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than he would be in classic CR, or even not captured at all. Finally we define the selfish cop
number of a graph and study its connection to the classic cop number.
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1. Introduction

In this paper we introduce and study the game of “Selfish Cops and Active Robber” (SCAR) which can be seen as an N-player
variant of the “classic” two-player cops and robbers (CR) game [2,22].

The rules of SCAR are similar to those of CR: N—1 cops and a robber take turns moving along the edges of an undirected
finite simple connected graph; the robber is captured if at the end of a turn he is located in the same vertex as one or more
cops.

However each cop in SCAR is a separate player (while in CR a single player controls all cops). Furthermore, payoffs are
quite different from those of CR. A complete description will be given in Section 2; the gist of the matter (and the SCAR
novelty) is that in SCAR the capturing cops receive a higher reward than the remaining, non-capturing cops. As a result, one cop’s
win is another cop’s partial loss (as well as the robber’s complete loss).

In other words, while in SCAR (as in CR) the robber will try to maximize capture time, each cop has a motive to minimize
capture time and an additional motive for the capture to be effected by himself; depending on some game parameters,
situations will arise in which a cop will enforce a longer capture time to ensure that he (rather than another cop) captures
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the robber. Hence cop cooperation cannot be taken for granted (the cops are selfish); in this respect, SCAR differs essentially
from classic CR where a team of N — 1 cops chase a single robber.

SCAR belongs to the extensively studied family of stochastic games.! For two-player stochastic games see [8] and for the
N-player case see [20,28]. More specifically, SCAR is an N-player pursuit evasion game on graphs, where the interests of each of
the N players are in (partial or total) conflict with those of the remaining players. To the best of our knowledge such games have
not been previously studied.

The prototypical pursuit/evasion game played on graphs is the classic CR game introduced in [22,24]; for an extensive
recent overview of the subject see the book [2]. While the connection between graph pursuit games and game theory is
a natural one, relatively few publications [14-17,19] exploit the “game theoretic approach”.? In particular, we are aware of
only two previous publications (by ourselves) on graph pursuit games involving selfish pursuers [14,17]. There is also some
related work [1] involving selfish searchers.

Graph pursuit games are also related to several other research areas: reachability games [4,18], recursive games [7,28],
combinatorial games (see [11,23] and especially [3]) and differential pursuit games [13]. It is worth noting that the idea of
selfish pursuers has been occasionally (but not extensively) explored in studies of differential pursuit games [10,25,27].

The rest of the paper is organized as follows. In Section 2 we present the necessary preliminaries (rules, notation etc.) for
the analysis of the three-player (two cops, one robber) SCAR. In Section 3 we briefly present a game theoretic formulation
of a slightly modified version of the classic CR game; this formulation will be useful in the analysis of SCAR presented in
later sections. In Section 4 we prove that three-player SCAR admits Nash equilibria in deterministic strategies and at least
one of these is an equilibrium in positional strategies; we also prove several additional properties, regarding the connection
of SCAR capturability to the classic cop number. In Section 5 we extend our results to N-player SCAR (with N > 2), and we
also define the selfish cop number of a graph and study its connection to the classic cop number. We conclude, in Section 6,
by presenting variants and extensions of SCAR which can be the subject of future work.

2. Preliminaries

We denote the SCAR game played by N players on G by I'y (G|so, ¥, €); So is the initial position and y,¢& are game
parameters which will be discussed later. Sometimes we simplify the notation to I'y (G|sg) and/or I'y (G). The main task of
this section is a rigorous definition of three-player SCAR I's (G); the generalization to I'y (G) will appear in Section 5.

“Iff” means “if and only if”. The cardinality of set A is denoted by |A|; the set of elements of A which are not elements
of B is denoted by A\B. We use the following sets of integers:

N={1,2,3,...}, No={0,1,2,3,...}.

Given a graph G = (V, E), for any x € V, N (x) is the neighborhood of x: N (x) ={y : {x, y} € E}; N[x] is the closed neighbor-
hood of x: N[x]= N (x) U {x}.

I'3 (G) is played on an undirected, finite, simple connected graph G = (V, E). The first player is the cop Cq, the second
player is the cop C, and the third player is the robber R. Thus the player set is I ={C;, C3, R} or, for simplicity, I = {1, 2, 3}.

The game is played in turns, numbered by t € Ny. At the zero-th turn the player initial positions are given; at each
subsequent turn, a single player moves. Any player can have the first move and they play in “cyclical” order ... - C; —
Cy — R — .... The game ends if the robber is captured, i.e., if at the end of a turn he is in the same vertex as one or more
cops; otherwise it continues indefinitely.

A game position or game state has the form s = (x X2, x3, p) where X" € V is the position (vertex) of the n-th player and
p €{1, 2,3} is the number of the player who has the next move. The set of nonterminal states is

1

S =V xVxVxI{1,273}.

We will also need a terminal state t. Hence the full state set is S=S"U {t}.

We partition the state set as follows. Define (for each n € I) the set S" of states in which the n-th player has the next

move>:

S”=[s:s=<x1,x2,x3,n) eS].

Then the full state set can be partitioned as follows:

1 Actually all elements of SCAR are deterministic; the term “stochastic games” denotes a general game family which contains, as a special case, games
deterministically evolving in time.

2 By this we mean an approach which involves a payoff, defined in terms of strategy functions, and in which the existence of game value (from optimal,
minimax strategies) and/or NE is investigated.

3 Formally speaking and given that SCAR is a stochastic game (as noted before) at every turn all players make a move. There is however at every turn a
single player who can choose from a non-singleton set of moves and this is what (for reasons of brevity) we mean by the expression “the player who has
the next move”.
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S=S'ufr}=s'us’usPufr}. M
An alternative partition of the state set is effected as follows. We define capture state sets:

S]C = [s cs= (1, &%, %2, n) with x' = %3, #+ x3] , where R is captured by C1;

S2 — [s 1S = (X],XZ,XZ, n) with x! 7éx3, X2 = x3] , Where R is captured by C;

5}2 = [s cs= L% 2 ) withx! =3, %% = x3] , where R is captured by both C; and Cs.
Now define:

Sc =SEUSZUSE, the set of all capture states;
Snc = S’\Sc, the set of all non-capture, non-terminal states.

Then the state set can be partitioned as follows:

S:S/U{T}:SNcUSCU{‘C}. (2)
We define A" (s), the n-th player’s action set when the game state is s = (x!,x%, x>, m), by

N[x"] forse S"NSyc,

AT (s) = {x"}  forse S™N Syc withn#m,
{1} for s € Sc, where A is the null move
{1} fors=r.

The players’ action sets have the following implications on state-to-state transitions:

1. when the n-th player has the move at a non-capture state, he can stay at his current vertex or move to any neighboring
vertex, thus producing the next state of the game;

2. when another player has the move at a non-capture state, the n-th player can only stay in his current vertex (trivial
move);

3. when the game is in a capture state, every player has only the null move and the game moves to the terminal state;

4. when the game is in the terminal state, every player has only the null move and the game moves to (actually stays in)
the terminal state.

State-to-state transitions are described by the transition function T (s, a) which gives the game state resulting when the
game is at a position s € S and the actions profile is a = (a', a2, a®). The behavior of T (s, a) is illustrated by some examples
as follows:

fors = (x],xz,x3, 1) €S N Sne :T(s, (al,az,a3)) = ( ],xz,x3,2>,
fors=(x1,x2,x3,2)65205c (TGS, (A A ) =T,
fors=1 T(t, (A, A, 0)=T1.

Often we use the following simplified notation: if at t the game state is s; = (xg , xf, x?, n) € S™ and at t 4+ 1 the n-th player’s
action is aj,;, we write
St+1 = T (St, a?+1) .

A game history is a sequence h = (s, S1, S2, ...), Where s; is the state of the game at the t-th turn (t € Ng={0, 1, 2, 3, ...}).
We define the following history sets:

histories of length k : H, = {h = (sg, S1, 52, ..+, Sk—1)},
histories of finite length : H, = U2, Hy,
histories of infinite length : Hoo = {h = (50, S1, ..., St, ...)}.
Histories of infinite length can be further partitioned as Ho, = Hc U Hyc where

histories where capture occurs : Hc = {h = (Sg, 51, ...) € Hoo : 35t € Sc},

histories where the robber evades indefinitely : Hyc = {h = (sg, 51, ...) € Hoo : fi5: € Sc).
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Furthermore, we define the capture time of history h € Hy, as

min{t:s; € Sc} ifheHc

Tety = { 00 ifh e Hyc.

We will often use the simpler notation T¢, when the history is clear from the context. Now consider the following cases.

