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Abstract

We consider a source node broadcasting to two receiversaayeneral erasure channel with receiver feedback. We dharse
the capacity region of the channel and construct algoritbased on linear network coding (either randomized or ddpgnoh
channel dynamics) that achieve this capacity. We then densitochastic arrivals at the source for the two destinatiand
characterize the stable throughput region achieved bytiadafihne same algorithms that achieve capacity. Next, weifipoldese
algorithms to improve their delay performance and charaeéheir stable throughput regions. Although the capaanitd stability
regions obtained by the algorithms are not always identisatause of the extra overhead needed for the algorithmarididn
stochastic traffic), they are within a few bits of each othed &ave similar forms. This example exhibits an unusuaticeiahip
between capacity and stability regions and extends simpifar studies for multiple access channels.

Index Terms

Network coding, broadcast erasure channel, capacity megtability region, feedback, overhead.

|. INTRODUCTION

The quest for understanding the relationship between rimdtion-theoretic capacity and stable throughput regians f
networks in general, and for wireless networks in particuias received considerable attention in recent yearg3JLand a
small body of knowledge has been developed primarily fortradcess channels. These two regions, measured in terms of
bits/sec, may be identical or not and we do not yet know gémeraditions under which they coincide.

In this paper we consider a two-receiver broadcast chaniitél fsedback and essentially address the same issue. The
erasure channel model applies broadly to packet transimissid packet dropping mechanisms in the Internet and inrgene
communication protocols. The usual extension to wirelassmunications is based on the broadcast erasure chanrel wit
multiple receiving ends. However, the capacity problem émeral broadcast channels [4] is unresolved yet and thecitgpa
region is only known for special cases including degradeadcast channels [5]. For a single multicast session thactgmf
wireless erasure channels session has been determineldand@ capacity achieving algorithm for the same model has be
formulated in [7] using random linear coding. Differentdbghput and delay benefits of using feedback for networkngpdi
are presented in [8]-[15] with the typical assumption ofg&nmulticast session or backlogged packet traffic. The dgpa
region for multiple unicast sessions has been considerg¢ti6ihfor backlogged packet traffic with a different perspestof
handling feedback overhead.

Here, our focus is on deriving the capacity region (with bagged packet traffic) and stable throughput region (with
stochastic packet traffic) for multiple unicast sessiors ell as combination of unicast and multicast sessionsj the
broadcast erasure channel with feedback. It turns out thetcaipacity region can be easily characterized by bounding i
through the degraded version of the channel and it is rerbdkhat two simple algorithms that are based on linear nétwo
coding over blocks of packets actually achieve the uppentida the capacity region.

The calculation of the capacity region is made under thelwsssumption of unlimited reservoir of traffic at the souroe a
under scenaria of both common as well as individual traffiesghs for the two destinations. In addition the channel mode
has an arbitrary erasure structure that allows for indepeindr correlated erasures to the two receivers.
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We then turn our attention to the case, where traffic for the teceivers is generated randomly through stochasticahrriv
processes at the source. The goal is to maximize the acléexates for both receivers while stabilizing the packetugpue
at the source. We consider again both common as well as sepeaffic streams for the two destinations. We consider a
slightly adapted form of the capacity-achieving algorithemd characterize the stable throughput region they azhigmally
we modify these algorithms to enhance their delay perfooedfor a broad class of erasure probabilities and arriviglsja
by switching from coding over packet blocks to dynamic cgdat the individual packet level. The latter case reduces the
average delay by eliminating the need for packet accunauaiihen, we characterize the resulting stable throughggibns
that continue to be closely related to the ones obtainedréelthe stability regions bear remarkable similarity to tlapacity
region, although they need not coincide with it. This is rhaipecause of the extra overhead needed for the algorithms to
adapt to random packet traffic.

The results of this study show a number of interesting fdgtst, random linear coding and simple transmission mamagé
schemes achieve capacity. Second, essentially the saorélalgs, when messages are generated randomly at the sachéeve
a stable throughput region that is almost identical to thacdy region. Finally, a further modification of the alghrms through
a queue management scheme that improves the delay perfenratains the shape and form of the stable throughputrregio
As a consequence, the results confirm the similarity betwieertwo regions that have been observed in multi-acceselan
and provide additional evidence that there is a deeperiorkitip between the two regions that are both measuring tate
are defined in terms of different sets of assumptions anficredenaria.

The rest of the paper is organized as follows. Section lbuhices the system model for broadcast erasure channels with
feedback. We characterize the upper bound to the capagiyrrén section Il and present the capacity achieving atgors
with linear network coding in Section IV. This is followed liie extension of the model to stochastic traffic in Section V,
where we derive the stability region along with queue staibi) algorithms with different levels of complexity, overad
requirement, and delay expectation. Finally, we draw agsiohs in Section VI.

Il. SYSTEM MODEL

We consider a slotted system where packets of lerdgthits are transmitted within each slot. We assume that theaifni
time is the time needed to transmit one bit. Time s${ét- 1)L,IL), [ = 1,2, ..., is referred to as “slot”.

The system consists of a single transmitter and two receivepacket transmitted in slétis broadcasted to (may be heard
by) both receivers [17]. At the end of slét a receiver may either receive the packet correctly, or thekgtamay be lost
(dropped) for this receiver, in which case we say that anueeasccurred - we denote this event by the symbolvhich is
distinct from any of the regular packets. Define

1 if an erasure occurs at receiveim the ith slot
Zi = . .
0 otherwise

The random pair(Z;,Z2;), | = 1,2...., has an arbitrarily distribution, and the sequed¢€171,2271)}[’il consists of
independent identically distributed pairs. Denote(&y, Z>) a generic pair of 0,1} random variables having the distribution
of (Z1,,Z2,;) and define

Pr (Zl = 1) =£&1, Pr (Zg = 1) = &9, Pr (Z1Z2 = 1) = £12.

In the sequel, to avoid trivial cases we assume that 1, i =1, 2.
According to the definitions above, if pack&y is transmitted in time slot then the output received by receiveis,

}/i.,l - Zi,lE + (1 — Zi,l) Xl. (1)

At the end of slot/ receiveri = 1,2, provides feedback to the transmitter as to whether the pd@® been received or
erased, which according to (1) is equivalent to having eackiver inform the transmitter about the valuej.
In the next section we provide an upper bound to the inforonatieoretic capacity of this channel.

IIl. UPPERBOUND TO CHANNEL CAPACITY

The definitions and notation below are adapted from [17] &&].[A generic sequenc&, ..., X,, is denoted byX"™. We
denote byX the set of transmitted messagés~ F,, whereF, is the finite field of size; = 2-. We also denote the set of
received symbols, common to both receivers )by X U {E}.

Definition I: Let W;, i = 1,2, be message index sets of sizg""| and letW = (W, W2) € Wi x W, = W. An
([2nf] | [2772] \n) code for the broadcast erasure channel with feedback ¢emsis

« an encoder that at slétransmits messag&; which is a function ofi?, X1, Yll‘l, YQl‘l- when! = 1, X is a function

of W only.

« two decoders, one for each of the receivers, representedebfunctions,

g YT =W, i=1,2.



Definition II: For a given channel codg 2%, [2"%2]  n), the conditional probability of erroneous decoding is dadin
as

— Pr (U {9:(Y7") # Wi} ‘W> , Wew.

Definition 1ll: A vector rateR = (R1, Ry) is achievable if there exists a sequence of channel cod#s™ | , [2"52] n),
n = 1,2..., such thatmaxw ey A\, (W) — 0 for n — oo.
Definition IV: The capacity region of the broadcast erasure channel wétibfeck is defined as the closure of the set of
achievable rate vectors.
In case there is multicast traffic (intended to both recsjyghen an additional message indéy needs to be transmitted,
and this index must be received correctly by both receivns. definitions above can be extended in a straightforwasttida
to cover this case, for details see [17, Chapter 15.6.1].
The approach to the development of the outer bound for thaadiigpregion of this channel is analogous to the methodology
developed in [19] for the Gaussian broadcast channel weddack. Specifically the approach consists of the following
« Construct modified broadcast erasure channels with fe&dbdmse capacity region is superset of the capacity region o
the system under consideration.
o Show that the modified systems are physically degraded (SeeChapter 15.6.2] for the definition). It follows, accargi
to the result in [18], that the capacity region of the modifsgdtems cannot be improved by feedback. Since the capacity
region of the broadcast erasure channel without feedbaakdwan [20], the capacity region of the modified systems with
feedback is also known.
« Take the intersection of the capacity regions of the mod#igstems, which according to the above is an upper bound to
the capacity region of the original system.
To apply the methodology described above, denote&’bhe channel under consideration and define a modified channel
with Z,, = Z,; and Zy; = Z1,;Z>,. For channelC; an erasure to receiver 2 occurs only when erasures to bogivees in
channelC occur. The following hold.

Lemma 1. If C; and CAl,f are the feedback capacity regions of chann@lsind C; respectively, then
Cr C 51 f-

Proof: ChanneIC1 can be viewed as an improvement of char@eivhere receiver 1 informs receiver 2 about its feedback
at each time slot. Hence any code designed for chafinedn also be applied t6,, with the same error probability [ |
By direct calculation of the channel transition probala@itrequired for the definition of degraded channel [17, pl] 56
can be seen that,

Lemma 2. ChannelC; is physically degraded.

Based on Lemma 1 and Lemma 2, Theorem 3 characterizes thebmuted to the feedback capacity region of broadcast
erasure channels.

Theorem 3. Let

o~ T1 T2
C = ) >0: <Ly,
! {(Tl T‘Q)_ 1—61+1—612_ }
> ™ )
Cy = , >0: <L
2 {(Tl 7'2)_ 1—612+1—€2_ }
Then
~ o~ ~ 71 T2 T1 T2
CrCC=C1NCy = >0: <Ljy.
s 1N Ce {(Tlﬂ"z)_ max<1—51+1—512’1—512+1—52>_ }

Proof: The erasure probabilities for chanr(éj are,&; = ¢; ande: g2 = €10 Since channeCl is physically degraded, its
capacity region is equal to its capacity region without fesk, i.e. C1. = Gy [20]. Reversing the roles of receivers 1 and 2
we obta|n62 = Cg The theorem follows from Lemma 1. [ |

Including Multicast Traffic (Common Information)

Consider the situation where multicast traffic with rate needs to be sent over the broadcast erasure channel. Bym’ggpbi
the results in [17, Theorem 15.6.4] with [21] and [20], theaeity region of the physically degraded broadcast cha6hel
without feedback can then be computed as

oy 1 T2 T12
Cit = , T2, >0: <Lj;.
! {(7'1 "2 7'12)_ 1—61+1—€12+1—61_ }



Extending the proof in [18] it can be shown that the capa@tion ofC; with feedback when multicast traffic exists, is again
C". Repeating the arguments used in the previous sectionsydined characterizes the outer bound to the feedback capacity
region of broadcast erasure channels with multicast traffic

Theorem 4. Let C}* be the capacity region of the broadcast channel with feekilveleen multicast traffic exists. Then,

5 ™ T2 T12 ] T2 T12
CPCC™ =13 (r1,72,712) >0 : : =Lg.
F= {(Tl "2 T12)_ max<1—€1+1—€12+1—61 1—612+1—62+1—62)_ }

IV. CAPACITY ACHIEVING ALGORITHMS

In this section we present two algorithms whose rate regiovery close to the upper bound to system capacity described
in Theorem 3. The first algorithm is based on forming randaradr combinations of sets of packets which are determined by
the received feedback. The second algorithm is based oprperfg XOR operations on pairs of packets, depending on the
received feedback. We compare the two algorithms at the éftfisosection. Note that this setup has a natural connettion
index coding [22], where the receivers have some prior midion and the source transmits linearly coded packet$ aihti
receivers can decode their intended packets. In our case ih noa priori side information available but the source adjusts
transmissions through network coding while the side infation builds up at the receivers dynamically depending owoa
channel erasure events.

