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Abstract

In this paper we start with a lattice (X, V, A) and define, in terms of V, a family of crisp hyper-
operations LI, (one hyperoperation for each p € X). We show that, for every p, the hyperalgebra
(X,Up) is a join space and the hyperalgebra (X, L, A) is very similar to a hyperlattice. Then we use
the hyperoperations L, as p-cuts to introduce an L-fuzzy hyperoperation U and show that (X,U) is
an L-fuzzy join space and the hyperalgebra (X,U,, A) is very similar to an L-fuzzy hyperlattice.

AMS Classification: 08A72, 03E72, 06B99, 06D30, 20N20.

1 Introduction

In this paper we study a family of crisp hyperoperations, each of which gives rise to a join space; then
we use this family to synthesize a fuzzy hyperoperation which gives rise to a fuzzy join space. Let us
explain each of these terms and also present some brief bibliographic remarks.

Given a reference set X, a crisp! hyperoperation maps each pair of elements of X to a nonempty
subset of X. A hyperalgebra is a set X endowed with a hyperoperation. The most prominent example
of a hyperalgebra is a hypergroup; an extensive account of hypergroup theory appears in [3]. A join
space is a special type of hypergroup. Join spaces were introduced (with a geometric point of view) by
Prenowitz; a comprehensive account appears in [8, 20, 21]. Two particular hyperoperations which have
been the subject of extensive study are the so-called “Nakano hyperoperations”. These were introduced
in [2, 15, 18] and studied further in [1, 11, 14, 17]. The Nakano hyperoperations have many remarkable
properties, not least of which is that each of them gives rise to a join space.

In recent years there has been considerable interest in the connections between hyperalgebras and
fuzzy sets. One can distinguish two main approaches. The first approach defines crisp hyperoperations
through fuzzy sets. Examples of this approach are [4, 5, 6, 9, 24]. However, this approach will not
concern us here.

The second approach involves the definition and study of fuzzy hyperoperations. In analogy to a
crisp hyperoperation, a fuzzy hyperoperation maps a pair of elements of a set X to a fuzzy subset of
X. Corsini and Zahedi introduced some fuzzy algebraic hyperstructures in [7, 27, 28]. In particular,
[7] gives a general definition of fuzzy hypergroups. Kehagias has studied a particular example of fuzzy
join space in [10].

The rest of this paper is organized as follows. In Section 2 we summarize some basic concepts
which will be used throughout the paper. In Section 3 we start with a lattice (X,V,A), introduce
the family of crisp hyperoperations L, (one hyperoperation for each p € X) and show that for every
p the hyperalgebra (X, U,) is a fuzzy join space and the hyperalgebra (X,L,, A) is very similar to a
hyperlattice[13, 22, 23]. In Section 4 we use the hyperoperations L, as p-cuts to introduce a fuzzy

L«Cirsp” is used here in contradistinction to “fuzzy”; see below.



hyperoperation LI and show (X, L)) is a fuzzy join space and the hyperalgebra (X, LI, A) is very similar
to a fuzzy hyperlattice. Finally, in Section 5 we present some future research directions.

2 Preliminaries

In this section we present some basic definitions, notations and propositions (without proofs) which
will be used throughout this paper. In what follows (X, <,V,A)) will always denote a generalized
deMorgan lattice, defined as follows.

Definition 2.1 A generalized deMorgan lattice is a structure (X, <,V,A,"), where (X, <,V,A) is a
complete distributive lattice with minimum element 0 and mazimum element 1; the symbol’ denotes a
unary operation (“complement”); and the following properties are satisfied.

1. Forallz € X, Y C X we have A (Vyeyy) = Vyey (£ AY), 2V (Ayeyy) = Nyey (2 Vy). (Complete
distributivity).

2. For all x € X we have: (') = x. (Negation is involutory).
3. For all x,y € X we have: x <y =y <z'. (Negation is order reversing).
4. For allY C X we have (Vyeyy) = Nyevy', (Ayevy) = Vyeyy' (Complete deMorgan laws).

A “classical” set will often be called a crisp set, in contradistinction to a fuzzy or L-fuzzy set
(these will be defined presently). Obviously there is a 1-to-1 correspondence between sets and their
characteristic functions. We will use the following convention.