1. If Tc =0 then the initial state is a capture state and s; =t for every t e N ={1,2,...}.
2. If 0 < T¢ < 0o then:
(a) at the O-th turn the game starts at some preassigned state Sp € Snc;
(b) at the t-th turn (for t € {1, 2, ..., Tc — 1}), the game moves to some state s; € Syc;
(c) at the Tc-th turn the game moves to some capture state st. € Sc;
(d) at the (T¢ + 1)-th turn the game moves to the terminal state and stays there for all subsequent turns (for every
t > Tc, st =t and the game effectively ends at time T¢).
3. If Tc = oo then s; € Sy¢ for every t € Ng.

The case so = t is uninteresting and hence excluded from consideration.
A pure, or deterministic strategy is a function o" : H, — A" which assigns a move in the player’s action set to each
finite-length history.* That is,

Vh = (sg, $1,52, ..., 5¢t) € Hy 3a" € A" (s¢) : o™ (h) =a".

We call 0" positional (or Markovian stationary) if the next move depends only on the current state of the game (but not on
previous states or current time). That is,

Vh = (sg, 1,52, ..., St) € Hy : 6™ (h) = 0™ (s¢).

A strategy profile is a triple o = (0!,02,03%). We define 0" = (om)mel\{n}; for instance, 0~! = (02,03). A profile is
positional if o1, 02,03 are positional. Otherwise (i.e., if at least one of the ¢™’s is not positional) we call the profile non-
positional. If (o', 0%, 03) applied to the game T'3 (Glso, y, &) results (resp. does not result) in a capture, we call (01,02, o)
a capturing (resp. non-capturing) profile in I'3 (G|sg, ¥, €).

We complete the description of I'3 (G) by defining payoff functions for the players. Each player will try to maximize his
payoff; the payoffs will encapsulate the following facts.

1. The longer the capture time, the less the cops gain and the less the robber loses.
2. The capturing cop gains at least as much as the non-capturing one.

We fix a constant € € [O, %] and define turn payoffs as follows. For n € {1, 2}, C,,’s payoff is

1—¢ ifseSg,
non ¢ ifse ST withn#m,
q (S)_ % ifSES}Z, (3)
0 else.
R’s turn payoff is
3., | —1 ifseSc,
T = 0 else. 4)
Next, we fix a discounting factor y € (0, 1) and, for n € {1, 2, 3}, we define the n-th player’s total payoff function by
o0
Q" (s0.51.52.-.) = Y _¥'q" (s0).. (5)
t=0
In the rest of the paper we will assume, unless explicitly stated otherwise, that
1
(v.e) e ®=(0,1) x [o, 5].
Since a history is fully determined by the initial position so = (x',x?,x3, p) and the strategy profile o0 = (o!,02,053), we
can write the n-th player’s payoff in any one of the equivalent forms Q" (so, 51, 52, ...), Q" (50, 0) and Q" (so, 1 o2, 3).

4 We only consider legal strategies i.e., they never produce moves outside the player’s closed neighborhood.
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To understand the consequences of (3)-(5), let us first consider the case where (i) T¢ < oo (finite capture time), (ii) € < %
and (iii) capture is effected by a single cop. Then the players receive the following payoffs:

1. the capturing cop receives (1 — &) yT¢;
2. the non-capturing cop receives £y 7¢;
3. the robber receives —y ¢ (i.e., loses yc).

The total cops’ reward is equal to the robber’s loss, but, since & < % the capturing cop receives more than the other one
(unless both cops simultaneously capture the robber). Since y € (0, 1), the robber’s loss is decreasing with capture time T¢
and he will play so as to maximize T¢. Conversely, the cops have a motive to minimize Tc¢. But, since (1 — &) yT¢ > gy Tc,
there is an additional motive for each cop to be the capturing one; there will exist combinations of y, ¢ and T¢ for which
a cop may choose to delay the robber capture in order to ensure that it is effected by himself (an example is given in
Section 4.3). The SCAR game TI'3 (G|so, ¥, €) as defined above is a three-player, perfect information discounted stochastic
game.

Let us consider briefly some additional scenaria obtained for particular values of T, y, €.

1. If the robber can avoid capture ad infinitum, i.e., if Tc = oo, then all players receive zero payoff. Clearly this is the best
outcome for R.

2. Since a single player moves at each turn, it is only possible to have a “double capture” if R, on his turn, moves into a
vertex which is occupied by both C; and C;. In this case each cop will receive equal payoff of y7¢/2.

3. When ¢ = % (and for any y € (0, 1)) each cop receives the same payoff whether he captures R or not; hence one might
expect the two cops to collaborate to effect capture in the shortest possible time as in classic CR played by two cops
against one robber; however this is not always the case, as we shall see in Section 4.

A basic question in classic CR is the existence of winning and/or (time) optimal strategies. In SCAR, which is an N-player
game, we look for equilibrium strategy profiles. The prevalent definition of equilibrium is the one due to Nash [21], which we
now present in the general context of N-player stochastic games; the application to three-player SCAR (and N-player SCAR,
as we will see in Section 5) is immediate.

Consider an N-player perfect-information stochastic game starting at state sg. When the players use the (deterministic)
strategy profile o = (0!,02,...,0N) they receive (total) payoffs Q' (so,0), Q%(s0,0), ... QN (s0,0). We say that o, =
(0d,02,...,0N) is a Nash equilibrium (NE) iff

vn, Vo : Q" (so,04) = Q" (so, 0", 0."). (6)

What (6) says is that, when the rest of the players stick to their equilibrium strategies, no player can improve his payoff by
unilaterally changing his own; for example, if players 2,3, ..., N play o ! = (0*2, . oﬁ’), then the first player cannot increase

his payoff by switching from o! to some other o'1.> The following points must be emphasized.

1. A game may possess no NE, or exactly one, or more than one.

2. A NE is a strategy profile; different NE may yield the same payoffs to the players.

3. Different NE may yield different payoffs. The fact that o, is a NE does not imply that the corresponding payoff is the
best a player can achieve; if more than one players change their strategies, they may achieve better payoffs than the ones
implied by a NE. In other words, a NE is not necessarily an optimal solution.

3. Modified CR from a game theoretic point of view
Before embarking on the study of SCAR, we present and study a modified CR game, which will be used in later sections.

1. The game is played by two players: the cop player controls N — 1 cop tokens (with N > 2) and the robber player controls
a single robber token.

2. States, movement rules, histories and capture time are the same as those of SCAR.

3. The same is true for strategies except for the fact that the cop player’s strategy is of the form (01, ., O
contains one strategy for each of his tokens.

4. The cop (resp. robber) player’s payoff is y7¢ (resp. —yT¢) (with y> =0).

N=1) ie, it

This is a two-player, zero-sum, discounted stochastic game which differs from the classic CR game (with N — 1 cops and
one robber) only in the following.

5 The definition of NE can be extended to games of non-perfect information, provided the o™'s are understood as probabilistic strategies and the Q"’s as
expected payoffs. We will not need these generalizations in the current paper.
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1. In modified CR, the cop (resp. robber) player tries to maximize (resp. minimize) yT¢; this is obviously equivalent to
classic CR, where the cop (resp. robber) player tries to minimize (resp. maximize) Tc.

2. In modified CR, time is counted in turns, while in classic CR it is counted in rounds, where each round consists of one
move for each player. This is roughly equivalent to a rescaling of time by the factor 1/N.

3. In classic CR, the players select their initial positions, while in modified CR the initial position is predetermined. It is
easy to recover this aspect of classic CR by adding to modified CR a “placement turn” for each player; this change has
no major impact on the essential features of the game such as the existence of value and optimal strategies.

Using standard results [8, Section 4.3] we see that modified CR has a value, which in fact is y raised to the capture time
under optimal play,® and both players have optimal positional strategies.

As already mentioned, we can assume that the cop (resp. robber) player tries to minimize (resp. maximize) the capture
time. Let Ty (G|sg) be the capture time when the cop player has N — 1 tokens and both players play optimally (note the
dependence on the initial position sg). Hence, if Ty (G|so) is finite (resp. infinite) then the cop’s (resp. robber’s) optimal
strategies are winning (for the respective player). We denote the maximum value of optimal capture time over all starting
positions by

Tn (G) =maxTy (G|so) .
S0
Assuming the game is played with N — 1 cops and one robber, it is easily seen that:

1. if Ty (G) < oo, then the cop player has an (optimal) winning strategy for every starting position;
2. for every starting position, assuming subsequent optimal play by the cop player (but not necessarily by the robber
player), the capture time is less than or equal to Ty (G).

The cop number of a graph G is denoted by c (G) and defined to be the smallest number of cop tokens which guarantees
finite capture time (i.e., one less than the smallest N for which Ty (G) < 00). We call G cop-win if capture time is finite for
CR on G with one optimally played cop token (i.e., T2 (G) < oo or, equivalently, ¢ (G) =1).

The above remarks show that all essential aspects of the classic CR are captured by the modified CR. In the rest of the
paper, the term “CR game” will denote the modified game (unless we specifically use the term “classic CR”).