A. Algorithm Based on Random Linear Coding

In this section we present a coding algorithm whose rateoregi very close to regioﬁA for reasonably large packet sizes.
We assume that a fixed humber of packets for each receivertrausinsmitted. For ease of presentation, instead of cerisgl
a fixed block code length (i.e., fixed number of transmission slots within which alckets must be transmitted or an error
occurs) we will consider that packets are transmitted wtth receivers decode correctly the packets destined to #Hred
will analyze the number of slots required to do so.

The algorithm operates in two phases. Phase 1 is subdividedase 1.1 and Phase 1.2. In Phases 1.1 and 1.2, the transmitt
transmits packets destined to receivers 1 and 2 respactpadsibly retransmitting a packet urail least oneof the receivers
receives the packet. Phase 2 consists of transmitting cpaekets, where each packet is a random linear combinatR®jrof2
packets destined to either one of the receivers. The lattekgis are determined by the feedback received during Phase

Algorithm |

The packets destined to receiver 1,2 are placed in queu@fm- at the transmitter. The number of packets in quéggg
is denoted byk;. The numberg:; andk, are known to the receivers.

The following queues, initially empty, are maintained. Tduntent of these queues are determined by the operatioreof th
algorithm.

« Transmitter: Two packet queue®)} and Q4. Queue@’ holds transmitted packets destined to receivgerased by

receiverl and seen by receive:. QueueQy is similarly defined with the roles of receivers reversed.

« Receiveri: A packet queud)’. QueueQ’ contains all packets received by receivgirrespective of their destination.
Also, a queueR; where the packets destined to receiveaind received during Phasei; are placed, after processing
performed at the end of Phase 1 as will be described below.

A single control bit,b;, from each packet is reserved to convey control informat@the receivers. Wheh, = 1, the bit
indicates the end of Phase 1 and the information part of tickgtaconveys to the receivers the feedback informationnduri
Phase 1, as will be described below. Otherwiges= 0.

1) Phase 1.1:
o Transmitter: Transmitk; receiverl packets from queuégf)_rl, as follows.
a) Setb; = 0.
b) A packet is (re)transmitted until it is received bi/least oneof the receivers, in which case the packet is removed
from Qf ;.

c) If a transmitted packet is received by receiver 2 and eragereceiverl, it is placed in queu&)!. Hence@!
contains all packets destined to receiver 1 and seen onlgdsiver 2.
d) Keep a log of the feedback received by both receivers. &ch &ransmission, the log consists of two bits, where bit
1 = 1,2 indicates whether the transmitted packet has been recbivedceiver; (bit set to 1) or has been erased
at this receiver (bit set to 0).
« Receiveri: Place every received packet in queRe Send the appropriate feedback (ACK if the packet is reckgive
or NACK if the packet is erased).
2) Phase 1.2 Same rules as Phase 1.1, with the roles of receiver 1 ande?sex\.
3) When both queue@‘éyl, Q} , become empty, Phase 1 is complete. The transmitter creaté®ts where the feedback
information kept on the log is placed. For these pacKatss: 1. The packets are transmitted until they are received by



both receivers. Since the receivers knbwandk,, by observing the feedback log they can obtain informatiooua the
packets stored in their corresponding que@ési = 1, 2. Specifically, receivei can decide where Phase 1.1 and Phase
1.2 ends, whether a received packet is destined to itselftendrder of this packet in quet@%w whether a transmitted
packet destined to itself has been erased at this receidetearived by the other receiver, and whether a receivedgpack
is destined to and has been erased at the other receivere ldergiver can reconstruct queug’, j # i, and can place
all received packets destined to itself in quele Receiveri can also infer the order in que@gj of each packet in
queue@?. There may be more efficient ways to convey the log to the recgibut the method presented here suffices
for our purposes. Note that at this point, receivereeds to recover only the packets in quélie
4) Phase 2:Let M; be the number of packets in queiig at the end of Phase 1 (end of Phase 1.2). Kgtbe the number
of packets in queu€)!, i = 1,2, at the beginning of Phase 2. Note that since receiven reconstrqug», j A, it
knowsK;. Also, sincek; = M; + K, receiveri knows K.
« Transmitter: The following actions are taken
a) Setb; = 0.
b) Transmit random linear combinations of the- 1 information bitsof the K7 + K packets in queue®?, i = 1,2-
bit b, is not encoded. That is, the — 1 information bits of each packet are considered to form amefe of
Far-1; for each such elemengs, a uniformly random coding coefficient from F,.-. is selected and then the
linear combinatiorp = ZK1+ 2 a;p; is formed. The transmitted packet consists of the conctitené,, p). The
coding coefficients are generated by a random number gérerdgorithm knowna priori to both receivers, with
the same seed, and hence these coefficients do not need tanbmitted. Transmissions are taking place until a
single feedback (see actions of the receivers below) declaringesséul decoding is received by both receivers -
in caseK] = 0 no feedback from receivéris required since the receiver has already received theepadestined
to it.

« Receiver 1:Since the receiver knows the content of #ig packets in queu&?, only the K] packets inQ! destined
to receiver 1 need to be recovered from the observed lineabit@tions of theK] + K3 packets. The receiver
observes the received packets until it has enough infoomgtiimensions) to recover th&] packets through the
associated system of linear equations. Feedback is seme toansmitteonly when this recovering is successful. At
this point the receiver knows the contents of all packetstieugQy, , as well as their order in this queue (obtained
earlier though the received feedback log) and hence degdslisuccessful.

« Receiver 2: The corresponding actions as receiver 1.

1) Analysis of Algorithm I:We assumeék,, ko large so that we can invoke the law of large numbers to repdaeeages
with sample values. We skip technical details involved iis tieplacement since, while based on known techniques, dhey
tedious and distract from the main results.

Consider first Phases 1.1 and 1.2. The numbgr,of transmissions needed to complete Phaseof the algorithm, i.e.,

for receiver: packets to be correctly received by at least one of the retgivs N; = ’“ . = 1,2. The numberM;, of
receiver 1 packets transmitted during Phase 1 that wereededl to receivet, is M, = kl - ‘51 S|m|IarIy, for My we have
M; = ky-==2, and hence foi = 1,2, K] = k; — M; = ki §=22.

Regardmg the log-containing packets that need to be tritieshat the end of Phase 1, note that the number of bits cmdai
in the log is2 (V7 + N») and hence the number of packets that need to be transmitted is

2(k1 + k2) w
(L — 1) (1 — 812) ’

If the transmitter broadcasts these packets by transgitéimdom linear combinations of them, then for sufficiendygke
k1, ko, the number of transmissions needed until both receiveslzareto decode the packetsiso = Mio/(1 — &¢), where
€9 = max{ey,&2}.

Consider now Phase 2. Since receiver 1 kndws out of the K| + K3 packets involved in each of the random linear
combinations rece|ved the receiver will be able to rectlvers packets that it needs for successful decoding, after rmgew
correctly G7 < 2L—1K1 such linear combinations - the coefﬁueg&—1 accounts for the possibility of receiving "non-
innovative" packets [12]. The number of transmissions eded order to correctly receive the€& packets iS5}/ (1 — 1). A
similar argument holds for receiver 2. Hence the numberasfdmissions needed so that both receivers recover thegtiverd
packets during Phase 2 is,

N3 = max G , G
1—81 1—82

9L—1 ax{( ki (61 — €12) k(€2 — 12) }

< ————m )
- 2L-1_1 1—81)(1—812) (1—82) (1—812)

From the above we conclude that the number of slots needeslitmessful reception of thig, k» packets by the respective

Mu—[




receivers is,

T

N1+ No + Nig + N3

- k1 ko 1 { 2(k1 + ko) -‘ 2k-1 maX{ k1 (1 —¢€12) ko (2 — €12) }
- 1—612 1—612 1—60 (L—l) (1—612) 2L71—1 (1—61) (1—612)7(1—62) (1—612)
oL-1 k1 ko k1 ko 2 k1 + ko 2
—_— 2
- 2L1—1(max{1—61+1—612’1—512+1—€2})+(L—l)(1—€0)1—€12+(L—1)(1—60) ()
oL-1 2 k1 ko k1 ko 2
< 1 , _ 3
2L—1 | ( * (L—l)(l—ao)) (max{1—al T e T | 1—52}) oo ©

Since the receiverrate (in information bits per packet transmissiony.is= k;(L —1)/T, we conclude from the last inequality
that

2 71 79 71 79 2 oL-1_1
I+ = > L—1
( +(L—l)(l—eo))max{1—€1+1—€12’1—612+1—52}+(L—1)(1—50)T_ o= (=),

and sincel’ can be made arbitrarily large by picking a large valug:pf+ k5, the region of achievable rates is at least,

oL—-1_ 1 L—-1
R = {(wz) 200 M) € —5p—77 #}
(ZT—1)(1—c0)

where

M (ri72) = max{ N 12 n 12 }

1—81+1—81271—€12+1—82

For moderately largé, regionR! is a close approximation of the region defined by Theorem 8dh in units of information
bits per transmitted bit (i.e., scaling by) the regionR’ becomes arbitrarily close to the bound given by Theorem 3.

2) Including Multicast Traffic: Algorithm | can be modified to handle multicast traffic. We g@et the modification below.

Algorithm [.1:

Let k1, k2, k1o be the number of packets to be transmitted from each of theethessions (receiver 1, receiver 2 and
multicast). These numbers are known to the receivers.

o Employ Phases 1.1, 1.2 of Algorithm |

« In Phase 2 employ random linear coding of packe€f{s K7, k12, i.e., include the multicast session packets in the process

An analysis similar to the analysis of Algorithm | shows tlia¢ rate region Algorithm 1.1 is at least

2b-1 1 L—-1
Rl'l—{(rlﬂbﬂ"u)ZOi My (r1,72,m12) < 5T 14 3 }, (4)
(L—1)(1—e0)

where

1 T2 T12 1 T2 12
M1 (Tl,TQ,’I’lg) = max{ .

1—81 +1—812+ 1—81 ’ 1—812+1—82 * 1—82
Again, we see from (4) that the rate of Algorithm I.1 is vergs® to the upper bound on system capacity described in Tineore
4, for reasonably large packet sizes.