Notation 2.2 Given a crisp set A C X, its characteristic function will be denoted by g(m) Z(:):)
takes values in {0,1}.

Definition 2.3 A fuzzy set is a function A : X — [0,1], where [0,1] is an interval of real numbers.

Generally speaking an L-fuzzy set is a function A : X — L where (L, <) is some lattice. In the
context of this paper (L,<) will always be the original (X, <) deMorgan lattice. The fact that the
domain and range of A are the same lattice does not create any problems.

Definition 2.4 An L-fuzzy set is a function A:X > X.

Since in this paper we do not deal with fuzzy sets in the sense of Definition 2.3, we will sometimes
use the shorter term “fuzzy set” in place of “L-fuzzy set”. Note that a crisp set A or, more precisely,
the corresponding characteristic function A(z) can be seen as a special case of L-fuzzy set, since

A: X —{0,1} C X.

Notation 2.5 The collection of all crisp subsets of X is denoted by P(X) (the power set of X); the
collection of all L-fuzzy sets (i.e. functions A: X — X ) is denoted by F(X).

Definition 2.6 Given a L-fuzzy set A: X > X, the p-cut of A is denoted by A, and defined by
A, ={x: A(z) > p}.

For basic properties of p-cuts see [10, 19]. Two important facts are (for details see [19]):

1. a fuzzy set A s uniquely specified by the collection of its p-cuts {Ap}pe x5



2. given a collection of sets that have the “p-cut properties”, a fuzzy set can be synthesized from
this family.

These facts are easily generalized to L-fuzzy sets and can be described by the following propositions.

Proposition 2.7 Suppose that the L-fuzzy sets ﬁ, Be F(X) satisfy A, = B, for every p € X. Then
A=B.

Proposition 2.8 Suppose that a family of crisp sets {Mpy}
following (p-cut properties).

vex © P(X) is given which satisfies the
1. My=X.
2. Gwen p,q € X we have: p < q = M, C M,.

3. Given P C X we have: Npepyrp = Myp.

Now define the L-fuzzy set A by its value for every x € X: Z(m) =V {p:x € M,}. Then for every
p € X we have Ay, = M,.

Definition 2.9 For all Z,E € F(X) define the L-fuzzy set AUB by specifying its value for every
reX: o B _
(AU B)(z) = A(x) V B(z);

define the L-fuzzy set ANB by:

(AN B)(z) = A(z) A B(z);
define the L-fuzzy set A’ by:
~ ~ !/
A(z) = (A(w)) .
Notation 2.10 For all A, B € F(X) we write A C B iff for all x € X we have A(z) < B(x).
Proposition 2.11 For all A Be F(X): ACB iff for all p € X we have A, C By,
Proposition 2.12 C is an order on F(X) and (F(X),C,U,N,) is a generalized deMorgan lattice.

Notation 2.13 For all A, B € P(X) we write A~ B iff AN B # (). For all ABeF(X)andpe X
we write A ~p B iff 3z € X : A(x) A B(z) > p.

It is clear that the symbols U, N,” when applied to fuzzy sets play the same role (union, intersection,
complement) as when applied (in the standard manner) to crisp sets; indeed if A, B € P(X) then the
characteristic functions ﬁ B are a special case of L-fuzzy set and AU E AN E Al correspond to the
same sets as AU B, AN B, A'. In the fuzzy set literature it is usual to denote fuzzy-set union by
AV B and fuzzy-set intersection by ANB. However, as will be explained now, in the current paper
the interpretation of the symbols V, A is quite different . Recall that

1. a (crisp) operation o maps a pair of elements to an element: o : X x X —X;
2. a (crisp) hyperoperation o maps a pair of elements to a crisp set: o : X x X — P(X);

3. an L-fuzzy hyperoperation o maps a pairs of elements to an L-fuzzy set: o : X x X— F(X).



Note that if o is an L-fuzzy hyperoperartion then a o b is a function; we will often use the notation
(aob)(z) (i.e. the value of a ob at the point x).

