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Devwudfw

Wkh Edfnzdug0Iruzdug dojrulwkp lv d kljko| h�flhqw phwkrg iru wudlqlqj Klgghq Pdunry Prg0

hov1 Lwv qdph ghulyhv +dqg lwv lpsohphqwdwlrq ghshqgv, rq wzr w|shv ri suredelolwlhv= wkh iruzdug

sursdjdwlqj � suredelolwlhv dqg wkh edfnzdug surdjdwlqj � suredelolwlhv1 Lq wklv qrwh zh irupxodwh

wkh wudlqlqj sureohp dv dq rswlpdo frqwuro sureohp dqg vkrz wkdw wkh � dqg � suredelolwlhv duh

frqmxjdwh txdqwlwlhv/ vlplodu wr srvlwlrq dqg prphqwxp yduldeohv lq wkh Kdplowrqldq irupxodwlrq

ri rswlpdo frqwuro sureohpv1

Wklv sdshu dsshduhg lq Pdwkhpdwlfdo dqg Frpsxwhu Prghoolqj/ Yro147/ ss15;705;</ 4<<31

Lqwurgxfwlrq= Klgghq Pdunry Prghov +KPP, duh fxuuhqwo| wkh prvw srsxodu phwkrg ri prghoolqj

vshhfk vljqdov dqg �qg zlgh dssolfdwlrq lq vshhfk uhfrjqlwlrq sureohpv1 Rwkhu dssolfdwlrqv ri KPP

lqfoxgh vkdsh uhfrjqlwlrq/ phglfdo dqg elrorjlfdo sureohpv1 D vljql�fdqw uhdvrq iru wkh srsxodulw| dqg
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vxffhvv ri KPP*v lv wkh dydlodelolw| ri d yhu| h�flhqw wudlqlqj dojrulwkp/ wkh Edfnzdug 0 Iruzdg +EI,

dojrulwkp ri Edxp1 D jrrg h{srvlwlrq ri wklv lv irxqg lq ^5`1

Wkh EI dojrulwkp pdnhv xvh ri wzr w|shv ri suredelolwlhv= wkh iruzdug sursdjdwlqj � suredelolwlhv

dqg wkh edfnzdug surdjdwlqj � suredelolwlhv> wkhvh zloo eh gh�qhg suhvhqwo|1 Wkh ghulydwlrq ri wkh

dojrulwkp dqg wkh xvh ri wkh � dqg � suredelolwlhv lv lqjhqlrxv/ exw dovr dg krf1 Lq wklv qrwh zh

�uvw lqwurgxfh wkh iruzdug suredelolwlhv dqg qrwh wkdw wkh| vdwlvi| d olqhdu iruzdug hyroxwlrq htxdwlrq>

wkhuhiruh zh lqwhusuhw wkhp dv vwdh yduldeohv ri d olqhdu v|vwhp1 Wkhq zh qrwh wkdw wkh wudlqlqj sureohp

fdq eh irupxodwhg dv dq rswlpdo frqwuro sureohp dqg vroyh lw xvlqj wkh Srqwu|djlq Pd{lpxp Sulqflsoh

^6`1 Lq wkh frxuvh ri wkh vroxwlrq/ wkh � suredelolwlhv hphujh dv Odjudqjh pxowlsolhuv ri wkh sureohp1

Wklv lv d qhz lqwhusuhwdwlrq ri wkh � dqg � suredelolwlhv> lw kdv lqghshqghqw lqwhuhvw dqg dovr vxjjhvwv

wkdw dojrulwkpv iurp wkh frqwuro olwhudwxuh pd| suryh yldeoh dowhuqdwlyhv ri wkh EI dojrulwkp1

Rswlpdo Frqwuro Irupxodwlrq ri KPP Wudlqlqj= Wkh iroorzlqj uhylhz ri KPP*v iroorzv ^5`1 D

KPP lv lv d sdlu ri vwrfkdvwlf surfhvvhv= [|/ w @ 4> 5> ===> W / R|/ w @ 4> 5> ===> W 1 [| +wkh klgghq surfhvv,

lv d Pdunry surfhvv= lw wdnhv ydoxhv lq wkh vhw { @ i{�> ===> {�j> iru l @ 4> ===>Q / w @ 4> 5> ===> W zh kdyh