B. Algorithm Using Only XOR Operations

In this section we provide an algorithm that codes using &R operations between packets and also approximatedyclose
the system capacity for reasonably latfe

Algorithm 11

Two integersk; andk, are selected. These integers denote respectively the mwhpackets from each receiver that must
be transmitted. These packets are placed in qué)@gsand Q} 5 respectively.

The following buffers, initially empty, are maintained. &leontents of these buffers are determined by the operatitireo
algorithm.

« Transmitter: Two single-packet bufferd3?, B%. Initially these buffers are empty. At the beginning of slobuffer B!
is either empty or contains a receiverpacket that has been transmitted at some prior time, erasegta@ver 1 and
received by receiver 2. BuffeB} is similarly defined with the roles of 1 and 2 reversed. We dery Bf,z the contents
of buffer B! at the beginning of slot.

« Receiverl: A single-packet buffe; . Initially Bj is empty. We denote bj; ; the contents of buffeB; at the beginning
of slot /.

« Receiver2: A single-packetB; . Initially B is empty. We denote by, the contents of buffeB} at the beginning of
slot (.



Two bits by, b, are reserved for control purposes. These bits are set asvoll

« by indicates whether the transmitted packet is the result k@R operation, i.e.p; = 0 : non-XORed packet); =1 :
XORed packet

o by indicates the receiver to which the packet is destined (# itot the result of an XOR operation), il&. = 0 : receiver
1 packet,b, = 1 : receiver 2 packet

The algorithm consists of two phases as follows. Retl) be the number of receivérpackets at the beginning of slhtthat
have not been received yet by receiver

Phase 1:This phase lasts as long & (1) > 0 for bothi = 1, 2.

» Transmitter: Whenever a packet is transmitted in dl@ind an erasure occurs to both receivers, Xg;,= 0, Z, ; = 0, the
packet is retransmitted. If the packet is destined to recdiand is received by this receiver, i.€/;, ; =1, Z5; =0orl,
the packet is removed from qued¥ ;. Similar actions are taken if the packet is destined to recedv The rest of the
cases are described below. '

1) If Bi, = @, B, = @ then transmit a receiver 1 packet in slosettingb; = 0, b, = 0; At the end of slot,

a) If Z1, =1,Z,, =0 then remove the transmitted packet from quélfe, and place it in bufferB}.
2) If Bl , # @, B}, = @ then transmit a receiver packet in slot/, settingb, = 0, b, = 1; At the end of slot,
a) If Z,; =0, Zy; = 1 then remove the transmitted packet from qué;&a2 and place it in bufferBs.
3) If BY, = @, By, # @ then transmit a receiver 1 packet in slosettingb, = 0, by = 0; At the end of slot,
a) If Z,;, =1, Zy,; = 0 then remove the transmitted packet from qué;j),e1 and place it in bufferB}.
4) If B}, # @, By, # @ then perform a bitwise XOR of thiaformation part(i.e., L — 2 bits) of the packets i3} ;, Bj ,
and transmit the result in sldéf settingb; = 1; At the end of slot,
a) If Z1, =1, Zy; = 0 then remove the packet in buffét. Else,
b) If Z1, =0, Zy, = 1 then remove the packet in buffét. Else,
c) If Z,, =0, Zo; = 0 then remove the packet from both buffes$, B.

o Receiver 1 At the end of each slot the receiver sends the appropriate (eack) feedback to the transmitter.

1) If at the end of slot receiverl receives a packet destined to receigef, = 0, b, = 1), it places this packet in
B1, replacing any other packet that may exist.

2) If at the end of slot receiverl receives an XORed packét(= 1) then it XORs the information part of this packet
with the information part of the packet stored in buffg} - the result is a receiver 1 packet.

3) If at the end of slot receiverl receives a packet destined to itsélf & 0, b, = 0) it accepts the packet.

o Receiver 2 Similar actions, with the roles of 1 and 2 reversed.

Phase 2:At this phase, packets destined to only one of the receisaysreceiver 1, remain to be transmitted. In this case, the
transmitter set$; = 0, by = 0, and retransmits the packets until it is ensured, throughréiceived feedback that all packets
have been received correctly by receiver 1. The receivdarasai Phase 1.

Notes:

« WhenBj , = @, B}, = @, the transmitter may transmit receiver 2 packets, or rarglpackets destined to either of the

receiver. This does not alter the throughput region of tigerthm.

o With this algorithm, the receivers do not need to know the benof packets:, ks.

In the next section we discuss the correctness and perfaeramalysis of this algorithm.

1) Analysis of Algorithm II: We must show first that the operation of the algorithm is adrrérom the description of
the algorithm it follows that at any time during Phake B! and B} contain at most one packet. Note that according to the
algorithm, (the information part of) an XORed packesent at time slot is of the formq = B{,l &3] Bé)l. When a receiver,
say receiverl, receivesy in slot [, it performs the operatiog; = g ® Bil. In order for receiver 1 to recoveﬁ‘s’il, it must
hold thatg; = B}, i.e., it must be ensured that whenever an XORed packet isveebby receiver 1B;, = B . This is
not true always since it may happen that if the transmittezk@ais not an XORed packet they , # B, - this will be the
case if the transmitted packet is destined to transmittenig received by both receivers. However, from the desonpf
the algorithm, it follows that wheneveB} ; # @, then B, = B} ; and similarly, wheneveBj ; # @, thenB; ; = Bj ;. Since
the transmitter transmits an XORed packet during Phase;&ierf_’l # @ and B}, # @, it follows that

Lemma 5. During Phase 1, whenever receivereceives an XORed packet in slotit can correctly recover its own packet
by XORing the received packet with packeth]l.

We now proceed with the analysis of Algorithm Il. As with Algihm |, we assume that; and k. are large so that we
can invoke the law of large numbers to replace averages waitipke values. During Phase 1 the operation of the algorithm i
described as a Markov Chain with 4 states. The states desttrébcontent of buffersB?|, | BL|, as follows.

A = (|Bi].[Bs]) = (0,0), B=(1,0),
¢ = (0,1), D=(1,1).
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Figure 1. Markov Chain description of Phase 1 of Algorithm I

A state transition occurs each time a transmission take=eplBhe rewards consist of paifgss (1), pss (2)) where for a
transition from state to states’, p,s (i) corresponds to the number of receivgrackets receivedorrectly by receivei during

the corresponding transmission. For transitiohs+ A, B — B andC — C this number is random - see the description of
state transitions in the next paragraph - and we denotepayjth:) its average value. The complete state diagram is described
in Figure 1. A number in a square next to a transition arrow indicates that a recéipacket has been received correctly
by receiveri under the corresponding transition, henge (i) = 1. If the number: does not exist next to a transition, then
the corresponding reward is zero. State transitions ariedtetl by solid arrows. Dotted arrows indicate sub-trémsét that
compose the transition indicated by the correspondingl $ald arrow - see the description in the next paragraph. &wands

of the bold arrows are averages of the costs of the corregpgmibtted ones. To avoid overloading the figure, theserlatte
rewards are indicated only for the transitigh— A. The formulas next to each arrow indicate transition prdties.

We explain next how the transitions and rewards are defineehwh stateA. In this state, according to the algorithm
receiverl packets are transmitted. From this state, a transitionéosime stated — A, occurs if either a) the transmitted
packet is erased at both receivers, an event of probalality or b) it is correctly received by receiver 1, an event of
probability 1 — ;. Hence the overall transition probability i$,— e; + £12. Given that this transition occurs, a reward of
one receiver 1 packet is assigned only if the packet is ctiyreeceived by receiver 1, an event of conditional prokgbil
(1 —€1)/(1 — &1 + €12). There are no receiver 2 rewards since the transmitted fseke destined to receiver 1. Hence the
average rewards for this transition gfg 4 (1) = (1 —e1)/(1 — €1 + €12), p44(2) = 0. A transition A — B occurs when
a transmitted receiver 1 packet is erased at receiver 1 amivesl correctly at receiver 2, an event of probability— 5.

In this casep 5 (1) = pan (1) = pap (2) = p4p (2) = 0 since the packet has not been received correctly by thedaten
destination. The rest of the transitions and rewards aréasignobtained.

Letr,, s € S ={A, B,C, D}, be the steady state probability of the Markov Chain describove. The long term average
number of successfully transmitted receivgrackets is then,

pi = Z Z Pss! (i)pss/ﬂ's, ®)

seSs'eS

wherep,. denote transition probabilities. Hence, for larfgethe number of slots needed to transmit #epackets isk; /p;

and the number of time slots needed for Phase 1 to comple¥g is min {%, %

Let now k1 /p, < k2/py. Then, Phase 1 last¥; = k1 /p, slots. During this phase, receiver 1 receives all its packet

the number of receiver 2 packets transmittedVi$,. Hence there are

Ko = ky — Nipy = ko —k1¥7

P1
receiver 2 packets left to be transmitted during phase 2.ntimber of slots needed for the latter packets to be traresnist
K, ks k1,

N,

_1—82_1—82 (1—82)ﬁ1.
Hence the total number of slots needed for Algorithm Il to ptete is



T = N+ DNy
ko ( 1 Do >
= thi|{=—— 77— 6
I —e ' P (1—e2)py ©
The probabilitiesr, and therp,, p,, can be computed easily based on the transition diagrangur&il. It can then be seen
that the following hold.

p_(ea—1(e2—en) 1 P 1 %
Py (e2—=1)(e1—c12) P (I—e2)py 1—c12

Replacing in (6) we conclude,

kQ /€1 k2 kl
T = > . 8
1—€2+1—€12_1—512+1_51 ()
Similarly, if k1 /p, > k2/p,, we conclude,
k k k k
T — 2 + 1 2 1 (9)

> + .
1—612 1—61_1—52 1—512
From (8) and (9) we conclude that Algorithm Il achieves rdiashits per transmitted packet),
R ={r>0:M(r,r) <L-2},

which is essentially the same region as that of Algorithmrlléwge L.

2) Comparison of Algorithms | and IIWe have seen that the throughput region of both algorithnmsoagmates the
capacity region of the system very closely for reasonabilydgacket sizes. Both algorithms use the idea of performiegr
combinations of packets in situations where both receigegsable to obtain useful information by observing the saauket.
Algorithm | performs random linear combinations of packetmsidering each one as an element of the field .. Algorithm
Il on the other hand performs (deterministic) XOR operationtwo packets at a time, which can be viewed as modulo 2
addition of vectors whose coordinates arefn i.e., the information part of each packet is considered asctov of L — 2 bits
p=(bs,---,by) - bitsb;andb, are control bits. These differences have the following iogtlons regarding implementation
complexity and flexibility:

o Algorithm 1l is simpler to implement. It imposes minimal rggements on the receivers as they are only required to
maintain single-packet buffers for packets that may neduktXORed. Moreover, the XOR operations are very simple to
implement both at the transmitter and the receivers. Atgoril on the other hand, requires operations in the figjd-..