Finally note that, when N =3 (two cops vs. one robber) the modified two-cops CR is path-equivalent to I'; (G), i.e., both

games produce the same infinite history when strategies o', 02, o3 are applied (starting from the same position sg) to:

1. T'3 (G), with o™ being the strategy of the n-th player;
2. the modified two-cops CR, with o'! (resp. o%) being the strategy the cop player uses for his first (resp. second) token,
and o3 being the strategy the robber player uses.

4. Three-player SCAR

In this section we study I's (G) and prove that it always has both positional and non-positional NE; we also study the
connection between classic cop number and existence of capturing NE.

4.1. Existence of a positional NE

First we prove the existence of at least one positional NE in deterministic strategies for I's (G).

Theorem 4.1. For every graph G and for every sg € S, (y, €) € Q® the game I'3 (G|sq, ', ) has a deterministic positional NE. More
specifically, there exists a deterministic positional profile o, = (0}, 62, 03) such that

vn, Vso, Vo™ : Q" (so. 0f. 0, ") = Q" (s0, 0" o). (7)

For every s and n let u™ (s) = Q" (s, o). Then the following equations are satisfied

vn,Vs e S": ol (s) = arg nm,ﬂ?é : [q" () + yu" (T(s,a"))]. (8)
vn,m,V¥s e S":u™(s) =q" (s) + yu™ (T (s, 0} (5))) - (9)

6 And, since y € (0, 1), is a decreasing function of capture time.



90 G. Konstantinidis, A. Kehagias / Theoretical Computer Science 780 (2019) 84-102

Proof. The existence, in every N-player discounted stochastic game, of a positional NE in probabilistic strategies has been
proved by Fink in [9]. In addition, Fink proves that at equilibrium the following equations’ are satisfied (i.e., they have at
least one solution) for all me {1,2,3} and s € S:

u™ (s) = max Z Z Z 7! (a'ls) w2 (a2|s) 3 (a3|s> |:q’" ) +y ZPr (s’|s, al,a?, a3> u™ (s’)i| ,

aleAl(s)a2eA2(s)adeA3(s) s

(10)
where
1. u™(s) is the expected value of u™ (s); '
2. t™(a’|s) is the probability that, given the current state is s, the m-th player plays a’;
3. wM(s) = (n’"(amls))ameAm(s) is the vector of all probabilities (i.e., for all available actions);
4. Pr(s'ls,a', a,a®) is the probability that the next state is s', given the current state is s and the players actions a', a2, a®.

As mentioned above, (10) applies to the general game, with simultaneous moves by all players and probabilistic strategies
and state transitions. Our task now is to prove that in SCAR the above equations yield a deterministic NE.

Choose any n and any s € S™. For all m # n, the m-th player has a single move, i.e.,, we have A™(s) = {a’"}, and so
™ (@™|s) = 1. Also, since transitions are deterministic,

Z Pr (s’|s, al,a?, a3) u'(s') =u" (T (s,d")).
S/
Hence, for m =n, (10) becomes

u (s) = jl}in% 7" (a"s) [q" (s) + yu" (T(s.a"))]. (11)
ateAn(s)

Furthermore let us define o (s) (for the specific s and n) by
ol (s)=arg max [q" (s "(T(s,a"))]. 12
s () =arg max [q" () 4+ yu" (T(s.a"))] (12)

If more than one action satisfy (12), we set o (s) to one of these actions arbitrarily. Then, to maximize the sum in (11)
the n-th player must set 77" (o (s) Is) = 1 and 7" (a"|s) = 0 for all a" 5 o (s). Since this is true for all states and players
(i.e., every player can, without loss, use deterministic strategies) we also have u" (s) = u" (s). Hence (12) and (11) become
respectively

ol (s):= arg_max [q" () + yu" (T (s,a"))] (13)
and
u' (s) = anrg/\an)fs) [q" () +yu" (T(s,a"))] =q" () + yu" (T (5,07 (5))). (14)

For m # n, the m-th player has no choice of action (i.e, o[" (s) is the unique element of A™ (s)) and (11) becomes

u™(s)=q" (s) + yu™ (T(s, 07 (5))). (15)

We recognize that (13)-(15) are (8)-(9). Also, (13) defines o] (s) for every n and s and so we have obtained the required
deterministic positional strategies o, = (o}, 02,02). O

Note that the initial state sg plays no special role in the system (8)-(9). In other words, using the notation u (s) =
(ul ), u (), u? (s)) and u = (u (s))ses (with the G dependence suppressed) we see that u and o, are the same for every
starting position sg (i.e., for every I's (G|sp)). Also note that, because of the structure of the payoffs, if I'; (G|sg) at some
time t; reaches state si, the “remainder” game which is played from t; onward is equivalent (modulo a payoff rescaling)
to I'3 (G|sq). From these observations follows that, if the players use o, in I'3 (G|sp) and at some time t; > 0 the game
reaches s1, then o, is an positional NE for both I'3 (G|sp) and I'3 (G|s1); the payoffs to the players are u (sg) in the former
and u (s1) in the latter.

7 We have adapted Fink's notation to our own, so as to fit the '3 (G) context.
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Let us also note that Theorem 4.1 in fact holds for any € € [0, 1]; we have confined attention to the case ¢ € [O, %] to
represent the intuition that the capturing cop’s reward should be at least as large as that of the non-capturing one’s. In
fact, the theorem holds for any family of bounded payoff functions ¢q". On the other hand, the theorem depends essentially
on the players’ moving sequentially; in case all players played simultaneously, they would not have perfect information and
hence they would, in general, benefit from the use of probabilistic strategies.

Finally, Theorem 4.1 (as well as Fink’s result) do not address the computation of the NE; it is well known that, in general,
the computation of NE in multi-player games is a hard problem.

4.2. Existence of non-positional NE

Now we will construct an additional deterministic NE of I's (G|sg), which will, generally, be non-positional.® This NE is
based on the use of threat strategies [5,6,26].

Let us introduce (for n € {1, 2, 3}) auxiliary games I'j (G|so); these are two-player, zero-sum, perfect-information games
with states, action sets, movement sequence, capturing conditions etc. being the same as in I's (G|sg). However, in I'} (G|so)
player P, controls token n and has payoff Q"; and player P_, controls tokens {1,2,3}\ {n} and has payoff —Q". More
specifically, the following hold.

1. I‘% (G|so) (played on G with initial state sg) is the game where P3, controlling R, plays against P_3, controlling C; and
Cy; P_3 has reward (and P3 has penalty) equal to

Tc

y '€ . when either C; or C;, captures R,

0: when R is not captured.
It is easily seen that I‘g (G|so) is the two-cops, one-robber modified CR game.
2. F% (G|sg) is the game in which Pi, controlling Cq, plays against P_q, controlling R and a “robber-friendly” Cy; P
receives reward (and P_; receives penalty) equal to
1—¢) yTC : when Cq captures R,
ey ¢ : when C; captures R,

0 : when R is not captured.

3. F% (G|sg) is similar to F; (G|sp), with the roles of C; and C; interchanged.
It can be seen that in l‘; (G|s) an optimal action plan for P_q is

1. when ¢(G) =1: C; and R meet in the longest possible time but before R is caught by Cy;
2. when ¢ (G) > 1 and C; cannot alone capture R (when the game starts at sg): C, always avoids R and R always avoids
both Cy and C,.

Hence, for every n € {1,2,3} and sp € S, T'§(G|so. ¥, €) is a two-player, zero-sum discounted stochastic game with perfect
information and standard results [8, Section 4.3] give the following.

Lemma 4.2. For each m € {1,2,3)}, so € S and (v, &) € 2@, the game I'T(Glso, ¥, &) has a value and the players have optimal
deterministic positional strategies.

Definition 4.3. For m, n € {1, 2, 3}, we define ¢y, to be the optimal strategy regarding the n-th token in the game '} (G|so, ¥, &).

We return to I'}'(Glso, ¥, €) and introduce the threat strategies. The n-th player plays the strategy ¢; which is optimal
for P, in T5'(G|so. ¥, &), as long as the other players do the same. If at some point the m-th player deviates® from the
above, then the n-th player (with n € {1,2,3}\{m}) adopts the strategy ¢, which is the part of P_;'s optimal strategy
regarding the n-th token in T'J (G|so, v, €).

In other words, the threat strategy " for the n-th player is “composed” by the strategies ¢ as follows:

n ¢n  aslong as every player m € {1, 2, 3} \n follows ¢;

o= { ¢p  assoon as some player m € {1, 2,3} \n “deviates” from ¢/;. (16)

8 The non-positionality is further discussed at the end of this section.
9 We say that a player “deviates” from a strategy if he plays a move different from the one prescribed by this strategy; since the game has perfect
information, this deviation will be immediately detected by the other players.
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Since the ¢)''s are positional they do not depend on the starting state so; in fact the same ¢ is optimal for every so and
corresponding game I'} (G|so). We now show that, for every so, & = (¢, 52,5°) is a NE of I's (G|so).