The most general of the above concepts is that of L-fuzzy hyperoperation: a crisp hyperoperation
can be seen as a special case where the L-fuzzy set becomes a crisp set; a crisp operation can be seen
as an even more special case where the crisp set becomes a singleton. Now, given some o (crisp/fuzzy
operation/hyperoperation) we will often need to apply o to sets rather than elements. The basic
definition is the following.

Definition 2.14 Let o: X x X — F(X) be a L-fuzzy hyperoperation (hence aob is a fuzzy set, i.e. a
function ).

1. Forallz e X, A€ F(X) we define the L-fuzzy set x o A by

(20 A)(2) = Vyex (Aly) Al 0 p)(2)])

2. For all A,B € F(X) we define the L-fuzzy set AoB by
(Ao B)(2) = Vaexyex {A(x) A By) Alwoy)(2)]} -

As will be argued, the following definitions are special cases of Definition Definition 2.14.
Definition 2.15 Let o: X x X — P(X) be a crisp operation.

1. Forallz € X, A€ P(X) we define the crisp set 0 A = Uyca{zoy}.

2. For all A, B € P(X) we define the crisp set Ao B = Ugecayep {2 oy}
Definition 2.16 Let o: X x X — P(X) be a crisp hyperoperation.

1. Forallz € X, A € P(X) we define the crisp set z 0 A = Uycaz o y.

2. For all A, B € P(X) we define the crisp set Ao B = Uz yeBT 0 Y..
Definition 2.17 Let o: X x X — P(X) be a crisp hyperoperation.

1. Forallz € X, A € F(X) we define the L-fuzzy set zo A by

(2 0 A)(2) = Vyex (Aly) A lwon)(2)])

2. For all A,B € F(X) we define the L-fuzzy set Ao B by
(Ao B)(2) = Vaexyex { Alw) A Bly) Az oy)()]}
(Where (x o y)(z) is the value of the characteristic function of z oy at z.)

Definition 2.14 subsumes the remaining ones as special cases. For example, the case of a crisp
hyperoperation o can be seen as a special case in Definition 2.14: i.e. for all z,y,z € X we have that
(x oy) (2) (the characteristic function of the crisp set z oy = {2 : (xoy)(z) > 0}) is either 1 or 0.
Similarly, if A is the characteristic function of the crisp set A, then

(204) () = Vyex (Aw) All0w)(2)]) = Vyzeay Alw)

is the characteristic function of the crisp set x 0 A = Uycax 0 y.
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3 A Family of Crisp Hyperoperations

3.1 Definition and Properties

We start our investigation by recalling the definition of the Ll hyperoperation.

Definition 3.1 For every p € X we define the hyperoperation Ly : X x X — P(X) as follows:
Ve,ye X izxlhy={z:a2Vy=aVz=yVz}

The above hyperoperation was first introduced by Comer in [2]. However, the dual hyperoperation
defined by z My ={x: 2 Ay =2 Az=yA z} was introduced earlier by Nakano [18]. Hence we refer
to both L; and Mjas the “Nakano hyperoperations”. The reason for the use of the subscript 1 will
become obvious in the sequel. The following properties of Ll; have been established by several authors.

Proposition 3.2 For all x,y,z € X the following hold.
1. x e x Uy x.

rlhy=ylhx

X =zlh X

(xlhy)liz=xlh (yl; 2).

AR

ze(xhy Ae, z € (zAy) Lz

0. z<y&szexly.

Proof. 1 and 2 are obvious; 3 follows from 1; 4 has been proved by Comer [2]; 5 and 6 have been
proved by Mittas and Konstantinidou [16] . =

Now we generalize L} by defining a family of hyperoperations L, (one hyperoperation for each
p € X). Note that in the following definition using p = 1 we recover the Ll; hyperoperation of
Definition 3.1.

Definition 3.3 For every p € X we define the hyperoperation L, : X x X — P(X) as follows:
Ve,ye X txlpy={z:aVyVvp =zVvzVvp =yVvzVp'}

The following proposition gives two properties of LI, which will be very useful in the sequel. The
proof is immediate, hence omitted.

Proposition 3.4 For every p,x,y,z € X we have:
1. zeaxlUpyys zVp €xlpy.
2. xlpy=(@Vp)Uy(yVvp)=(xVvp)u(yVvp).
The next proposition shows that x LI, y is a closed interval.