This part of the complexity can be reduced by performing apens in a smaller fieldr,:, [ < L, with minimal effect
on the throughput region (the fact¢2” ! — 1) /25~ is replaced by(2! — 1) /2'). However the task to recover packets
from the received linear combinations in Phase 2, i.e.,rim@ matrices, still remains.

o In Phase 2, Algorithm | requires only a single feedback frauhereceiver, while Algorithm Il requires feedback at each
slot until completion. Note that per packet feedback is eeealy both algorithms during the corresponding Phase 1.

« Multicast traffic can be easily handled by Algorithm |, wititdncreasing the overhead required for transferring @ntr
information to the receivers. While Algorithm Il can be miiell to handle multicast traffic, this modification renders
Lemma 5 invalid, implying that now the receivers need to reammulti-packet queues instead of single-packet buffers
and the required control overhead increases. We defer thasion of multicast traffic in an algorithm using only XOR
operations to Section V where we address the situation adlmgna system where packets arrive randomly at each slot.

« Algorithm | is more amenable to generalization to a systeith wiore than two receivers. In fact, recent work [24], [25]
demonstrates that using linear coding, algorithms can beldged whose rate region is very close to the upper bound to
the capacity for systems with 3 receivers and under certaiistcal assumptions for systems with > 3 receivers.

V. STOCHASTIC ARRIVALS

In this section we assume that packets arrive randomly teyktem instead of assuming backlogged packet queues as was
done above. We first show how the algorithms of the previoaticse can be adapted to such an environment to obtain a
stability region that is close to the capacity region of tiistem. We note that the principles on which this adaptasdoeised
have potential applications to other communication systes well. Then we present additional algorithms with impdbv
delay performance for the system under consideration.

Let A; (1), ¢ = 1,2, be the number of packet arrivals during slgt with destination receiver. We assume that
{A1 (1), Ay (1)};2, are ii.d. with arrival rates\; = E [A4; (1)], ¢ = 1,2. To simplify the discussion, we present the stability
results measuring rates in “packets per slot” without tgkitto account the overhead required to transfer contrarmétion
to the receivers; subsequently, we discuss issues relatesierhead. In packets per slot, the upper bound on the dgpaci
region in Theorem 4 becomes,

71 T2 1 r2
R: s >O ? <1 ’
{(7‘1 r2) 2 max{1—€1+1—€12 1—512+1_52}_ }
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and in case multicast traffic also exists,

1 9 712 T1 2 712
Rm: >O a. <1 .
{<T1’T2’T12)_ mX<1—€1+1—€12+1—€1’1—612+1—82+1—€2>_ }

In the following we will show that for any arrival rates in thterior of R, the proposed algorithms stabilize the system -
barring the overhead bits needed to transfer control indédion which, as will be seen, is small.

Before proceeding we define stability for the systems undessideration. There are many definitions of stability in the
literature. For our purposes we adopt the following. Fortees quantities, the notatioX (/) < « means coordinate-wise
inequalities.

Definition (Process Stability). Let {X (1)},=, = {(X1(l), ..., X;n(1))},=, be a multi-dimensional stochastic process. The
process is stable if it converges in distribution to an “hsihéistribution, i.e., the following holds at all points abntinuity
of some distribution functiorf(x),

lim Pr{X(l) <a} = F(x), and lim F(x)=1.
l—00 min{z1,...,zm }—00
The process is called substable if
lim hmlanr{X()<m}:1.

min{z1,...,xm }—o0 [—00

It is well known that if {X;({)},, is substable for alf € {1,...,m}, then the process is substable and that if the process
is an irreducible aperiodic homogeneous Markov Chain wibintable state space, then substability implies erggdisée,
e.g., [26]. In our cas¢ X (1)},=, will represent the process of queue lengths.

The adaptations of Algorithms 1, 1.1 and Il to operate in therent environment are similar. For the sake of definiteness
we concentrate on the adaptation of Algorithm Il; howevemds be indicated the approach can be used for the other two
algorithms with some simple modifications.

A. Adaptation of Algorithm Il to Stochastic Traffic

The transmitter has two queues of infinite sizgal, Q@)z, where the exogenously arriving packets for receivers 12and
respectively, are queued. The following algorithm is a reltadaptation of Algorithm Il to the current environment.

Algorithm 11l

Let K, (T), i = 1,2, be the number of packets queued%t at timeT'. The algorithm operates iepochs Epoch1 starts
at time7y = 0. If K, ( ) = K5 (0) = 0, the epoch ends at the time the first slot erifis, and epocl starts at the same
time. Otherwise, Algorithm Il with packets; = K; (T1), i = 1,2, is used for the transmission of these packets. New arrivals
are queued in queues, |, Qf ,, but are not transmitted until the epoch ends.

In general, after the end of epoghat time T, epochj + 1 starts at the same time, employing the same procedure as in
epoch 1, with packets; = K; (Tj41), ¢ = 1,2.

1) Stability analysis of Algorithm Ill:Under the stated assumptions on the process of packetlaystiva process of number
of queued packets at epoch beginningdy: (7;) , K2 (T; ))}F1 , forms an irreducible aperiodic homogeneous Markov chain
with countable state space. Below we will show using Lyapuiumction drift analysis that if the arrival rates are withthe
regionR (measured in packet arrivals per slot) then this Markov rtligiergodic. This will imply that the stochastic process
{@Q1(1), Q2(1))};2, representing the number of packets destined to receivertiiatzare in the system at slois stable.

We will use the following theorem from [27] (see also [28]) iath we present in a form appropriate for the problem under
consideration. In the stability analysis below we will usmpital letters to denote random variables and small caserdeto
denote values of random variables.

Theorem 6. Let {X,,}~, be an irreducible and aperiodic homogeneous Markov Chaiilh wbuntable state spacs. Let
v(z) be a nonnegative real function defined on the state spacgnav function). If there exists a finite set of states. S
such thatv(z) > e > 0, x € A°,

E[’U(XQ) |X1 = .%'] < oo, T €A,

and for some) > 0,
E[(Xg)le—.%'] (1_6) ()7$€-Aca

then the Markov Chain is geometrically ergodic dﬁt{v (X)} < o0, whereX has the steady-state distribution 10 N

In our setup the state spaéeconsists of pairs of nonnegative integ€s,, k2). The Lyapunov function we use is given by

k1 ko ky )
ki, ko) = .
U(l’ 2) max{1—€1+1—€12’1—612+1—62}
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DenoteVs, = v ((K: (T») , K2 (12))). To apply Theorem 6 to the Markov chafi (T;), K (T ))};‘;1, we must show that
for (k1, ko) outside a bounded region, the expected drift of the Lyapuooetion satlsfles for some > 0 andi > 2,

E [V [(K1 (T;) , Ko (T3)) = (k1 k2)] < (1 —0)v (K1, k2) . (10)

Based on the discussion below, the rest of the conditiongasdy demonstrated.

Let k1, ko be the number of packets in queu@$ ,, Qf , respectively at the beginning of epoch 1. L}, x, be the
number of slots needed to complete this epoch. 7 7

Based on the operation of Algorithm I, Theorem 7 evaluaigs ;, in the asymptotic regime when the sum of queue
backlogsk; andk, grow to infinity. We denote|(ky, k2)| = /A% + k3.

Theorem 7. The following holds with probability 1 (pathwise).

Nkhkz

— = =1.
|(k1,k2)\—>oo v (k1, k2)

The limit also holds in expectation.

Proof: The proof of this theorem is rather lengthy and is given in Ajppendix. |
Assume that there arg, ko packets in queue@g,l, Qg,z respectively at the beginning of epoch 1 and denoteitiycl, k2)
the number of packets destined to receivénat arrived to the system during epoch 1. Also, to make eitjiie dependence
on (k1, k), denoteVi(kq1, ko) = v (K7 (T2), K2 (T2)). According to the definitions and the operation of the aloni, we

have,

Ny ko

Ki(Ty) = Ak, k) = Z A ( (11)

Ay(ki ko) Ag(ki k) Ay(ki ko) Ag(kr, K
Vel a) = max{ 1 (k. 2>+ (ki k) Ar(ka k) | Ash, 2>}.

1—81 1—812 ’ 1—812 1—62
Based on Theorem 7, Lemma 8 evaluates the Lyapunov driftaraffymptotic regime when the sum of queue backlags
and ko grow to infinity.

Lemma 8. The following hold with probability 1

o Va(ki, ka) max{ A1 n A2 A1 n Ao }
|(k1,k2)|—00 ’U(kl,kg) (1 —81) (1—612)’ (1—612) (1—62) ’

The limit also holds in expectation.

Proof: Sincelimy, ,)|—o0 Nki,k, = 00, taking into account (11), Theorem 7 and using the Strong Liavacge Numbers
for the packet arrival processA; (1), As (1)},2, , we have,

A (1, ko) _ i Ai(k1, ko) Ny ok,

lim m
[(k1,k2)|—oo v (K1, k2) [(ki,ko)| =00 Niy ko U (k1,k2)
- A (12)

Also, since by Wald’s equation [29, Theorem 1@]{Ai(k1, kz)} = [Zl 2 A (D] = NE [Ny ke ), We have,

E [Ai(ln, k2)] _ o tm Bl

lim - - lim S ST
(k1 k2) =00 v (K1, k2) |(k1.ka)| =00 v (1, k)
= )\; according Theorem 7.

This implies [30, Corollary p. 218] that the sequences

Ai(k1, k)
77 Z - 1727
U(kl,kg)

are uniformly integrable. Since the sum and the maximum @bumly integrable functions are also uniformly integraplve
conclude that the sequence

Va(ky, ko)

v (kl, kg) ’
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is uniformly integrable. In addition, it holds

lim M — lim max Al(klka) + Ag(lﬁ,kg) Al (kl,kg) Ag(kl,kg)
|(k1,k2)| o0 ¥ (K1, k2)  [(k1 k2)| o0 (1—e1)v(ki, ko) (I—e12)v(ki,ke) (1 —e2)v (ki ka) (1 —e2)v(k, ko)
)\1 AQ Al )\2 }
=max + , + , by (12),
T T o o) )

and the uniform integrability of this sequence, impliesttive also have,

o ElVa(ky k)l :max{ M ML }
|(k1.k2)| 00 v (K1, k2) (I—e1) (I—e2) (1-e12) (I—e2))"

[ |
We now have all the ingredients to show that the system undesideration can be stabilized by Algorithm Il for any
arrival rates in the interior of the regioR.

Theorem 9. If the arrival rates(A;, \2) are in the interior of the regiorR, then the Markov Chaif (K, (T;) , K» (Tj))};‘;l
is geometrically ergodic and the process of queue lengths(l), Q2(1))},=, is stable.