Theorem 4.4. For every graph G, (v, €) € Q) and sy € S in the game T'3 (G|sg, ', &) we have
Vne(1,2,3),¥0": Q" (50.5",5%5%) = Q"(s0.0". 5" (17)
where a" (forn € {1, 2, ..., N}) is a strategy of the form defined in (16).

Proof. Recall that we can write payoffs in any of the equivalent forms: Q" (sg, o), Q" (so, 51, 52,...), Q" (h) (where h =

(s0,51,52,-...))-
We choose some initial state s and fix it for the rest of the proof. Now let us prove (17) for the case n = 1. In other
words, we need to show that

1:Q'.7.0%.5)>Q(s.0'.5%,7). (18)
We take any o! and let
h = (50,51, 52, ...) be the history produced by (61 , 52, 33) and initial state 5o = s,
H = Go,31,35, ...) be the history produced by (¢!, 52, >) and initial state 5o = s = 5p.
1=

We also define T; as the earliest time in which (o1, 52,5°) (and @', 52, 53)) produce different states:

Tq =min{t:§};ﬁ§t}.
If T = oo, then h =h and (18) holds with equality:
Q'.5".5%.5°)=Q (M =Q'(=Q'(c'.5%5°). (19)

If T1 < o0, then at t = T1 player 1 deviated from ¢11, the first difference in states appeared and it was detected by players 2
and 3, who switched to ¢? and ¢3, respectively. We have

T]* o
Q.0 5%.5°)=Q (h) = Z via' G+ Y. v (), (20)
= t=T1—1
—2
Q's.0'.5%.5%) =Q'(h) = Z v'a' Go+ Z v'a' Go. (21)
t=T1—1

Since S; =5; for every t < Ty, it suffices to compare the second sums of (20) and (21). In what follows we let s* =57,_1 =
§T1—1-

1. Consider first h = (50,51, 52, ...). It is produced by & = (51,52, ) (and Sp) which means that the entire h is actually
produced by (qﬁll,qﬁ%,qbg) (and Sp). Since every ¢! is positional, the history (So, 51, ..., St,—2) does not influence the
moves produced at times T1, T1 + 1, .... Hence we have

o0 o0
Y v )=y D v (Srie) =¥y TR 61 2. 03). (22)
t=T1—1 t=0

In other words, the sum in (22) is proportional to the payoff of player 1 in I'3 (G|s*) when each player n € {1, 2, 3} uses
strategy ¢ But Q1(s*, ¢}, ¢2, ¢3) is also the payoff of Py in '} (G|s*) (which starts at s*) with P playing ¢} and P_;
playing (d)%, ¢§). However, in F; (G|s*) the optimal strategy of P_ is (4)%, ¢?); hence we have the following

Y11 G*, o1, 93, 03) = y 1 71Q 1™, o1, 92, 03). (23)

2. Next consider h = (50,31,32, ...). It is produced by (o!,52,5°) (and So = So) and, since o'! is not necessarily positional,

57,,37,41,57,+2... could depend on (39,371, ..., S7,_2). However, we can introduce the strategy p' induced by o'! on the
game starting at s*, which will produce the same history (S7,,57,+1,57,+2, ...) as o 1.!% Then, from the optimality of ¢]
as a response to (¢7, ¢3) in '} (G|s*), we have

10 We define p! such that, when combined with St,_1, 2, ¢3, will produce the same history (t,,57,41,57,42,...) as o!. Note that p' will in general
depend (in an indirect way) on (So,571, ..., S1,-2).
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Yo d' Go=y" Q" 00t D) <y TG, 81, 01, 0)). (24)
t=T1—1

Combining (20)-(24) we have:

T1— T1—2
Q'¢s.0', 0% >—nyq1(1>+y“ Qs 0N a6 < D v Go+y TR 61, 67,91
t=0 t=0

<Y v ) +yT Qs 0. 03.43) = Q' (5.5 .52 5°)
and we have proved (18), which is (17) for n = 1. The proof for the cases n =2 and n =3 is similar and hence omitted. O
In general, the profile (El,52,53) is non-positional, since the action of a player at time t may be influenced by the
action (deviation) performed by another player at time t — 2. However, it is possible that Vm,n € {1, 2, 3} we have ¢} = ¢,
in which case the profile (El , 52, E3> is positional.

Just like Theorem 4.1, Theorem 4.4 actually holds for any bounded q"’s, not just for the specific form of the SCAR game.
Moreover, the theorem depends essentially on the sequential moving of the players (so that deviations can be detected).

Finally, it is worth noting that the NE of Theorem 4.4 can be computed in polynomial time, since the component strategies
¢, concern the two-player games I'} (G|s), for which polynomial algorithms are available [3,12].

4.3. Cop number, capturing and non-capturing NE

In this section we examine the connection of ¢ (G) to the existence of capturing and non-capturing NE in I'3 (G|so, ¥, €).

Theorem 4.5. For any G with ¢ (G) = 1 the following holds:

V(y,e) e QP VsgeS:every NEof '3 (Glso, ¥, €) is capturing.

Proof. Let G = (V, E) with ¢(G) =1 and take any sg € Syc (the case sg € Sc is trivial). To reach a contradiction assume
that there exists a non-capturing NE (0!, 62, 63) of I'3 (G|so). Then we have

Vp':0=0Q'(s0,0",0%, 0% > Q! (s0, 0", 0% 3. (25)

Now let &1 be a strategy of Cy in I's (G|sg) which imitates an optimal cop strategy, in the respective CR game with one cop.
Formally, define &' by
vix', %%, x) ev3:E (xl 2,0 l) j(xl,x3,1),

where o} is an optimal cop strategy in the one-cop CR played on G.!!

In this latter game given ¢ (G) =1 and optimal cop play, capture will occur in some finite time which depends on R’s
strategy but is bounded above by T, (G) defined in Section 3.

Consider now game I's (G|sp) and the case where C; employs &'!. It is not hard to see (and can be formally shown) that
for any pair of strategies of C,, R capture will also occur in F3 (Glso) in at most T, (G) moves, as C; may influence the
game by capturing R no later than C;. Hence, under profile (G', 52, 03) we have the following possibilities.

1. Cq captures R at some time T7.
2. Cy captures R before Cy, i.e., at some time T, < Tj.
3. C1 and C; capture R simultaneously at some time T1;.
At any rate, we will have max (T, T2, T12) < T2 (G) < oo. Hence C1’s payoff satisfies

1
Q'(s0,6',02,0%) > min ((1 —e)yh ey, 5)/“) > 0. (26)

But (26) contradicts (25). Thus, there does not exist a non-capturing NE of I'; (G|sg). We conclude that every NE of I'3 (G|sp)
is capturing. O

1T We will repeatedly use, without further comment, this method to produce SCAR strategies from optimal CR strategies. Furthermore, for reasons of
brevity we will simply call them optimal in CR.
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R C1

G
Fig. 1. An example where minimizing capture time does not yield a NE.

In light of the argument employed in the last proof, it might be assumed that in graphs G with c¢(G) =1, a NE in '3 (G)
can be obtained when the cops use optimal strategies from one-cop CR. But this is not true, because in certain cases a
cop may unilaterally improve his payoff by delaying capture (and thus ensuring that it is effected by him) as seen in the
following example.

Example 4.6. Suppose I'3 (G) is played on the graph G of Fig. 1 with the initial positions indicated; C; has the first move.
Further, take ¢ < % Let o™ (n € {1,2}) be a one-cop CR optimal strategy of the n-th cop; in this case it consists in each cop
moving towards the robber at every turn. Now suppose that for these 5!, 52 there exists a NE (61,62,53); it is easily seen
that 5> must be an optimal robber strategy in two-cop CR. If the players use (81,62, 83) the game evolves as follows:

Turn 0112 |3|4]|5
Civertex | 6 | 55|54 |4
Covertex | 1 |1 |2]2]|2]|3
Rvertex |4 |4 |4 |3 |33

Note that the robber will move so as to be captured by C,, because this increases capture time by 1. So the payoffs are
Q! <50731!32733) — ey,
Q? <50,81,32,33) =(1-g)y>,
Q3 (507 6] , 82, 63) — —)/5-

Now, suppose Cy, R stick to their strategies, while C; uses the following strategy & !: on his first move he stays in vertex 6
and afterwards moves directly towards the robber. The game evolves as follows.

Turn 0|12 |3(|4|5|6]|7
Civertex | 6 |6 |6 |6 |5|5|5|4
Covertex | 1|1 (2|22 ]|3[3]|3
Rvertex |4 |4 |44 |4|4|4]|4
So the payoffs are
Q' (50.5".8%8%) =1 -e)y".
Q (50,0],02,33) =ey’,
Q*(50.5".5%5%) ="
It is easy to see that
€ i 9 ~ 1 7 ~
vi> o= 0-0y >e’ =5 Q! (50,01,02,03) > Q' (50,01,02,63>-
Thus, if 2 > £, C1 can unilaterally improve his payoff; hence (6',52,57) is not a NE of I's (Glso, ¥, €).