Sure+[� @ {�, @ f� +4,

Sure+[|n� @ {� m [| @ {�, @ d�� +5,

Qrwh wkdw +4, dqg +5, duh vx�flhqw wr frpsxwh Sure+[| @ {�,1 R| lv wkh revhuyhg surfhvv dqg wdnhv

ydoxhv lq r @ ir�> r2> ===> r�j orfdoo| ghshqglqj rq [|=

Sure+R| @ r& m [| @ {�, @ e�& +6,

Zh froohfw wkh d*v/ e*v dqg f*v lq dssursuldwho| glphqvlrqhg pdwulfhv D>E>F dqg gh�qh wkh wulsoh

P
=
@ +D>E>F,1 P vshfl�hv d Klgghq Pdunry Prgho1
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Qrz/ vxssrvh zh revhuyh R� @ r��/ R2 @ r�2/ 111/ RA @ r�A +iru vrph lqwhjhuv l4> l5> ===> lW ,1 Wkh

iroorzlqj suredelolwlhv +ghshqghqw rq wkh revhuydwlrqv, duh yhu| xvhixo iru wkh uhfrjqlwlrq dqg wudlqlqj

sureohpv=

�|+l,
=
@ Sure+R� @ r��>R2 @ r�2> ===>RA @ r�A >[| @ {�, +7,

�|
=
@ ^�|+l,===�|+Q,`� +8,

Zh zloo fdoo wkhvh txdqwlwlhv d0suredelolwlhv ru iruzdug suredelolwlhv1 Wkh| duh ri lqwhuhvw/ ehfdxvh

Sure+R� @ r��>R2 @ r�2> ===>RA @ r�A , @
�[

�'�

�A +l,= +9,

Iru d jlyhq revhuydwlrq vhtxhqfh r��> ===> r�A

Mf+P,
=
@

�[

�'�

�A +l, +:,

lv wkh suredelolw| ri wklv sduwlfxodu vhtxhqfh rffxuulqj/ kdylqj dvvxphg d sduwlfxodu prgho P wr eh

wuxh1 Lq uhfrjqlwlrq/ zh dvvxph d �{hg prgho dqg wu| wr �qg wkh vhtxhqfh ri kljkhvw suredelolw|1 Lq

wudlqlqj/ zh �{ d vhtxhqfh r��> ===> r�A dqg orrn iru wkh prghoP wkdw pd{lpl}hv wkh suredelolw| Mf+P,1

Qrz zh zloo irupxodwh wkh wudlqlqj sureohp dv dq rswlpdo frqwuro sureohp1 Lw lv hdv| wr vhh wkdw

wkh �0suredelolwlhv hyroyh uhfxuvlyho|1 Iru l @ 4> 5> ===>Q / w @ 4> 5> ===

��+l, @ j�+R�,f� +;,

�|n�+l, @
�[

�'�

d��j�+R|n�,�|+m,= +<,

Khuh j� = r$ ^3> 4` lv d qrqolqhdu +ghflvlrq, ixqfwlrq wkdw lv gh�qhg dv iroorzv= j�+y, @ e�& l� y @ r&1

Wkdw lv/ j� wdnhv dv lqsxw dq revhuydwlrq dqg jlyhv dv dq rxwsxw wkh suredelolw| wkdw wklv revhuydwlrq
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rffxuuhg zkloh [| @ {�1 Xvlqj pdwul{ qrwdwlrq/ zh frqvwuxfw dssursuldwh pdwulfhv �+w>P, dqg +iru d