Proof: Pick (A1, A2) > 0 in the interior of the region, so that for sormae> 0,

A1 A2 A1 A2
, <l—e
m”{1—al+1—au e e

Using Lemma 8, picki(¢) large enough so that fdfk,, k2)| > k(e) it holds
E [Va(k1, k2)] A1 A2 A A2
— =<
’U(kl,kg) = ma 1—€1+1—€12’1—€12+1—82
<l—e+¢/2=1—¢/2.

b

The theorem now follows from Theorem 6 by selecting
A ={(k1,k2) : |(k1, k)| < k(e)}.

Note next that{Q: (1), Q2(1))};2, is regenerative with respect to the renewal process remirgethe number of slots
required for successive returns of the procggs, (7;) , Ko (Tj))}‘;il to the state0, 0). Since the renewal process is nonlattice,
this implies stability of(Q1 (1), Q2(1)), I = 1,2 [29, Theorem 20 p.120]. [ ]

Accounting for overheadAlgorithm 1l requires the transmission of two control bitdence, if each arriving packet is of
length L, bits, then each transmitted packet is of length- L, + 2 bits. Hence, if we measure rates in bit arrivals per slot,
the region described in Theorem 9 becoris.

B. Adaptation of Algorithms | and 1.1 to Stochastic Traffic

These algorithms operate also in epochs, in analogous memtie one described in Section V-A. The main differencbad t
the receivers need to know now the number of accumulatecetsmek the beginning of each epodli<; (7)) , Ko (Tj))}‘;il.
This can be accomplished by using a sub-epoch at the beginoineach epoch,;, to broadcast the information
K1 (T}), K2 (T}) to the receivers. This requires transmission(d “’g(Kl(Tj))wLLlog(K?(Tﬂ'))? packets during the sub-epoch.
Therefore, ifk;, k2, are the number of packets in the beginning of an epoch, thepsah lastO (log (k1) + log (k2)) slots.
Since as seen from Theorem 7 an epoch l6xfs , k2) slots, the addition of the sub-epoch does not alter thelgyategion.

While the algorithms presented in this section are stableafiy rates in the interior oR, they may induce unnecessary
delays. To see this, assume that one of the receivers, saiveed, receives all packets destined to itself during amckp
Then all three algorithms proceed to complete transmissfothe remaining packets for receiver 2. However, at thisetim
receiver 1 packets may have arrived exogenously to therayai®l including these packets in the transmission may iserea
coding opportunities and shorten delays. In the next seastie present algorithms that address this problem.

C. Queue-based Dynamic Network Coding with Improved Delay

In this section we present an algorithm which induces smdbéays relative to the algorithms presented in Sectiodsarid
V-B. As discussed above, the algorithms presented so faratgpé epochs, preventing transmissions of new arrivaisagu
an epoch. The algorithm to be presented below allows sudisrrissions while maintaining stability and as a result excds
better delays. The algorithm operates as follows.

Algorithm IV :

Queue Structure at the Transmitter
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arrivals @[
atQ' | -

departures
from Q*

(a) Addressed to user 1, erased at user 1, and received by (
(b) Received by both users 1 and 2

(c) Addressed to user 2, erased at user 2, and received by (
(d) Received by user 1

(e) Received by user 2

Figure 2. Packet queued), Q! and Q% at the transmitter for Algorithm V.

We define the coding mechanism at the transmitter by intioduthree queue®)), Q!, and Q%. Based on the receiver
feedback, the transmitter assigns each packet to one of thesues depending on which receiver has successfullyweetei
the transmitted packet. The queue structure at the tratesnistillustrated in Figure 2 and the queue managementypdic
the following:

« All packets (regardless whether they are addressed tovezckior 2) arrive at queue’ and are transmitted on a

first-come-first-served basts.

1) If a packet transmitted fron®}, is destined to receiver and is successfully received by this receiver, the packet
leaves the system (independent of the channel outcome athiee receiver; # i in the same time slot).
2) If the packet has not been received by either of the twoivers the packet remains in queGg.
3) A packet transmitted forn®{, and destined to receiveér= 1,2, is placed at queu€), if it is erased at receiver
and seen by the other receiver i.
« An uncoded packet transmitted froi, i = 1,2, leaves this queue (and consequently leaves the systerit)]sif
successfully received by receiver
Network Coding Mechanism at the Transmitter
At any time slot/, the network coding mechanism is given as follows:
« If Qf # @, a (uncoded) packet is transmitted from quédfe
« Else, if Qf = @ and Q! # @, i = 1,2, then packets from both queu€s and Q% are combined by linear network
coding before transmission, i.e., if que@¥, is empty andP; and P, are the first in line packets in queué¥ and
Q%, respectively, then the packé&y @ P, is transmitted. HereP; & P, corresponds to pairwise XOR operation of the
information bits at the same position in two pack&sand P,. If this coded packet is successfully received by receiver
1 (with probability 1 — 1) or by receiver 2 (with probability — ¢2), it leaves queu&)’, or Q' respectively, since the
corresponding receiver can recover the packet destinedeti by performing XOR operation. Hence, in this case it is
possible to deliver one packet to each receiver in a singlestnission. This cannot be realized with a plain retrarsions
policy that does not perform coding.
« Elseif Q) =2, Q! # @ andQ} = @, j #1, i = 1,2, the first available packet i@} is transmitted uncoded.
Decoding Mechanism at the Receivers
Each receivei = 1, 2 constructs a separate que@é}, j # 1, that tracks the transmitter que@. The decoding mechanism
at receiveri is given by:
« If receiveri receives an uncoded packBtaddressed to itself, the packBtleaves the system.
« If receiver: receives an uncoded packBtaddressed to the other receivebut erased at receiver, the packetP is
moved to queueQ;ﬂ at receiveri.
« If receiveri receives a coded packe} & P, (combined from queue®’ and@Q?), receiveri decodes the packet addressed
to itself, P;, through the operatio(P; ¢ P») @ P; by using a packeP; that is already available i@;.
Note that for this mechanism to work, if receivereceives an uncoded packet that is destined to the otheiweege then
receiveri needs to know whether the packet has been received or nptTyis information is conveyed by overhead bits that

1Any other work conserving queue management policy thaingisishes two separate quel.@%y1 and wa, where newly arriving packets addressed to
the two receivers are placed, would not change the stabdiylt although the analysis may become more complex.
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are placed in the packet headers. We postpone overhead issBection V-C2 and proceed next with the stability analgsi
the algorithm.

1) Stability Analysis of Algorithm IVThe proces§Q’(1)},=, = {(Q}(1), Q% (1), Q4(1))},=, of queue sizes at the beginning
of slot [, constitutes and irreducible, aperiodic homogeneous Mafkhain Wlth countable state space. Here, for simplicity
in notation, we denote “queue size” and “queue” with the siatter. We have the following theorem showing that any airiv
rates in the interior of the regioR can be stabilized by Algorithm IV.

Theorem 10. If the arrival rates (A1, \2) are in the interior of the regiorR then the proces$Q!(1)},-, is stable.

Proof: As discussed in Section V, to show stability, it suffices towlthat under some given initial conditiofQ’(1)},=,
is stable, or equivalently all three queue processe$(l)},~, . {Qt(1)},=,, {Q5(1)},2, are stable. Assume that the arrival
rates(\1, A2) are in the interior of the regio®, so that for some > 0,

A A A A
max L4 2 , Lo 22 <1l-e. (23)
1—61 1—612 1—512 1—52

The arrival rate to queu@y}, is \; + A2 and the departure rate is— ;2. Taking into account that;> < min{e1,e2}, we

conclude,
A
1+/\2§max A1 " A2 ’ A1 + A2 <1
1—812 1—¢ 1—812 1—812 1—82

Hence,{Q}(1)},2, is stable [31]. We may assume that we start the system fronpprogriate initial conditionQf (1), so
that the departure process frafj, is a stationary process with rate + X2. A departing packet from this queue (recall that
departure occurs only if the packet is seen by at least oredviery is placed at queu@’, if a) it is destined to receiver i.e.,
with probability \; /(A1 + A2)), and, b) it is erased at receiveand received by receivgr i (which occurs with probability
(ei —e12) / (1 — £12)). Therefore, the arrival rate to que@g, i = 1,2, is a stationary process with rate

/\(Qz) = ()\1 4 /\2) Ai € — €12 /\i(ai — 512).

)\1—|—)\21—612_ 1—¢19
Packets are transmitted (either in coded or uncoded foromy fjueueR! only if Qf is empty, which occurs with probability
1- 217 according to Little’'s law [32, p. 157]. Whenever a packetransmitted fromQ! (either uncoded or coded with

a packet fromQt, j # 1), it is successfully received and decoded by receiveith probability 1 — ¢; - note that using the
network coding mechanism both queu@s and Q% can be served simultaneously. Therefore, the service ocatguieueq)! is
given by

We then have, withy # i,

Ai by
—1)(1—¢
(1—8i+1—€12 )( 6)

< —€(1 —¢g;) according to (13).

Using again Loynes' results [31], we conclude that (1)},2, , {Q5(1)},2, are stable. [ |

2) Protocol OverheadWe specify next the packet overhead that is required foistratting control information so that the
receivers can keep track and construct the transmitteregudine control bits should inform each receiver whetheptieket
transmission in a previous slot is successful at the othegiver, or not. Since it takes a random number of slots uhidl t
overhead can be delivered (because of channel erasuresiyeie needs to learn how many packets have been moved into
transmitter queu€)! and out of transmitter queu@’, j # 4, in the meantime. This way, each receivezan keep track of both
transmitter queue®’ and Q5. Since the transmissions fro@, and Q% are interleaved with new packet transmissions from
Q}, packets may arrive in mixed order and it is necessary tanmfieceiver; of the order of the received packets destined to
itself.

To construct the overhead, one option is to take advantagaaket ID fields that are reserved at the packet header under
several communication protocols. If packet IDs reflect orfearrival, then reserving two packet ID fieldsy, F», at the
header of each packet suffices: Fidld contains the ID of receiver packet that is used in the encoding of the transmitted
packet - if the packet is uncoded and is destined to ysér then F; takes the valu®.

If packet IDs are not available, two types of overhead candssl &as follows. Overhead type 1 informs the receivers whethe
the packet under transmission is

1) transmitted from queu@f and addressed to receiver 1,2, or
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2) transmitted from queu@!, i = 1,2, in uncoded form, or

3) coded from queue®?! and Q%.