We now move to graphs with cop number greater than one.

Theorem 4.7. For any G with c (G) = 2 the following holds:

V(y,e)e Q3 Vs € S : there exists a capturing NE of '3 (G|sg, ¥, €) .

Proof. Take any G with ¢ (G) =2, any (y,¢) € Q® and any sy € Syc (the case s € Sc is trivial) and fix them for the rest

of the proof. Now take any threat strategy profile o = <E1,52,E3); according to Theorem 4.4, ¢ is a NE and it can be

either capturing or non-capturing. If it is capturing we are done; let us then suppose that o is non-capturing. Recall that,
for all n € {1,2,3}: o" has the form of (16), where, in the game ' (Glso, v, &):
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1. ¢ is an optimal strategy of P, against P_g;
2. ¢ (for m #n) is an optimal strategy used (for the m-th token) by P_, against Pj.

As mentioned, when o is used in I'3 (G|so, ¥, €) the n-th player (for n € {1, 2, 3}) will follow strategy ¢, for the entire
game. We will now construct a new profile & = (51, G2, 53) which will be a capturing NE of I's (G|sg, ¥, €). To this end we
first select an optimal strategy profile & = (G',52,3) in the two-cops CR; since ¢ (G) =2, & will be capturing for every
sg. Then, for each n € {1, 2, 3}, we let

51— o™ aslong as every playerm € {1, 2, 3} \n follows ¢™;
“ | ¢ assoon as some player m € {1,2,3}\n deviates from ™.

The ¢J1's above are the same as in &. Hence, to show that & is of the form prescribed by Theorem 4.4, we have to show
that each 6" is optimal in the corresponding I'; (G|so, ¥, €). In what follows, note that I's (Glso, ¥, &) is (for all n € {1, 2, 3})
path-equivalent'? to I'% (Glso. . ).

1. Consider Cy playing qb]] in T'3(Gl|so,Y,€); by assumption & is non-capturing in I's (G|so,y,€), hence also in
Tl (Glso, y.¢€). Therefore, C; playing ¢] against ¢35 and ¢3 receives a payoff of zero, in both I's (Glso,y,€) and
Tl (Glso, y,€). But then, by the optimality of (¢?,$3) against ¢] in I'} (Glso,y,€) the same holds when C; plays
qf>} against (¢%,q{>{°‘). So Cy’s optimal payoff in I‘; (G|so, y,€) is zero and hence any strategy is optimal for him in
F% (Glso, ¥, €); so is, in particular ol.

2. By a similar argument, any strategy, and in particular 2, will be optimal for C; in F% (Glso, ¥, &).

3. Finally, the game I‘; (Glso, ¥, €) is the two-cop CR, and hence &3 will be optimal for R in I‘; (Glso, ¥, €).

By the above observations we see that, according to Theorem 4.4, & is a NE (in threat strategies) of '3 (G|so, ¥, &).
Furthermore, playing & at equilibrium is equivalent to playing &, which is a capturing profile in both two-cop CR (i.e.,
F§ (Glso, ¥, ¢€)) and '3 (G|sg, ¥, €). So & is a capturing NE of '3 (G|so, ¥, €). O

Remark 4.8. Note that the NE of the above theorem is non-positional (unless, for all m,n, we have 6" = ¢%).

The next theorem holds on a restricted set of (y, €) values:

Q¥ =!y.e):ye©1),¢c¢ 0l LY < £ 1
9 9 9 ’2 1_8

=1

Theorem 4.9. For any G with ¢ (G) =2, let ¢ = (0 02, 83) be an optimal strategy profile in the two-cop CR game. Then the
following holds:

V(y,e) e Q3 VsgeS:G isacapturing NE of T'3 (Glso, ¥, €) .
Proof. Take any G with ¢ (G) =2, any (7, ¢) € 2 and any (G',52,5°) which is optimal in the two-cop CR game; we fix
these for the rest of the proof. Obviously & is a capturing profile, since it is optimal in CR and ¢ (G) = 2. So we need to
show that it is also a NE of I'3 (G|so, ¥, €). This will obviously be true when sg € Sc, so let us consider any sg € Syc. Let Tq
be the capture time (the same in the path-equivalent games CR and I'3 (G|sg, ¥, €)) corresponding to (so, ol,52, 83).

Assume for the time being that the capturing cop is Cp; then the payoffs are

Q' (50.5".6%8%) =1 —e)y™,

Q% (50.5".5%.5%) =ey™,

Q*(50.5".5%.5%) =y
We will show that no player can improve his payoff by unilaterally changing his strategy.

1. Suppose R uses some strategy o> and the capture time of (so, 5,52, o) is T,. By the optimality (in CR) of 51,52,53,
we have T, < T; and so

Q3 (50,3],32, 0_3) — —)/TZ < _yTl — Q3 (50,31,32,83) ]

12 In the sense of Section 3.
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So R has no motive to deviate from &3.

2. Similarly, suppose C; uses some strategy o' and the capture time of (so,0!,62,63) is T2; if T, = co we have no
capture; otherwise capture can be effected by either C; or Cy. At any rate, by the optimality of (81,82,83), we have
T, > Tq and the maximum possible payoff to Cy is (1 — &) ¥ 2. Since

Q' (so ol,52, A3) <1-geyl<a-gyh=q! (so,31,32,33),

C; has no motive to deviate from &'!.
3. Finally, suppose C, uses some strategy o2 and the capture time of (so, ol 02, 83) is T,. If T, = oo we have no capture;
otherwise capture can be effected by either C; or C,. If we have no capture then

Q2 (so, 51,02, 33) —0<eyli =2 (50,81, 52, 33) .
If capture is effected by Cy, we have T, > T1 and
Q2 (0.51,0%.5%) ey ™ <oy = Q2 (0.51,5%.57).

Finally, if capture is effected by C;, we have T, > Ty + 1 (if C2 could capture before Cq this would be achieved by

(s0.01,62,63)) and, since (y, ) € Q3 implies y < &, we have

Q% (50.6",0%8%) =(1—e)y =1 —e)y " <oy,

In every case, C; has no motive to deviate from &2.

Having assumed that the starting position sp and the strategy proﬁle(81,62,83) result in a capture by Cq, we have
shown that no player has a motive to change his strategy. By an analogous argument, the same holds when (31,32,33)
results in a capture by C,. As already mentioned, (a 02, 03) is a capturing profile, hence some cop will capture the
robber, and no player has a motive to unilaterally change his strategy. Consequently (o o2, 03) is a capturing NE of

I3 (Glso, y,€). O
Remark 4.10. Note that in the above Theorem the NE (G',52,53) is positional.
We also have the following.

Theorem 4.11. For any G with c (G) > 2, the following holds:
V(y,e)e Q®), dsg € S : there exists a non-capturing NE of I'3 (G|so, ¥, €) .

Proof. Choose an sg = (x, x, y, 1) of the following form: x can be any vertex of G and y is such that, when the one-cop CR
is started from s; = (x, y, 1), the robber can avoid capture (such an so will always exist, since ¢ (G) > 2). The strategies are
chosen as follows.

1. R’s strategy &3 is the following:
(a) as long as Cq, Cy stay in place R also stays in place;
(b) if at some time Cq (resp. C3) is the first cop to move, R starts playing an optimal one-cop CR strategy with respect
to Cq1 (resp. Cy).
2. Cy’s strategy &'! is defined as follows:
(a) if C1 and C;, are in the same vertex, Cq stays in place;
(b) if C1 and Cy are in different vertices, C; moves in a shortest path towards Cs.
3. Cy’s strategy &2 is the same as ¢!, with the roles of C; and C; interchanged.
We now show that (o 52, 03) is a non-capturing NE of I'3 (G|so, ¥, €). First, since C1 and C; start at the same vertex
x, by 51,52 they will never move towards y; hence, under (5',52,53), R is not captured.

1. Hence Q3 (50, 01,620 ) 0 and, clearly, R cannot improve his payoff, i.e.,

vo3:0=03 (so, 51,52,6 ) >Q3 (so,a 52, 03) (27)
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2. Now suppose C; uses some 0! % & ! by which, at the start of the game, he moves to some x’ neighbor of x. However,
immediately afterwards C, moves by 52 to the same x'. In other words, starting from a state where R can avoid capture
in one-cop CR, C; and C, essentially move as one cop, specifically, as cop C;. Given (by construction of 3) R plays
optimally w.r.t Cq, capture will never occur. Hence

Vol:0=0Q' (50,51,82,63) >Q! (50,01,62,63) —o0. (28)

3. The case of C is similar, but attention must be paid to some details. Suppose C, uses some o2 = &2 by which his first
nontrivial move is to some x' neighbor of x. Right after R starts playing optimally w.r.t C and let ¥’ be his next move.
Obviously y” will be such that y’ #x, i.e.,, R does not run into C; (or otherwise C, could capture R in the next move).
Next it is Cq’s turn to move and by ! he moves to the same vertex x' as C, (and of course capture does not occur).
In other words, starting from a state where R can avoid capture in one-cop CR, C; and C;, essentially move as one cop,
specifically, as cop C,. Given R plays optimally w.r.t Co, and in doing so, he does not run into Cq, capture will never
occur. So

Vo?:0=Q> (so, 81,52,63) > Q2 (50,31, 02,63) —0. (29)
Combining (27)-(29) we see that & = (so,5!,52,63) is a non-capturing NE of I'3 (G|sp). O
The above result is rather surprising when G has c(G) = 2: while in CR played on G two optimally playing (and cooper-
ating) cops always capture the robber, in SCAR played on the same graph there exist non-capturing NE (even when & = %
the cops’ interests coincide and they have the motive to cooperate fully).