Proposition 3.5 For all z,y,p € X there exists some a € X such that x U,y = [a,zVyVp].



Proof. Choose any x,y,p € X . First let us show that x L,y is a convex sublattice. Indeed, taking
any z,u € x L, y we have

zVyvVp =xzVvzVvp =yVvzVvy zVyVp =xzVzvuVvp =yVzVuVy
xVyvp =zVuvp =yVuVyp zVyvVp =zV AW VY =yV(zAu)Vp

which implies that 2 Vu € x U,y and 2z Au € x U, y. Hence x LI, y is a sublattice. To show convexity,
take any z,u,w such that z <u <w and z,w € z U, y. Then

xVpr/:$Vsz':yVZVp/:>
x\/y\/u\/p/zm\/z\/u\/p/:y\/z\/u\/p/:>
zVyvuVvyp =zVuVvp =yVuVvy (1)

and

a:\/y\/p’:w\/w\/p':wa\/p’é
ac\/y\/u\/p’::1:\/y\/w\/u\/p':y\/w\/u\/p’:>
zVyVvVuVvp =zVwVvp =yvwVvp =xzVvyVvy. (2)

Combining (1) and (2) we obtain zVyVp =z VuVp =yVuVp' which shows that v € x U, y. Next
we show that x L, y contains its infimum and supremum. We have

VzexlUpy:azVyVvp =zvavp =zvyvyp =
xVpr’:/\zewupy (z\/:v\/p') = Nzeal,y (z\/y\/p') =
:17\/y\/p': (/\Zexupyz) \/:c\/p': (/\Zempyz) \/y\/p':>
/\Zexupyz cxrly

Similarly we can show V.eqzu,y2 € @ U, y. Hence, letting a = A.cai,yz, b = Veea,y?, we have
zUpy = [a,b]. Now, since x Vy Vp' € Ly, we have z VyV p' <b. On the other hand b € z L,y and
soxVyVp=xzVvbVvp=yVvbVvp >b Henceb=xzVyVvy. m

Corollary 3.6 For all z,y,z € X we have: x <y = (Yw € x U, 2z : Ju € yU, z such that w < u).

In Definition 3.7 we introduce a family of relationships between elements of X; as stated in Propo-
sition 3.8, each of these relations is a preorder (the proof is immediate and hence omitted).

Definition 3.7 For all z,y,p € X we write:
1. z<,y (andy >pz) iff aVp <yVyp.
2. x=py iffavp =yVyp.

Proposition 3.8 For allp € X: <, is a preorder on X and =, is the associated equivalence relation
(ie. c=py < (r <,y andy <, x)).

Proposition 3.9 summarizes the basic properties of LI, and hence is analogous to Proposition 3.2.
Proposition 3.9 For all x,y,z,p € X we have:

1. x € xU,mx;



rUpy=ylUpx;
X =z, X;
(xUpy)Upz=aU, (yUp2);

re(zUpy) Nz, x € (xNy)Upx;

S = e

y<prsrexlyy.

Proof. 1 and 2 are obvious. For 3, clearly we have z LI, X C X. On the other hand, take any
zeX. ThenzV (zVz)Vp=aVzVp=(xVz)VzVy, hence z € z U, (zVz) CxU,X.

For 4 take any u € (x Uy, y) U, z; then there exists w € z L, y such that v € wl, 2. But w € z U, y
implies w VvV p' € (x Vp ) U (yVp') and v € w U, z implies u € (w V p') Uy (2 Vp') .Now

U (w\/p') L1 (z\/p’
((zvp) L (y V)t (2 V)
(zvp)ur ((y V') Ui (2 VD))
= Upeyiy,z (V') U1 v
= Uyeyu,= (V') Uy (v Vp')

U

veylyzT Up v =z L) (yUp 2).

N m

So we have shown (x U, y) U, 2 C 2 U, (y Up 2). Similarly we show z L, (y Uy z) C (2 Uy, y) L, 2 and we
have proved 4.