Overhead type 1 distinguishes five separate cases anddiresrefjuires); = 3 bits. As for overhead type 2, receiver
needs to additionally know 1) the number of packet moved (bL(Q}) j # i, between two successful packet receptions and
2) the number of packets moved to quediebetween two successful packet receptions. The averagefsthese numbers is
between) and 1_1&_. Hence, if the transmitter sends these numbers, the averagber of overhead bits that will be required
for useri is at most—21log(1 —¢;). Therefore, overhead type 2 requings= — Zle 2log(1 —¢;) bits. As a result, the total
overhead lengthy, + . sufficient for successful decoding is given by

2
n=23-— Z?log(l —&;)
i=1

bits per packet such that at least—  bits out of L. bits per packet carry data on the average. In protocol imefeation,
variable-length overhead type 2 needs to be separated frerddta bits, i.e., it is necessary to indicate when overhgael
2 ends. This separation can be realized by inserting additioontrol bits in the overhead. Note that the total ovedhisa
independent of the packet length(in bits) and its relative effect decreases with increading

Incorporating this random overhead length in the stabditalysis of the algorithm would introduce additional coexties.
However as stated above this overhead is generally small,fer ¢; < 0.5 the average number of overhead bits is not more
than 7 bits. Hence, even reserving a constant number of 4ats,25, for overhead should suffice for the operation of the
algorithm in practice. For 200-byte packets this represarnbss in throughput less than 1.56%.

3) Adaptation of Algorithm IV to Include Multicast Traffitn addition to unicast traffic addressed to one receiver,omty
can also assume that multicast packets addressed to befhemscarrive at queu@), with rate \;». Next, we adapt Algorithm
IV to multicast traffic and derive the stability region.

As with Algorithm 1V, all newly arrived packets (unicast orufticast) are placed in queug;, and are served on a first-
come-first-served basis. If a transmitted multicast patkeeceived by both receivers, it leaves the system. Otlsemwif a
transmitted multicast packet is erased at receiver 1,2 but received at receiver # i, the packet is placed in queug’.
Then, all packets in queu@’ are treated the same way as in unicast traffic. The necesaakgtpoverhead is the same as
before except that overhead type 1 should also distinghisicase when a packet transmitted fr@ is of multicast type.

The stability analysis in this case is similar to the st&pitinalysis of Algorithm IV. We give a summary of the stepstnex
Assume that\1, A2, A12) is in the interior of the regiorR™.

The total arrival rate foQf, is A\i2 + an:l Am. A packet transmitted frond){, leaves the system, if it is received by at
least one receiver. Therefore, the service rate(fpris 1 — £12. Since(A1, A2, A\12) is in the interior ofR™, we have

2
/\12+Z)\m<1—612-

m=1
and hence queu@y, is stable. Using similar arguments as in the proof of Theot@mwe can define initial conditions so that
the departure process for@¥, is stationary, and under these conditions we have that tivabrate toQ! is

oy - L Al e

2
w@Qh) = ( A2 Dt A Am) (1—e).

1—812

)

and the service rate is

Since (A1, A2, A12) is in the interior of R™, it can be calculated that
AMQp) = u(@QF) < —e(1 —3),

for somee > 0 and hence both queué®,, Q} are stable.

Note: Algorithm IV is designed so that it induces small delays aslwill be seen in the next section, its delay performance
is in fact better than that of Algorithm Ill. On the other hatige approach used in the design of Algorithm Il can be aubli
to other systems as well and as such it seems more suitabtgif@ralization to a system with more than two receivers.

D. Average Packet Delay

The algorithms presented above in Section V achieve in tefifiecsame stability region with different levels of comptex
overhead, and feedback requirements. However, their deaiprmance is different and this difference increasesragah
rates increase. In this section we study by simulations #h@ydoerformance of these algorithms. We also study by sitituls
two variants of the algorithms with improved delays andiduced overhead. The stability analysis of the latter élyos
requires additional techniques and is not attempted heeefirdt describe the two variant algorithms.
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Algorithm IV.b :

This algorithm improves the delays of Algorithm IV for highrigal rates, by scheduling coded packets from queRés
and Q% whenever these queues are both nonempty, instead of alvixdgg griority to packets in queu&),. Specifically, the
gueue structure, protocol overhead, and the decoding mexthat the receivers are the same as in Algorithm 1V. The oidw
coding mechanism at the transmitter is changed as followgi\dgg priority to network-coded packet transmissiap$ and
Q% over uncoded packet transmissions frQ:

e QL #£0,i=1,2, packet pairs from queuegd! and Q% are XORed and transmitted.
e Else if Q! =0 or Q, =0, andQ}, # 0, a packet is transmitted uncoded from quédfe
o ElseifQf=10,Q!#0andQ! =0, j #1i, i = 1,2, the first available packet ip! is transmitted uncoded.

The overhead requirements of this algorithm are similathtwsé of Algorithm IV and it can be similarly adapted to operat
with multicast traffic.

Algorithm V :

This algorithm is a combination of the desirable featuredigorithm Il and IV.b. As with Algorithm IV.b, Algorithm V
does not have coding epochs. On the other hand, as with godil, Algorithm V requires 2 bits of overhead and operates
with single packet buffers at the receivers. Specifically,

o The queues and buffer structures are the same as in Algotith(he., the same as Algorithm II).

o As with Algorithms Ill, two control bitsh,, b, are used, having the same meaning as the corresponding Bitgarithms
Ill. That is, by indicates whether the packet is an XORed packet or nothanddicates the receiver to which the packet
is intended in case it is not an XORed packet.

o The receivers operate as described in Algorithms Il and III.

o The transmitter operates in manner similar to Algorithm With the main difference thatew packet arrivals may be
transmittedas opposed to waiting for the completion of an epoch. Speadific

1) If B} = ( and B, = 0, then packets from queu€g ;, i = 1,2, are transmitted (the transmission order does not
matter) '

2) If Bf #0 andQp ; # 0, i # j, then a packet from queugy ; is transmitted

3) If B} #0 andQj ; = 0, i # j, then the transmitter keeps (re)transmitting the packesfin
The last condition (item 3 above) ensures that single paduk#trs suffice for the operation. B! # () and Q§- = (), Algorithm
V operates as Algorithm IV.b, hence creating additionalicgdpportunities relative to Algorithm 11l (which blocksew
arrivals from transmission until the end of an epoch). Hasvegompared to Algorithm IV.b it still misses coding opporities
whenB} # 0, Qf ; = 0,i # j, andQ} ; # 0: in this case Algorithm V keeps retransmitting the packeBjrwhile packets from
Q! are transmitted by Algorithm IV.b, hence providing the pbiisy for future coding opportunities in case the transel
packet is erased by receiveand received by receiver+ i.

In the simulation below, we measure the delay of each packéialength of interval (in terms of slots) from the time the

packet arrives at the source until itdsccessfully decodbg the intended receiver. Figure 3 shows the average paekay ds
a function of the packet arrival rates (common for both neakt sessions) under channel erasure probabititiese, = 0.4
ande;» = 0.2. We consider Poisson arrivals and average the delay remet200 simulations, each with length db* time
slots. As expected, Algorithm Il has poor delay perform@aathigh arrival rates since it defers transmission of netiving
packets until the next epoch. On the other hand, AlgorithihdV\.b, and V allow dynamic network coding based on the
instantaneous queue contents and therefore they can rédti@verage packet delay compared to Algorithm Ill. The Wela
gain grows with the arrival rates.

VI. CONCLUSION

We have analyzed the rate performance of a simple broadbasinel both in information-theoretic terms (i.e. capacity
region) as well as network-theoretic terms (i.e. stableubhput region). The algorithms that achieve capacity,tande that
achieve a stable throughput region that is almost ident@ahe former, are based on linear network coding (eithedoan
or based on dynamic queue contents) and simple queue maeagschemes. The algorithms proposed for stochastic packet
traffic differ in terms of complexity and overhead requiremend their average packet delay performance dependswn ho
effectively they exploit the network coding opportunitieesed on the instantaneous queue contents.

Thus we observe a similarity in the relationship betweencdggacity and stable throughput regions that has been a@ubserv
for the case of multi-access channels, adding credibilitthe quest for a union between information-theoretic artd/oiking
treatments of multi-receiver systems.

As discussed in Section IV-B2, the recent work in [24], [28tends the capacity results to systems with more than two
receivers. Regarding the extension of stability resultsuch systems, an approach based on coding epochs simila tmée
followed in the design of Algorithm 11l should provide algtinms with stability region close to the capacity region.vdéwer,
the design of algorithms with maximal stability region amgproved delay characteristics for such systems, remairtgpan
problem.
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Figure 3. Average packet delay performance of Algorithnts/IIfor stochastic packet traffic.
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APPENDIXA
PROOF OFTHEOREM 7

The nature of the Lyapunov functiar{k, k) involved in the theorem, requires some tedious estimatésialle limits in
various regions in the two-dimensional space. Also, onetbannsider the evolution of the system during the two phasges
Algorithm 1l. Moreover, more details are required to trarsfi convergence with probability 1 to convergence in exgtém.
These complicate the proof. The arguments are based ongbeeative structure of the Markov Chain describing thdugion
of the system in Phase 1.

Next we outline the steps of the proof. Lemma 11 presents sefatons between the long-term rewards of the Markov
Chain describing the evolution of the system during PhasEhgse relations are needed in the sequel. Lemma 12 provides
asymptotic form of the time needed to transmit the: = 1, 2 packets to receiverwithin Phase 1. Based on the fact that the
duration of Phase 1 is the minimum of these times, Lemma 18 ge asymptotic forms of the time needed to complete Phase
1, the number of packets successfully transmitted durires®t to each receiver, and the receiver with packets remgaiai
be transmitted during Phase 2. Based on the latter demstibe evolution of the systems during Phase 2 can be dedcrib
and Theorem 7 is concluded by putting the above results lieget

Lemma 11. The following relations hold

i (o)) (14
P2 (1—e2)(e1 —€12)
1 D 1 D 1
e L_ = - - P —_ = ) (15)
P (I—e2)py Py (l—e1)py 1-—en
k - — — + - + 5 16
2(/)2 (1—¢€1)ps 1—¢ 1—e1 1-e (16)
1 Po ) ko k1 ko
ki| — — — | + = + , 17
1(p1 (1—29)p, )  1—¢e, l—e  1—gy (A7)
k k ek k
maX{ By Bk ke } SR R (18)
1—61 1—612 1—812 1—82 1_;12 1—252 lfﬁ S i
Let _ _
c=4max{py, Py} (max{ 2! , Pz } + 1) . (19)
(1 —5‘1) (1 —5‘2)
For any € such that )
O<e< —, (20)
C
and for anyk;, ko such that
k k
=2 - < ek + k), (21)
P2 P1
it holds,
min{ﬁ—l, k2}
b P —1| < ce. (22)

max{ ki ook S k2}

1—e; 1—e12? 1—€12 1—eo
Proof: Based on the transition diagram in Figure 1, the rewards eandmputed based on (5) and identities (14), (15)
can be seen, from which (16)-(18) follow. To show (22) notstfthat

k1 k2} { k1 ko }
maxq —, — = max< — , = ki +k
{me eI ACETO A
1 k1 ko }
> ——————max , ki1 +k
sy ™ Gy e | ()

(k1 + k2)