On the other hand, the result is not surprising when applied to G’s with ¢ (G) > 3. In fact, in this case Theorem 4.11 can
be strengthened significantly: there will always exist some state with only non-capturing NE.!3

Theorem 4.12. For any G with ¢ (G) > 3 the following holds:
V(y,e)eQ® 3sgeS:every NEof '3 (Glso, ¥, €) is non-capturing.

Proof. Choose an so = (%, y, z, 1) such that in the two-cop CR started from sy the robber can avoid capture; this can always

be achieved, since ¢ (G) > 3, provided R uses an optimal (in two-cop CR) strategy &>. Also take any cop strategies o', o 2.

Then the profile (01, o2, 33) will not result in capture, in either two-cop CR or in I'3 (G|sg). The I's (G|sp) payoffs will be
vol o2, Vvne{l,2,3}:Q" (50,61,02,83) =0.

Clearly, no player can improve his payoff by unilaterally changing his strategy. Hence, for every o !, o2, (01,02,63) is a
non-capturing NE in I'; (G|so). On the other hand, take any NE (o1, 02, 03) of T'3 (Glso); then we must have

Q3 (50,01,02,03) =0

because otherwise R could use &3 and unilaterally improve his payoff. Hence every NE (01,02,03) of I'3 (G|sp) is non-
capturing. 0O

The following corollary illuminates the connection of capturing and non-capturing NE of I's (G|so, ¥, €) to the classic cop
number. The first part of the corollary is obtained from Theorem 4.11; the second from Theorems 4.5 and 4.7.

Corollary 4.13. Given a graph G:

1. suppose that for all (y, &) € Q® and sq € S, every NE of T'3 (G|so, ¥, €) is capturing; then ¢ (G) = 1.
2. suppose that for all (y, &) € QO there exists some so € S such that every NE of I's (G|so, ¥, €) is non-capturing; then c (G) > 3.

Finally, combining Theorem 4.5 and the first part of Corollary 4.13 we get the following.

Corollary 4.14. G is cop-win iff : for all (y, €) € Q3 and sq € S, every NE of '3 (G|so, ¥, €) is capturing.

13 However, we still have initial positions with capturing NE; e.g., when all players start at the same vertex.



98 G. Konstantinidis, A. Kehagias / Theoretical Computer Science 780 (2019) 84-102

5. N-player SCAR
5.1. Preliminaries

The generalization of I's (G) to 'y (G), i.e., the N-player SCAR game is straightforward. For any N > 2, I'y (G) is played
by N — 1 cops (denoted by Cy,...,Cy_1) and a robber (denoted by R) who move along the edges of G.'* The game starts
from a prescribed initial position so and is played in turns, with a single player moving at every turn; the moving sequence
is ...~ C; > C; > ... > Cy—1 > R — .... The following briefly presented quantities are direct generalizations of those
defined in Section 2.

The player set is I ={1,2,...,N} or I ={Cy, Ca, ..., Cn—1, R}. A game position or state has the form s = (x!,x2,....x", p),
where x" denotes the position of the n-th player and p denotes the player who has the next move. For n € {1, 2, ..., N}, set

ST = [s= (x1, ...,xN,n> c(x, . xMyevNandn e I]
is the set of states where player n has the next move. The set S of all states of the game is

s=stus?u..usNuf(r},
where 7 is as before the terminal state and the set S’ = S\ {t} is the set of non-terminal states. We also define the set Sc¢
of capture states and the set Syc of non-capture states as follows:
Sci={s=@" % .. N nes:Fe{l,2,.. ,N-1}:x=xV},
Snei={s=&" %, ... xN,n)es :Vie{l,2,..,N—1}x #xN}.

An alternative partition of S is therefore

S=ScUSncU{T}.

Moreover, and since we can have simultaneous captures by any subset {n{,ny,...} of {1,2,..., N — 1}, we define sets S7',
Se L, 5}2"'”_1 analogously to the sets S}, S, SI?; the union of all these sets is of course Sc.

Action sets A™(s) and the transition function T (s, a) are defined in a similar fashion as in Section 2. In case at time t the

state is sy = (x},xf, x{\’, n) € S" and at time ¢ + 1 the move by player n is a}_; € A"(s¢), then we use again the shorthand

ser1 =T(st.af ).
Capture time T, histories and strategies are also defined analogously to Section 2. The same is true for payoffs. Specifi-

cally, at every non-capture state s; € Syc U{t}, the immediate reward to each player q"(s;) is zero; at every state s; € S’él'"n”]

(i.e., when capture is effected by N1 cops) the robber’s loss is 1 and this is distributed between the N — 1 cops as follows.

1. When 1 < N1 < N — 2: each capturing (resp. non-capturing) cop receives an immediate reward of ]N;f (resp. ﬁl_l).
2. When N1 =N — 1: all cops are capturing and each receives an immediate reward of ﬁ

The total payoff of player n is Q" (so, S1, 52, ...) = Y rep ¥ q" (s¢). The (¥, &) sets now are

Q(N):{(ye)'ye(OI)EG[OLHZ(OUX[OL}
€): 1) "N-1 ’ "N-1]’

~ 1 )
N) _ :
Q —{(y,e).yE(O,l),ae[O,N_l],y<]_8}.

The choice ¢ € [0, ﬁ] ensures satisfaction of the intuitive requirement that capturing cops should get at least as much as
non-capturing ones:

<

1
3 :>(VN16{1,2,...,N—2}:€§

N-1-(N-2) _N-1-N
N-1 = N-1

= (VN1 e{1,2,...N=2}:e(N—1) <N —1—Ny)

= (VN1 e€{1,2,...,N=2}:eN; <(1—¢&)(N—1—Nyp))

o (vNyeft2 o N—2p:— & 1-¢
1 V2, e, .N—‘l—N]_ N, .

14 Note that the case N =2, i.e., one cop vs. one robber, is also included in the formulation.
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In addition, again agreeing with our intuition, each capturing cop’s reward is a decreasing function of Ny. Indeed, when

1 < N1 <N — 2, their reward is 1,\,;16 which is decreasing in N1, with minimum value achieved at Ny = N — 2 and equal to
1—¢.

N—3 and when N1 =N —1 (all cops are capturing) we have:
_  [p—
- 1 N 1-¢ - NT _ 1 .
“N-1 N—-2— N-2 N—-1
In short, the fewer capturing cops we have, the more is each of them rewarded.
Before proceeding, we note that (similarly to I's (G), see Section 3) I'y (G) is path-equivalent to the modified N — 1 cops
CR.

&

5.2. Existence of NE

The next theorem shows the existence of positional NE for every I'y (G|sg). It generalizes Theorem 4.1 and is proved
very similarly; hence the proof is omitted.

Theorem 5.1. For every graph G and for every so € S, (v, &) € Q™) the game I'y (G|so, ¥, €) has deterministic positional NE. Specif-

ically, there exists a deterministic positional profile o, = (0}, 02, ..., o) such that

vn,V¥so, Yo" : Q" (so, 07,0, ") = Q" (so,0", 0."). (30)

For every s and n, let u™ (s) = Q" (s, o). Then the following equations are satisfied

vn,Vs e S": o (s) = arg m;;:l)i : [q" (s) + yu" (T(s,a"))], (31)
aﬂe n S
vn,m,Vs e S":u™(s) =q" (s) + yu™ (T (s, o} (5))) . (32)

The next theorem generalizes Theorem 4.4 and shows that every I'y (G|sp) has NE which are, in general, non-positional.
The proof (which is similar to that of Theorem 4.4 and hence will be omitted) depends on auxiliary two-player zero-sum
games F}V (G150), v F% (Glso), where I'} (Glsp) is the two-player game with initial state so in which P, (who has payoff
Q™) plays against P_, (who has payoff —Q" and controls {1, 2, ..., N}\ {n}). Similarly to the 3-player case, for each s € S and
ne{l,2,..., N}, the game I'} (G|sp) has a value and the players have optimal deterministic positional strategies. Strategies
¢l and ¢ are as in Section 4. The threat strategy of the n-th player in the N-player game I'y (Glso) is &, defined (exactly
as in Section 4) as follows:

1 ¢n aslong as every playerm € {1, 2, ..., N} \n follows ¢]; (33)
| #% assoon as some playerm € {1, 2, ..., N} \n “deviates” from ¢,
Keeping the above in mind, we can prove the following.
Theorem 5.2. For every graph G and for every N > 3,50 € S, (y, £) € Q™) in the game T'y (G|sq, ¥, €) we have
Vne{l,2,...N},¥o": Q" (50,51,62, ...,EN) > Q"(s, 0", T ™) (34)

where a" (forn € {1,2, ..., N}) is a deterministic strategy of the form (33).

