0 <u(t) <w(t)—dL(t) + 0,
or, taking also into account (82),

ID|H + 0
L(t) < ———.

The last inequality and (85) imply (84).

From the Perron-Frobenius theorem we have that limy_ ., B¥ = 0 (where 0 is a matrix
whose elements are all zero). Therefore, we can pick 7¢ large enough so that for t > 7¢ it
holds,

Btz + Bltl-17 < O.

With this choice of 7, the lemma follows from (84) and (83). m
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