I =—— 23
2max {py, 0y} (23)
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k1 ko
p1 Do

max {

It follows then that
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(k1 + k2)
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ki k kv k
0 < max {2 - e+ < min {22, 221, (24)
P1 P2 P1 P2
where the left inequality follows from (20) and (23), and ttight inequality from (21).
We also have from (16),
k k 1 D k
1 2 =k (__ _ 1 _ > + 1
1—e1 1—¢19 Dy (1 —¢€1)Ps 1—¢g
_ ko _m <’f_2 _ ﬁ)
Py (I=e)\ps 71/’
hence using again (21) we have
k2 D1 Ky ko ) 22
== (k1 +k2) < <=+ e(ky+k
Py (1—e1) (1 + k2) l—e1 1-c12 " pp (1—e1) Uy )
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ko { 2 12 } Ky ko
— —max , €(k1+k <
p2 (1—81) (1—82) ( ! 2) 1—61 1—612
ka { P1 P2 }
< — 4+ max , e(ky+ ko).
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Since a similar inequality holds if we interchange&nd2, we conclude,
k k k k ko k D D
max{ 4 2 , ! 2 }Smax{_—z,_—l}—i—max{ ! , P2 }6(1€1—|—I€2), (25)
1—61 1—612 1—812 1—82 P2 P2 (1—81) (1—62)
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From (20) and (23) we compute
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max{?,g} —max{ 1 A 1 P2 }€(k1+/€2) > 5 s +_k22 - Gt 822 —
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Then, (26) implies,
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where the last inequality follows from (27). Also, by (24)da(25),
: ki1 k ki k
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Using the inequality(1 — a)(1+b)"! >1—(a+b), a <1, b > 0, we conclude from (29) that,

-k K P P
mln{ﬁ—i,i} max{(lf—lal),%}e(kl—i—kg)-i-e(kl—i-kg)

>1-
k k k k - ky k
max { 1*161 + 1*212’ 1*;12 + ﬁ} max{i’ ﬁ_;}
(Inatx{ﬁ—1 ﬁ—2} + 1) € (k1 + ko)
(1761)7 (1762)
>1 - CES) by (23)
2max{py,p,}
—1_9 _ P1 P2 1
- ma’X{plvp2} max (1_81)’ (1—52) + €
>1 —4max{p;, P2} <max { i fl&l)’ { stg) } + 1> €. (30)
Inequalities (28) and (30) imply (22). [ |

Consider now the Markov Chain describing Phase 1 of the #tgorand letR; € {0,1}, i = 1,2, be the number of packets
successfully received (rewards) in sloby receiveri. Let

!
Ri=> R, i=12,
m=1
be the reward accumulateg to slot/, and define
T; : first time slot such thak} = k, i = 1,2.

The following lemma follows from the underlying regenevatstructure of the Markov Chain and the associated rewards.

Lemma 12. The following hold

lim T = _l, with probability 1, (31)
k—oo k i

) T 1

pmelE - 2 =

Proof: The Markov Chain starts from staté. Let to= 0 gnd tn, h > 1 be the first time aftet,_; that the Markov
Chains returns to statd. Let alsol; = t;, —tp_1, h > 1 and I, = 25:1 I,. It is well known that{Ih}Z":1 are i.i.d., i.e.,

they constitute a renewal process, a%ﬁ;}l , i = 1,2, constitutes a regenerative process with respe¢tig,- ;.
=1

Define the total reward accumulateg to renewal epochh, asRi = }Aﬁ'h,, Wheref%(iJ = 0. Define also,
ﬁ,izmax{hZO: E;gk}

Since the Markov Chain is finite, it holds,

E[R]<E[L] < o, (33)
and hence, [29, Th6, p.164]
Di 7 E R
. R R { 1
e Il i e T R (34)

Hi Hi 1
lim E|=£| = lim =% = ——— > 0. (35)
ko0 k koo k E [Rﬂ
Also, since{I,}., are i.i.d.,
. Iy I,
hli}H;OE —| = hll)rgo o = E[L]. (36)
It follows from the definitions that
Iﬁ;c  <Tp < Iﬁ;‘cv (37)



21

hence
Ty (A1)
(Ai-1) *

From (35) is follows thatimy_, ﬁ,@ = oo and hence, taking into account (36),
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This, (34), (35) and (38) imply that,

i Lk - ElO] 1 (39)

From the last equality and Fatou’s Lemma [30, p. 209] it felathat,

_i <lim inf E E . (40)
Pi k—o0 k

Observe next thatli is a stopping time for{fhy RZ}h , hence,
=1
B[l | =E[#]En).

From the last equality, (35) and (37) we get,

lim sup E {%] < = (41)

k—o0

Equality (32) follows from (40) and (41). [ |
According to Algorithm Il, the number of slots needed for Bdad to complete is,

Ty = min {Ty,, Tp } .

By time T}, x,, there exists ani € {1,2} such thatk; packets have been transmitted to receivdret J, 1, be the receiver
with packets remaining to be transmitted (if both receiveckets are transmitted &, ,, assignJy, x, arbitrarily to one of
the receivers), i.e.,

(2 i Taypy =T}
Tk ks _{ 1 otherwise b (42)

According to the definition, the number of packets succdlysfeceived by receiver at the end of phaskis, fziTkl . 1=1,2.
In the following, by

lim f(kl, kg),
min {k1, ko } — 00
akl 2 bk’g

we denote the limit off (k1, ko) asmin {k1, ko } — oo in the region{(ki, k2) : aky > bka}.

Lemma 13. The following hold with probability 1

im Ty k, = T, forall ks, (43)
k1~>oo

klhinoo RTkl,,Q, = R, for all &, (44)
lim Jg, r, = 1, forall k. (45)

k1~>oo
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Similar limits hold by interchanging indices 1 and 2. Moregv
T
lim k2 (46)
min{ky,k2}—00 1hip {ﬁ_1 5_2}
p1’ P2
: Tiy _
! L =7, 47
min{kll,rlg}ﬁoo min {E_1 k_2} Pi ( )
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(%4)@2(%%)1“
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min{kl,kg}%oo pl
(-0t (i 19)1s

All the above limits hold also in expectation.
Proof: The limits (43), (44) and (45) follow from the definition @f,, ,, and the fact that by (31my, T,Cl1 = 00,

while for any fixedks, T,§2 is finite. To show (46) it suffices to show that for aay0 < ¢ < v, v being a constant, we can

pick K (¢) large enough so that for ath, ks > K (),
(50)

Ty s
oy =t €/

l—e/y <
min{,—,,—}
P17 P2

We proceed as follows. Pick = 1/8 which by the fact thap, < 1 implies that
1
7 < —— — (52)
2 (max {py, o} + Py + P2 + P1P2)
Consider now any) < ¢ < ~. According to (31) we can piclk; (¢), K> (e) such that fori = 1, 2,
1 ) 1 A
(_— - 6) ki <Ty. < (_— + 6) k;, forall k; > K (e) = max {K; (e)}. (53)
Pi Pi =1
Assume now thak; > K (¢), ¢ = 1,2. We distinguish four cases
1 1 . : ki k k H
1 (,— — e) k> (g + e) ko: Thenmin {ﬁ, i} =2 and according to (53} > T7 . Hence,
Tkl-,kz _ T/€22
ke | R2
min {ﬁ, i} s
which by (53) implies that
T
1—p < — 2~ <1+ 65, (54)
min { 5—1, L= }
P17 P2
T
1—¢/y < ke _ <1 4¢/v, by (51).
min 5—1, L=
P17 P2
2. (% — 6) k1 < (é + e) ko < (% + e) k1: Equivalently,
(55)

1 1
(E_E)kl <@ _ (E—l-e)/ﬂ
(1 + €py) P2~ (1+epy)
ky ’”} = %' then as in case 1, (54) holds.

In this case, bottl}} > T or T;; < T may happen. I} > T2 andmin{
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Let nowT} < TZ butmin {E—l, 5—2} =% Then we write,
1 2 P17’ P2 P2
T) _ T
kl,kz k1
ka
min 7

Ty, <1+

bl|
1\?||m

o
|b|

2 1 (1 + 6?2) by (55)

<

IN

)
- - _7
%(1—1—6 P1) mln{g—l,% p1 (1= epy)
(L—p)(1tepy) _ _ Tiw  _ (L+p) (1+6py) by (53)
(1+epy) B min{g_l7ﬁ—2 (1=ep) |
1 2

1—e€py < Ty, ks L+ e(py + Py +P1p2)

L+ epy _min{%v%}_ 1=ep

, sincee <1

2?1 < Tk17k2

(29 + Dy +7172)
L+epy — min{f—l Loy

1—¢ —
1 —epy

IN
—_

1 —2pe< < 1+42(2p, + 7P, +01p2) € sincel <e <1/(2p)

1—¢/y< <1+¢€/v, by (51)and (52).

3. (,i — e) ks < (,i + e) ki < (,i + e): Arguing as in case 2, we see that (50) holds.

P2
4. pi —€) ko > p— + €) k1: Arguing as in case 1, we see again that (50) holds.

Hence (50) holds for all 4 cases.
To prove (47) notice that since according to (46) we have

lim Tk ko — OQ
min{kq,ks}—00 e ’

it follows that

~.

Tk k
h B . Sk g
min{k1,k2}—00 Tk1 ks, min{k1,ks}—00 Tk17k2
= 0
Hence, taking also into account (46),
~ ~.
lim RTkl ko, o lim RTkl ko, Tk1 ko,
min{ki,ks}—o00 mln{kl ko min{ki,ka}—00 Tkl,kg, min k1 ko
p1’ P2 P17 P2
= D

To show (48) pick in (53 < min {d, 1/8}. It follows that if min {1, k2} > K (¢) and

(i _5) (_i+5) b,
P2 P1

thenT? > T , hencely, », = T, and according to definition (42)J, 1, = 2. In a similar fashion (49) can be shown.
It remains to show that the limits hold in expectation as wiedir (43)-(44) this follows from

O S R;Tkl,kg S Tkl-,k2 S T]zic7

and the fact thalt [T,g] < o0 [30, Problem 16.7]. For (45), (48), (49) convergence in exgion follows for the boundedness
of the indices.
To show that the limits hold in expectation for (46), (47)selve that

P11’ P2

Tkl k2 Tl _ Tk
< —= < 2
0< .- { ™ kz} max {P1 T P27 ks (56)
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It follows from Lemma 12 that the sequenc%} andTﬁ are uniformly integrable [30, Corollary p. 218], hence (%@plies

that Ty, , k2/m1n{§1 , 52} is also uniformly integrable in the sense,

Tkhkz

li —2  _dP =0. 57
ag{olo kSlulg/ Thy ko >a min { k1 k2 } ( )
' mim{%—},ﬁ P17’ Pa
. T} TZ,
To see this, se®(k;, ky) = Tkhkz/min{g—i, %—2} , O(ky1, ko) = max {ﬁ1 TPt } and write,

0< s [ Bk, k)P < sup | O(k1, k2)AP by (56),
ki,k2 J ®(ky1,k2)>a k1,k2 JO(k1,k2)>a