For 5 we have = ((z Vp')V(y V) Az e (VP )i (yVp')) Az = (xUpy) Az. Also
(xAy)VaVvp = (xAy)VaVvp = zvaVvy
and hence z € (z Ay)Upz. For 6, we have z € U,y & zVyVp'=zVaVp'=yVeVvy < yvp <zVvp

sy<, .’ m
Next we show that x LI, y has (for every z,y,p € X) the p-cut properties.

Proposition 3.10 The following properties hold for all x,y,p,q € X, P C X.
1. xUpy = 1[0,1].
2.p<qg=xUyy Caoly,y.
3. xUpvgy = (x Upy) N (x g y); more generally x Uyp y = Npep ( Uy y).
Proof. 1 is obvious. For 2: p < ¢ = ¢ <p'. Now

zexlgy=
x\/y\/q’:x\/z\/q’:y\/z\/q’é
a:\/y\/q’\/p’:x\/z\/q'\/p':y\/z\/q’\/p’:>
:1:\/y\/p’::1:\/z\/p':y\/z\/p':>
zexllpy.

2We have also: y<z =z € Up y; but the reverse implication generally does not hold.



Regarding 3 we will prove the (more general) part:  Lyp y = Npep (z U, y). Take any P C X.
Since for every p € P we have p < VP, it follows from 2 that: Vp € P : 2 Uypy C x U, y. Hence
zUypy C Npep (z Uy y) . On the other hand

2 €Mpep (zUpy) =

VpeP:zeaxl,y=

VpeP:axVyvp =xzVvzVvp =yvzvp =
/\pep(x\/y\/p’) :/\pep(m\/z\/p’) :/\pep(y\/z\/p') =
x\/y\/(/\pepp') =xVzV (/\pepp') =yVzV (/\pepp') =
VYV (Vpepp) =2V 2V (Vperp) =y V 2V (Vperp) =

zexlUypy

(where we have used complete distributivity and the fact that Apepp'= (Vpepp)'= (VP)'). Hence
Mpep (x Uy y) € 2 Uyp y and the proof is complete. m

Corollary 3.11 For all z,y € X , {z U, y}peX s a closure system and ({:L’ Llp y}peX U, N, Q) s a
lattice (where (x Ly y) U (zUgy) = Oralpy Callyy,alpyCaley (z Ury))

Distributivity between Ll,, A and V holds in a weak sense. We first cite Proposition 3.12 which
regards Ll and has been proved in [14]. Then, in Proposition 3.13 we generalize the weak distributivity
properties to L.

Proposition 3.12 For all x,y,z € X the following properties hold.
1.zAN(yUrz) C(xAy)Up (A z).
2.zV(yUiz) C(xVy) L (zVz).
3. (zlhy)V(rUiz) Caxly (yVe).

Proposition 3.13 For all x,y,z,p € X the following properties hold.
1.z N (yUpz) C(xAy) Uy (xAz).
2. xV(yUpz) C(zVy) Uy (zV2).
3. (xUpy)V(zUyz) Caly,(yVe).

Proof. For 1:



Similarly, for 2:

x\/(yl_lpz):a:\/((y\/p’) Ly (z\/p’))
- (:):\/y\/p’) Ly (w\/z\/p')
=(xVy Uy (zVz).

Similarly, for 3:
(xUpy) V (zU,2)
= ((zvp) i (yvr)) v ((zvy)u (V)
C (zvp) ((yvr) Vv (zVr))

= (x\/p') Ly (y\/z\/p')
=zl (yVz).

Corollary 3.14 For all z,y,z,p € X we have: y < z= (xU,y)V (x Up2) C z L, 2.

3.2 A Family of Crisp Join Spaces

In this section we put together the results of Section 3.1 to show that for every p € X the hyperalgebra
(X,U,) is a join space in the sense of Prenowitz and Jantosciak [20, 21].

Proposition 3.15 For all p € X, (X,U,) is a commutative hypergroup with 0 being its neutral
element. In other words, the following hold for all x,y,z € X.

1. zU, X = X.
2. vUpy =yl
3. (xUpy)Upz=aU,(yUy,z2).

4. r€exl,0,0€xl,m.