As in 3-player SCAR I'; (G|sg), the above hold for any ¢ € [0, 1], not just for € € [0, ﬁ]
5.3. Cop number, capturing and non-capturing NE
The following results generalize those appearing in Section 4.3 and hold for every N > 2.
Theorem 5.3. For any G with ¢ (G) = 1 the following holds:
Y(y,€)e QM vsoes: every NE of 'y (Glso, ¥, €) is capturing.
Theorem 5.4. For any G with ¢ (G) < N — 1 the following holds:

V(y,e) e QN vsg e S : there exists a capturing NE of 'y (G|sg, ¥, €) .
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Theorem 5.5. For any G with ¢ (G) <N —1,let & = (61,52, ...,0N) be a strategy profile which is optimal in the (N — 1)-cop CR
game. Then the following holds:

V(y,e) e §(N), Vsog € S : G is a capturing NE of 'y (G|So, ¥, €) .
Theorem 5.6. For any G with c (G) > 2, the following holds:

V(y,e) e QN 3sg e S : there exists a non-capturing NE of T'y (G|so, ¥, €) -
Theorem 5.7. For any G with ¢ (G) > N the following holds:

V(y,e) e QM) 3sg e S:every NEof Ty (Glso, ¥, €) is non-capturing.
Corollary 5.8. Given a graph G:

1. suppose that for all (y, &) € Q™ and sg € S, every NE of Ty (G|so, ¥, &) is capturing; then c (G) = 1.
2. suppose that for all (y, &) € QM) there exists some sq € S such that every NE of 'y (G|sg, ¥, €) is non-capturing; then ¢ (G) > N.

Corollary 5.9. G is cop-win iff : for all (y, &) € Q™) and sg € S, every NE of 'y (G|so, ¥, &) is capturing.
5.4. Selfish cop number

We know that the cop number c (G) of graph G is the minimum number of cops required to guarantee (when the cops
play optimally and for any robber strategy and starting position) capture in CR played on G. Define correspondingly the
selfish cop number for the SCAR game.

Definition 5.10. The selfish cop number of a graph G is denoted by cs (G) and defined to be the smallest K such that: for any
(v, e) € Q¥+D and any sg € S, there exists a capturing NE of T 1 (G|so, ¥, €).

The selfish cop number equals the classic one, as demonstrated in the following.
Theorem 5.11. For every graph G we have cs (G) = c (G).

Proof. Take any K such that K > ¢ (G), then by Theorem 5.4 we have that, for every (y, &) € Q+D and every sg € S there
exists a capturing NE of I'k11 (G|so, ¥, €). On the other hand, take any K < c(G) — 1, then by Theorem 5.7 we have that,
for every (y,&) € QD there exists some sg € S, such that there exists no capturing NE of T'x11 (G|So, ¥, €). S0 cs (G)
(the smallest K such that for every (v, &) € QK+ and every sg € S there exists a capturing NE of 'y 1 (G|so, ¥, €)) equals
c@G). O

It follows that computing c¢s(G) is exactly as hard as c(G). Namely, given some k we can decide whether cs(G) <k in
polynomial time [12]; but computing cs (G) is NP-hard.

5.5. A connection between CR and SCAR

We will now show that a slightly modified version of N-player SCAR is, in a certain sense, equivalent to the CR game
with N — 1 cops. The modification consists in letting & be a function of N and N1, namely we use & (N, N1) = % We
will denote the modified SCAR game by I'y (G|so, ¥, € (N, N1)).

The modification implies that the payoff of each capturing state does not depend on the number of capturing cops. The
distribution of the payoff remains the same, i.e.,

N—1-Nq
; i 1-e(N.Np) _ 1=~ 1 _ 1
1. each capturing cop receives a reward of N = N = N=1
N-1-N;
&(N,Ny) _ —~N—T 1

2. each non-capturing cop receives a reward of NN, = NoToN; = N1
In other words, for every capture each cop (whether he is capturing or non-capturing) receives the same reward.
SCAR with the above modification of ¢ falls under the general formulation of discounted stochastic games and all our
previous results still hold. Furthermore, the (N — 1)-cops CR game is payoff-equivalent to I'y (G|so, ¥, € (N, N1)), by which
we mean the following. Take any strategies o'!, o2, ...,oN and apply them

1. to Iy (Glso, ¥, € (N, N1)), with ™ being the strategy of the n-th player;
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2. to the respective (N — 1)-cops CR game starting from sg, with o™ (for n € {1, 2, ..., N — 1}) being the strategy the cop
player uses for his n-th token, and o™ being the strategy the robber player uses.

Then the same history (sg, S1, S2, ...) will be produced in the two games (they are path-equivalent) and, furthermore, the
sum of the total payoffs of the cops (resp. the total payoff of the robber) in I'y (G|so, ¥, € (N, N1)) will be the same as the
payoff of the cop player (resp. robber player) in the (N — 1)-cops CR game.

Since all cops in 'y (G|so, ¥, € (N, N1)) receive the same payoff, their interests totally coincide: they all want some cop to
capture the robber in the shortest possible time, just like in the (N — 1)-cops CR game. Hence the following can be proved
in a similar way as Theorems 4.9 and 5.5.

Theorem 5.12. If the profile (671, ..., ON_1) , On) is optimal in the (N — 1)-cops CR game, then the profile (671, ..., 0n—1,0N) is a NE
of I'n (Glso, v, & (N, N1)).

6. Conclusion

As we have already mentioned, very little work has been previously done on multi-player pursuit games. In this sense
SCAR furnishes a novel generalization of CR and its numerous two-player variants. We find especially interesting the follow-
ing aspects of SCAR.

1. On the “technical” side, the formulation of SCAR as a discounted game is quite advantageous. In the “natural” formu-
lation of a pursuit game, payoff is expected capture time; since this can be unbounded, there is no obvious way to
establish the existence of NE (in the multi-player case). On the other hand, in the SCAR formulation payoff is a dis-
counted constant (see (5)); consequently the existence of a deterministic positional NE follows immediately from Fink’s
classical result. Furthermore, because SCAR is a perfect information game, its payoff can be immediately converted to
capture time, thus preserving the semantics of a pursuit game.

2. On the “conceptual” side, our results indicate that (perhaps surprisingly) even when N — 1 cops can capture the robber
if they cooperate, they may settle on a non-cooperating, non-capturing Nash equilibrium. This is somewhat similar to
the “lack-of-cooperation” phenomenon observed in other branches of Game Theory (e.g., in Prisoner’s Dilemma and the
Tragedy of the Commons).

The above facts indicate further research directions, which we intend to pursue in the future. We conclude this paper by
briefly discussing some such directions.

1. Refinement of equilibria. The apparent paradox of non-capturing Nash equilibria may be resolved by using more refined
equilibria concepts (subgame perfect equilibria, strong Nash equilibria, admissible equilibria etc.). An obvious target then
is to establish the existence and nature of such equilibria in SCAR.

2. SCAR variants. These are obtained by changing the number and | or behaviors of the cops and robbers. Some possibilities
are listed below; the methods of the current paper can be used to study the resulting variants.

(a) One cop pursues several selfish robbers; each robber pays a penalty if he is captured and a (lower, perhaps zero)
penalty if another robber is captured. In a sense this is the dual of the game we have studied in this paper.

(b) More generally, N — M cops pursue M robbers; the payoff of each player may reflect a completely or partially selfish
behavior on his part.

(c) Even more generally, teams of cops pursue teams of robbers; a team is a set of tokens controlled by a single player.

(d) The robbers can be “passive”: (i) they move on the graph according to predetermined, known transition functions
and (ii) they do not receive any payoff (but their capture results in payoffs to the capturing and non-capturing cops).
Conversely, we can have active robbers and passive cops.

3. SCAR generalizations. More generally, a family of generalized multi-player pursuit/evasion games on graphs can be obtained
by varying the “capture relationship” between players. Here are two examples.

(a) A game played by players P, Py, .., Py, in which P, pursues P,y (for n € {1, 2, ..., N — 1}); here we have a “linear”
pursuit relationship.

(b) The same as above but also Py pursues Pq; here we have a “cyclic” pursuit relationship.

Hence a player will, in general, be simultaneously pursuer and evader. Pursuit relationships are specified in terms of

appropriate player payoffs,'> e.g., the capturing (resp. captured) player receives (resp. pays) one time discounted unit.