�{hg revhuydwlrq vhtxhqfh, zh zulwh +;/ <,/ iru w @ 4> 5> ===> W

�� @ �+4>P, +43,

�|n� @ �+w>P, � �|= +44,

Htxdwlrqv +43/44, ghvfuleh d g|qdplfdo v|vwhp/ frqwuroohg e|P @ +D>E>F,1 Wkh remhfw ri wkh frqwuro

lv wr pd{lpl}h

Mf+P, @
�[

�'�

�A +l,= +45,

Zh surfhhg wr vroyh wkh rswlpdo frqwuro sureohp e| Srqwu|djlq*v Pd{lpxp Sulqflsoh ^6`1 Zh pxvw

wdnh lqwr dffrxqw wzr w|shv ri frqvwudlqwv=

41 Wkh frqwurov P @ +D>E>F, duh qrw iuhh txdqwlwlhv1 Vlqfh wkhlu hohphqwv duh suredelolwlhv/ zh

pxvw kdyh wkh iroorzlqj frqglwlrqv=

[

�

d�� @ 4>
[

�

e�� @ 4>
[

�

f� @ 4 +46,

d�� � 3> e�� � 3> f� � 3= +47,

Krzhyhu/ e| wkh Pd{lpxp Sulqflsoh fdq iuhh dqg frqvwudlqhg frqwurov duh wuhdwhg lq wkh vdph

pdqqhu/ vr zh zloo ljqruh wklv frqvwudlqw iru wkh wlph ehlqj1

51 Wkh vhfrqg nlqg ri frqvwudlqwv lv h{suhvvhg e| +;/44,

�� @ �+4>P,

�|n� @ �+w>P, � �|=
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Zh zloo wuhdw wkhvh frqvwudlqwv h{solflwo|/ e| xvh ri wkh Pd{lpxp Sulqflsoh1

Zh dxjphqw wkh frvw ixqfwlrq Mf zlwk +43/44,/ xvlqj Odjudqjh pxowlsolhuv �|/ w @ 4> 5> ===> W =

M @ Mf �
A3�[

|'�

�|n� � +d|n� � �+w,�|,� �� � +�� � �+4>P,,= +48,

E| wkh Pd{lpxp Sulqflsoh/ wkh lqwurgxfwlrq ri Odqjudqjh pxowlsolhuv doorzv xv wr surfhhg dv li wkh

sureohp lv xqfrqvwudlqhg Dw d pd{lpl}lqj srlqw wkh iroorzlqj frqglwlrqv pxvw eh qhfhvvdulo| vdwlv�hg=

CM

C�|

@ 3 +49,

CM

CD
@ 3 +4:,

CM

CE
@ 3 +4;,

CM

CF
@ 3 +4<,

Ohw xv �uvw orrn dw +49,,1 Iru w @ 4/ lw lpsolhv �� @ �2 � �+5P,1 Iru w � 5/ gh�qh wkh Kdplowrqldq

ixqfwlrq

K|
=
@ �|n� ��+w>P,�|= +53,

Qrz +49, ehfrphv

�| @
CK|

C�|

, +54,

�| @ �|n� � �+w. 4>P,= +55,

Zh dovr kdyh

CM

CdA

@ 3, +56,

�A @ ^4 4===4`= +57,
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Htxdwlrqv +55/57, doorz xv wr vroyh iru �| edfnzdugv1 Htxdwlrq +55, fdq eh zulwwhq iru w @ 4> 5> ===> W �4

�|+l, @
�[

�'�

d��j�+R|,�|n�+m, +58,

Xvlqj +58, dqg wkh �qdo frqglwlrq +57, zh fdq wkdw �|+l, @ Sure+R|n� @ r�c|n�> ===>RA @ r�A ,1 Lq ^5`

wklqjv duh grqh lq wkh uhyhuvh zd|1 Vwduwlqj iurp wkh deryh gh�qlwlrq ri �| / lw lv suryhq wkdw ht1+58,

kdv wr eh vdwlv�hg1 Wkh uhdghu idploldu zlwk wkh Edfnzdug0Iruzdug dojrulwkp zloo uhfrjql}h �| dv wkh

edfnzdug suredelolwlhv/ ru �0suredelolwlhv1

Zh dovr vhh wkdw � dqg � kdyh d Kdplowrqldq vwuxfwxuh1 Htxdwlrqv +43/44, fdq eh zulwwhq iru

w @ 5> ===> W

�| @
CK|3�

C�|

= +59,

Htxdwlrqv +54/59, vkrz fohduo| wkh Kdplowrqldq vwuxfwxuh= � dqg � duh frqmxjdwh txdqwlwlhv +olnh

srvlwlrq dqg prphqwxp lq fodvvlfdo phfkdqlfv,1

Fkrlfh ri Frqwuro= Vr idu zh kdyh qrw vdlg dq|wklqj derxw wkh dfwxdo vhohfwlrq ri wkh frqwuro yduldeohv