~ T} T2
< sup 4 P T} T2 —dP +p P2 T} T2 dp
ka1 ko O(k1 k) >a, 7y 1k >, 2 K1 (k1 k2)>a, 7y L <7, 72 K2

_ Tk — Tk
<Py sup 2 7dP 4Dy sup 2 7_dP
k1ke JO(k1 ko) >a, 5, 4k >, 2 K1 ki ks JO (k1 ko) >a, By 1<p2 MR

T} T?
<P, sup / 1 —dP+p2 sup / 2 2dP
k1,k2 plLZ k1 ki,k2 Jp, —2 kz >a ka
T} T?
= P, sup /T M AP + b, sup /T k2 qp. (58)
ki J ks Ky ke J k2> o ko
! k1 =71 2 ko =72

Taking limits asa — oo in (58) and using the uniform integrability G:%—, (57) follows.
Condition (57) implies convergence in expectation of (@hceﬁ}kl by, = Ty ko s

Ei T Tl T2
O S Tkl ko S k}l,kg < max pl k 7p2 kz (59)

min { b ke } min { b ke } ky k2

P’ P2 P’ P2
from which it follows again that (47) holds in expectation. |
Consider now Phase 2 of the algorithm. The number of packetsneed to be transmitted in this phase is
=
Kkl,kz = kal,kz - TZ;Z

Let {Sj}=,, i = 1,2, be iid. random variables, geometrically distributed hwjtarameterz;, (i.e., Pr(S; = k) =
sf (1 —¢;), k> 1) and independent of all processes during phase 1. Then PHasés Zor

Ky ko

S _ E Ty ko
Sk17k2 = Sl

slots, where we used the conventi@(fn:l Tm = 0if k <. Since Ky, k,, Jis 1, are independent o{S;}zl ,1=1,2, we
have

Ky ko Ky ko
J J
Z Sl k1.k2 = EIE Z Sl ot Kk17k27Jk17k2
=1 =1
K
_ g | Eek | (60)
1- EJkl,kg

The total number of slots needed to complete both phases is
Nkl,kz = Tkl,kz + gkl,kz' (61)

We can now proceed with the proof of Theorem 7. We repeat theréim here for convenience
Theorem 7. The following holds with probability 1.

Niy ks

im —2=_ =1.
[(k1,k2)|—o0 v (K1, k2)

The limit also holds in expectation.
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Proof: It suffices to show that

. Niy ok '
1 —212_—1, for any fixedks > 0
k11~r>noo v (kl, kg) ’ Y 2=
. Niy ok '
1 —212_—1, for any fixedk; >0
kgl—r>noo v (kl, kg) ’ Y L=
. Ni, ok
lim BEALEL e
min{kq,ka}—00 U (kl, kg)
and that all the limits above hold also in expectation.
Let k1 — oco. Then, according to Lemma 13,
. fa ¥ k o 51
i B, = B
. Jkq .k
1 L = 1
klglloo kl ’
lim S/ = g}
kl—)OO
Since the{S}},~, are i.i.d. and
Jiq &
ka ko AT v
li k1,k2 — 1 1,k2 k1,ko 1
klgnoo ]{1 k1—00 kl ’
we have
K J
lim ki1,ka lim l:klly}C2 Sl ot Kkl,kz
kisoo ki k1 —o00 K\ ks k1
- 1
a 1— €1
Hence for anyks > 0,
. Niy ok . Thy i k1 Sk k1
lim —22_ = lim L2 4 =2
k1—00 ’U(kl,kg) k1—00 ( kq ’U(kl,kg) kq U(kl,kg)
1
= 1 —
( El) 1— €1
= 1. (62)
To show that (62) holds in expectation as well, note first that emma 13 it holds
. E[Tk, k)]
1 —_rhRl ),
koo 0(k1, ko)
Hence it suffices to show that R
e it S 1 63
kll—r>noo ’U(kl, kg) o ( )
To show the latter limit, note that
Ky ko 1

(64)

lim = .
ki—oco Ky (1—6J,€1’k2) 1—¢e1

Since
Kk17k2 < k']klvkz
ki(1—es,,,) — ki(1—-max{ee})

max {1, ]]z—?}

(1 — max{e1,e2})’

for any fixedk,, the sequence
Kkl,kz

kl (1 - EJkl’k2)



26

is bounded. Convergence in expectation in (63) then folltras (60), (64) and the Bounded Convergence Theorem.

It remains to show that

. Niy ok
lim —L2 = lae.
min{ki,ka}—oo v (K1, k2)
E[Nk17k2] 1.

1m
min{ky,k2}—00 U (k1, k2)

To analyze the behavior of these limits we consider theiigh in the following regions.

S = {(kl,/@) : (ﬁ - @) > (ky +k2)e},

P1 P2
k k
Sy = {(k17k2)5 <_—2—_—1) > (k1+k2)6},
P2 P1
ki ko }
=< (k1,k —_ - = ki +k
{thor: |2 2l < 1)

Consider first the regio¥;. In this region, it holds

kl—k2;—1 > 5, (k1 + k) e > 0,
2

and min{f—l, 5—2} = %' Taking into account (47) and (49) we have fadf, k) € Sy,

17 P2
—~J
ki . — P ko
lim K/ﬁ,kz _ lim k1ok2 min{ ’;i ’;2 P2
min{ki,k2}—00 k1 — er min{ki,ka}—00 k1 — kgr
P2 P2
= 1
We conclude from (68) thatm,,i,(x, s} —o0 Kk, k, = 00. HeNce,
G Ky ko SJkl I

lim  —Dkke_ im 2=t fuke

min{ki,k2}—00 k1 — sz—l min{ki k2 }—o00 f(vkh;€2 k1 — sz_l

P2 Do

1
= —— by (68), (49),
1-— €1
and,
ki k D
lim Nkl ko _ lim Tkl ko mln{Pi Pi} Sk1,k2_ ki — in
min{kq,k2}—00 ’U(kl, kz) min{k1,ke}—00 min { ki kz} U(kl, k2) kl _ kQ% U(kla k2)
p1’ P2
Lo} 1 kl — kg_
= lim P __ 4 P2 by(46) and (69)

min{k1,ks}—00 ’U(kl, kg) 1—¢eq U(kl, kg)
= lim s he (g6

min{k1,ks}—00 U(kl, kg) Y ( )
-1, by (18)

To show that (70) holds also in expectationSn, observe that in this region,

Kkl,kz < max {kl,kg}
(- k2) (1 =es,,)  Preltha) (- max{eca))
1

p1€e (1 —max{e1 e2})’

(65)

(66)

(67)

(68)

(69)

(70)
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hence, using (60) and the Bounded Convergence Theorem,

E [Sk © }
- lim B i i = E| lim _Kkl’kz
min{kq,k2}—00 (kl _ ng_;) min{k1,k2}—00 (kl _ kQ%) (1 _ E']kl,kg)

1
= — . b d (49).
T y (68) and (49)

We can now repeat (70) by replacing the random variables awidrages.

Similar arguments are used when we consider reginn

Finally, consider regiorD. For (65) to hold in this region, is suffices to show that, éor 0 we can pickK (¢) so that for
all (k1, k2) € D with min {k1, k2} > K(e€), for some constants, 3, it holds,

Ni, ko
U(kl, kg)

For (66) to hold it suffices to show a similar inequality, buthwNy, 1, replaced byE [Ny, k] -
In the following pick0 < € < min {p1, p2,1/3c} wherec is defined in (19). Writing

ki1 k
Tirks  — Thiks min { B }
U(klak2) min{kl k2} ’U(kl,kg) ’

P2

1—046§ §1+ﬁ€7

we get according to (22),

T, T, T
(] o) > ks > Rl ()¢, (71)
min { k1 k2 } v(kl, kg) min { k1 ko }
P11’ P2 P11’ P2
According to (46) we can pickain {ﬁ—l 5—;} > K (e) so that
T
T4ce> —2 >
min { by ks }
P’ P2
and then (71) becomes T
kl.kz
1+ 3ce > ———————>1— 3ce. 72
U(kl, kg) ( )
Note that since the convergence in (46) holds also in expentat also holds formin {ﬁ %} >k (e),
E [Tk, k»)
14+ 3ce > —/—2° > 1 — 3ce. 73
’U(kl, kg) ( )
Consider now the second term in the total length (61), i.e.,
Ky kg
Skl,kg _ Z SlJm,kz7
Kiwe = ko, — Rl
ki,ka  — Tk kg They ko
Pick min {k1, k2} > K (€) so that according to (47),
k1 k
Rrﬁl iz > (p — e)mln{_—l, _—2} .
12 P1 P2
Note that if Ji, x, = 1 then,
=J
Kk1=k2 = k‘]klvkz o RTZ;Z
k1 k
< k= (py _E)mln{ - _2}7 by (47)
P1 P2
_ kv ke K
= ki—(pp—€——(pp—¢ mln{_——_—,O}
g )Pl Z ) P2 P1
k
< p—le—f— (P, —€) e (ki + k), since (k1,ky) € D
1
<

1
<_— +51> € (k1 + k2) .
P1
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A similar inequality holds whem, », = 2 and hence we conclude that I»,

k1 ko

ky - R
V< EE s sl e 74
Note that since (47) holds also in expectation, using smstaps we show that fanin {k1, ko } > k(e) it holds
0< ]E]g(fg] < max {pl + pi} e (75)
Observe next that
Kklka
Stike < Y max {S}, S} £ Uy, g, (76)

=1

Since the sequencgmax { S}, S7}},°, consists of i.i.d. variables with finite expectation, we clone that with probability

11
k
sup 211 ma)]z{Sll, St} < o0,
k

and hence,

U,
supﬂzcl<oo.

ki1,k2 Kkhkz
Hence,
Sk17k2
V(ky, k)
Uiy ko Kiy ko k1 + ko
Ky iy k1 + ko v(k1, k2)
1

< Clmax{_— +ﬁi}em21n§{1—si}. (77)

- 5, Py

1=1,2 i

0 <

<

Combining (61), (72) and (77) we conclude thatimand formin {k;, k2} > K (e),

N, ks 1 _

—3ce < 2 < . —ed)e

1—3ce < (k) = 1+ <3c+ Ch max {ﬁi +pl}l_n_1%§ {1 51}> €

This shows (65) ifD. To show that the same result holds in expectation, obséate(76) implies
0<E [Skl,kg} <E [max {S%, 512}} E [Kkl,kg] ,

and hence fomin {k1, k2 } > k(e),

0 < E[Skl-,kz]
V(ky, ko)
E K, i,

E [Kkl_’]%] k1 + ko
kl + kg ’U(kl, kg)

= E [max {Sll, 512}]

IN

1
E [max {5}, S7}] 1 ax{ﬁ—i +ﬁi}eg%§{1—si}, by (75).

1=1,2

Arguing again as above, we conclude that (66) holds. [ |
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