Again, the resulting games can be studied by the methods of the current paper.

4. Non-perfect-information games. A more drastic change (which can be used in conjunction to any of the previously men-
tioned variations) is to allow for simultaneous or concurrent player moves. This results in non-perfect-information games
and their study will require more powerful methods than the ones presented in the current paper.

15 A minimum requirement (to preserve the semantics of pursuit | evasion) is that total payoff is nondecreasing (resp. nonincreasing) with capture time
for the evader (resp. pursuer).



102 G. Konstantinidis, A. Kehagias / Theoretical Computer Science 780 (2019) 84-102

References

[1] Carme Alvarez, Amalia Duch, Maria Serna, Dimitrios Thilikos, On the existence of Nash equilibria in strategic search games, in: International Symposium
on Trustworthy Global Computing, Springer, Berlin, Heidelberg, 2011, pp. 58-72.
[2] Anthony Bonato, Richard J. Nowakowski, The Game of Cops and Robbers on Graphs, vol. 61, American Mathematical Society, Providence, 2011.
[3] Anthony Bonato, Gary MacGillivray, Characterizations and algorithms for generalized cops and robbers games, Contrib. Discrete Math. 2 (2017).
[4] D. Berwanger, Graph games with perfect information, Unpublished Manuscript.
[5] Endre Boros, Vladimir Gurvich, Why Chess and Back Gammon Can Be Solved in Pure Positional Uniformly Optimal Strategies, Rutcor Research Report
21-2009, Rutgers University, 2009.
[6] K. Chatterjee, R. Majumdar, M. Jurdzihski, On Nash equilibria in stochastic games, in: International Workshop on Computer Science Logic, Springer,
Berlin, Heidelberg, 2004, pp. 26-40.
[7] Hugh Everett, Recursive Games, Contributions to the Theory of Games, vol. 3, 1957, pp. 47-78.
[8] J. Filar, K. Vrieze, Competitive Markov Decision Processes, 1996.
[9] A.M. Fink, Equilibrium in a stochastic n-person game, ]. Sci. Hiroshima Univ., Ser. Al (Mathematics) 28 (1) (1964) 89-93.
[10] M. Foley, W. Schmitendorf, A class of differential games with two pursuers versus one evader, [EEE Trans. Autom. Control 19 (3) (1974) 239-243.
[11] Aviezri S. Fraenkel, Combinatorial Games: Selected Bibliography With a Succinct Gourmet Introduction, 1996.
[12] G. Hahn, G. MacGillivray, A note on k-cop, [-robber games on graphs, Discrete Math. 306 (2006) 2492-2497.
[13] R. Isaacs, Differential Games: A Mathematical Theory With Applications to Warfare and Pursuit, Control and Optimization, Courier Corporation, 1999.
[14] Athanasios Kehagias, Generalized cops and robbers: a multi-player pursuit game on graphs, Dyn. Games Appl. (2018) 1-24.
[15] Athanasios Kehagias, Dieter Mitsche, Pawet Pratat, Cops and invisible robbers: the cost of drunkenness, Theor. Comput. Sci. 481 (2013) 100-120.
[16] Athanasios Kehagias, Dieter Mitsche, Pawel Pratat, The role of visibility in pursuit/evasion games, Robotics 3 (2014) 371-399.
[17] Ath Kehagias, G. Konstantinidis, Selfish cops and passive robber: qualitative games, Theor. Comput. Sci. 680 (2017) 25-35.
[18] R. Mazala, Infinite games, in: Automata, Logics and Infinite Games, Springer, Berlin, Heidelberg, 2002, pp. 23-38.
[19] Georgios Konstantinidis, Ath. Kehagias, Simultaneously moving cops and robbers, Theor. Comput. Sci. 645 (2016) 48-59.
[20] Jean-Frangois Mertens, Stochastic Games, Handbook of Game Theory With Economic Applications, vol. 3, 2002, pp. 1809-1832.
[21] John E. Nash, Equilibrium Points in n-Person Games, Proceedings of the National Academy of Sciences, vol. 36, 1950, pp. 48-49.
[22] R. Nowakowski, P. Winkler, Vertex-to-vertex pursuit in a graph, Discrete Math. 43 (2-3) (1983) 235-239.
[23] Richard ]. Nowakowski (Ed.), Games of No Chance, Cambridge University Press, 1998.
[24] Alain Quilliot, These de 3e cycle, Université de Paris VI, 1978, pp. 131-145.
[25] S. Talebi, M.A. Simaan, Multi-pursuer pursuit-evasion games under parameters uncertainty: a Monte Carlo approach, in: System of Systems Engineering
Conference (SoSE), IEEE, June, 2017, pp. 1-6.
[26] E. Thuijsman, T.E.S. Raghavan, Perfect information stochastic games and related classes, Int. J. Game Theory 26 (3) (1997) 403-408.
[27] N.T. Tynyanskii, V.I. Zhukovskii, Nonzero-sum differential games (the noncooperative variant), J. Sov. Math. 12 (1979) 759-798.
[28] Nicolas Vieille, Stochastic Games: Recent Results, Handbook of Game Theory With Economic Applications, vol. 3, 2002, pp. 1833-1850.


http://refhub.elsevier.com/S0304-3975(19)30131-8/bib416C766172657A32303131s1
http://refhub.elsevier.com/S0304-3975(19)30131-8/bib416C766172657A32303131s1
http://refhub.elsevier.com/S0304-3975(19)30131-8/bib626F6E61746F32303131s1
http://refhub.elsevier.com/S0304-3975(19)30131-8/bib626F6E61746F32303137s1
http://refhub.elsevier.com/S0304-3975(19)30131-8/bib626F726F7332303039s1
http://refhub.elsevier.com/S0304-3975(19)30131-8/bib626F726F7332303039s1
http://refhub.elsevier.com/S0304-3975(19)30131-8/bib636861747465726A656532303033s1
http://refhub.elsevier.com/S0304-3975(19)30131-8/bib636861747465726A656532303033s1
http://refhub.elsevier.com/S0304-3975(19)30131-8/bib6576657265747431393537s1
http://refhub.elsevier.com/S0304-3975(19)30131-8/bib66696C617231393936s1
http://refhub.elsevier.com/S0304-3975(19)30131-8/bib66696E6B31393633s1
http://refhub.elsevier.com/S0304-3975(19)30131-8/bib666F6C657931393734s1
http://refhub.elsevier.com/S0304-3975(19)30131-8/bib667261656E6B656C31393936s1
http://refhub.elsevier.com/S0304-3975(19)30131-8/bib4861686E32303136s1
http://refhub.elsevier.com/S0304-3975(19)30131-8/bib69736161637331393635s1
http://refhub.elsevier.com/S0304-3975(19)30131-8/bib6B6568616769617332303138s1
http://refhub.elsevier.com/S0304-3975(19)30131-8/bib6B6568616769617332303133s1
http://refhub.elsevier.com/S0304-3975(19)30131-8/bib6B6568616769617332303134s1
http://refhub.elsevier.com/S0304-3975(19)30131-8/bib6B6568616769617332303136s1
http://refhub.elsevier.com/S0304-3975(19)30131-8/bib6D617A616C6132303032s1
http://refhub.elsevier.com/S0304-3975(19)30131-8/bib6B656861676961733230313661s1
http://refhub.elsevier.com/S0304-3975(19)30131-8/bib6D657274656E7332303032s1
http://refhub.elsevier.com/S0304-3975(19)30131-8/bib6E61736831393530s1
http://refhub.elsevier.com/S0304-3975(19)30131-8/bib6E6F77616B6F77736B6931393833s1
http://refhub.elsevier.com/S0304-3975(19)30131-8/bib6E6F77616B6F77736B6931393938s1
http://refhub.elsevier.com/S0304-3975(19)30131-8/bib7175696C6C696F7431393738s1
http://refhub.elsevier.com/S0304-3975(19)30131-8/bib74616C65626932303137s1
http://refhub.elsevier.com/S0304-3975(19)30131-8/bib74616C65626932303137s1
http://refhub.elsevier.com/S0304-3975(19)30131-8/bib746875696A736D616E31393937s1
http://refhub.elsevier.com/S0304-3975(19)30131-8/bib74796E69616E736B6932303137s1
http://refhub.elsevier.com/S0304-3975(19)30131-8/bib766965696C6C6532303032s1

	Selﬁsh cops and active robber: Multi-player pursuit evasion on graphs
	1 Introduction
	2 Preliminaries
	3 Modiﬁed CR from a game theoretic point of view
	4 Three-player SCAR
	4.1 Existence of a positional NE
	4.2 Existence of non-positional NE
	4.3 Cop number, capturing and non-capturing NE

	5 N-player SCAR
	5.1 Preliminaries
	5.2 Existence of NE
	5.3 Cop number, capturing and non-capturing NE
	5.4 Selﬁsh cop number
	5.5 A connection between CR and SCAR

	6 Conclusion
	References