+zkhwkhu wkhvh duh jlyhq lq whupv ri D>E>F ru T>U>V,1 Htxdwlrqv +4:04<, duh qhfhvvdu| frqglwlrqv

wkdw wkh rswlpdo frqwuro kdv wr vdwlvi|/ exw rewdlqlqj D>E>F iurp wkhp lv qrw wulyldo1 Dv d pdwwhu

ri idfw/ wkhuh lv qr fdqrqlfdo zd| wr vroyh wkh jhqhudo Rswlpdo Frqwuro sureohp1 Pdq| rswlpl}dwlrq

dojrulwkpv duh uhsruwhg lq wkh rswlpdo frqwuro olwhudwxuh +vhh ^4`,1 Rq wkh rwkhu kdqg/ lq wkh KPP

frppxqlw|/ wkh phwkrg ri fkrlfh lv wkh Edfnzdug0Iruzdug dojrulwkp zklfk frqvlvwv ri wkh iroorzlqj

lwhudwlrq=

Jlyhq P? @ +D?
>E

?
> F

?,/

d
?n�
�� @

SA3�
|'� �

?
| +l,d

?
��j

?
� +R|n�,�

?
|n�+m,SA3�

|'� �
?
| +l,�

?
| +l,

+5:,
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e
?n�
�� @

S
|G�|'J�

�
?
| +l,�

?
|n�+l,

SA3�
|'� �

?
| +l,�

?
| +l,

+5;,

f
?n�
� @

�
?
� +l,�

?
� +l,S�

�'� �
?
A
+l,

+5<,

Wklv lv dq dvfhqw surfhgxuh +qrw qhfhvvdulo| vwhhshvw dvfhqw,1 Dv suryhq lq ^5`/ iru doo q � 4

M+P?n�, � M+P?, +63,

dqg lq idfw zh kdyh jxdudqwhhg frqyhujhqfh wr d orfdo pd{lpxp1

Frqfoxvlrq= Wkh rswlpdo frqwuro irupxodwlrq ri wkh KPP wudlqlqj sureohp lv lqghshqghqw ri wkh

rswlpl}dwlrq phwkrg1 Khqfh wkh qhz irupxodwlrq dfklhyhv wzr wklqjv1 Iluvw/ lw r�huv dq dowhuqdwlyh

lqwhusuhwdwlrq ri wkh iruzdug dqg edfnzdug suredelolwlhv1 Vhfrqg/ lw vxjjhvwv d frpsdulvrq ri wkh

h�flhqf| ri rswlpdo frqwuro rswlpl}dwlrq dojrulwkpv +vxfk dv wkh Nhoo| 0 Eu|vrq phwkrg ^4`, wr wkh EI

dojrulwkp1 Wklv frpsdulvrq pd| |lhog sudfwlfdoo| vljql�fdqw uhvxowv1 Krzhyhu wklv zloo eh lqyhvwljdwhg

hovhzkhuh1

+iuihi?Uit

^4` D1H1 Eu|vrq dqg \10F1 Kr/ Dssolhg Rswlpdo Frqwuro/ Eodlvghoo/ Zdowkdp/ 4<9<1

^5` V1H1 Ohylqvrq/ O1U1 Udelqhu dqg P1P1 Vrqgkl/ Dq Lqwurgxfwlrq wr wkh Dssolfdwlrq ri wkh Wkhru|

ri Suredelolvwlf Ixqfwlrqv ri d Pdunry Surfhvv wr Dxwrpdwlf Vshhfk Uhfrjqlwlrq/ Ehoo V|v1 Whfk1

M1/ Yro1 95/ Qr1 7/ Dsulo 4<;61

^6` D1S1 Vdjh/ Rswlpxp V|vwhpv Frqwuro/ Suhqwlfh0Kdoo/ Hqjohzrrg Fol�v/ 4<9;1
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