Proof. 1, 2 and 3 have been proved in Proposition 3.9. To verify 4, simply note that x V0V p'=
zVaxzVp=0VzVpandthat zvVzVp=2zVvVOVp=2zvOVy. =

Remark. If we call the element y an opposite of  when 0 € x LI, y, then 0 € x LI,  indicates that
x is “auto-opposite”. However, note that x has many opposite elements, i.e. in general there exist y’s
such that 0 € z U, y and = # y. In particular, we have 0 e z U,y © yVp' =z V.

Proposition 3.16 For all z,y,z,p € X we have:
zexllpyesreylpzeoyezlye.
Proof. We only show that z € 2 U,y <z € yUp 2. Indeed: z ez, y & zVyVp =azVzVvy =
yVzVp erecyl,z m

If we consider L, to be a join hyperoperation, then we can define the corresponding extension
hyperoperation /, in the standard manner of the theory of join spaces.



Definition 3.17 For every p € X we define the hyperoperation /, : X x X — P(X) as follows:
z/py={z:zecylyz}.
Proposition 3.18 For all z,y,p € X we have x/,y = U, y.

Proof. Obvious by Proposition 3.16. =
The next proposition establishes that the pair U,, /, is a join-extension pair in the sense of the
theory of join spaces. (3) is the so-called transposition property.

Proposition 3.19 For all z,y,z,u,p € X, we have
(@/py) ~ (z/pu) = (xUpu) ~ (zUpy). (3)
Proof. In light of Proposition 3.18, (3) is equivalent to
(Upy) ~ (zUpu) = (zUpu) ~ (2 Upy). (4)

Choose any z,y, z,u,p € X. If (x U, y) ~ (2 Up u) then there exists some w such that w € z L, y and
w € z Uy u. Then

wezlpyy=>ycaxlywCzl,(zU,u) =zU, (zU,u)
= (verlpu:yezl,v)
= (vexlpu:vezlyy)
=ve(zlyu)N(zUyy)
= (zUpu)N(zUpy) # 0.

Hence (zUpu)~ (zUpy). m
In light of Propositions 3.15 and 3.19, the next corollary follows immediately.

Corollary 3.20 For every p € X, (X,LU)) is a join space.

Here are some additional propositions regarding the family of subhypergroups of (X, L).
Proposition 3.21 For every x,y,p € X we have:

l.zexlpr=>z€(xVy) U, (xVy).

2. (zUpz)N(yUpy) € (zVy) Uy (zVy).

Proof. For 1 note that z €z, z = 2 <z <zVyVp =z € (zVy)U, (xVy). For 2, take any
z€ (xUpx)N(yUpy). Then

z2<zVyp

s <yvy }:>z§:z\/y\/p/:>z€(a:\/y)l_lp(:c\/y).

]
Proposition 3.22 For every x,y,p € X :

1. (xUpz)N(yUpy) is a join subspace of (X,Ly);
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2. xUpx is a join subspace of (X,Lp).

Proof. We prove 1 (obviously 2 is a special case). Clearly (zU,y) ~ (zUp,y) hence (from
Proposition 3.19) (z Uy, ) ~ (y Up y) as well. Take any 21, 22 € (x Up ) N (y Up y). Then

a<aVvp,a<yvp,m<azvp,zm<yvp.
Now take any w € 21 Uy, 2. We will have

Zl\/ZQ\/p/:w\/Zl\/p,:’w\/ZQ\/p/

N w<z1VaVpy <zvpy=wezl,z
w<znVaVpy <yvpy=wecylpy

=swe(zlpyz)N(yUpy).

Hence (x U, ) N (y Uy y) is closed with respect to L.
Furthermore, for any z € (x U, x) N (y Uy y) we will show

((ZUpz) N (yUpy)) Upz = (xpz) N (yUpy). (5)
Indeed, take any w € (z U, ) N (y Uy y), then from closedness with respect to LI, we obtain

wlyz C (zUpz) N (yUpy) =
((z Up z) N (y Up Y)) Up 2 = Upe(aL,a)n(yuyy) W Up 2 C (x Up )N (y Lp y). (6)

On the other hand, take any v € (z U, z) N (y U, y); we have

ze€(xUpz)N(yUpy)
we (zly )N (y Uy y) =zVue (xU,z)N(yUyy)
and z € (zVu) U,z C ((xUpx) N (yUpy)) Uy 2. Hence

(zUpx) N (yUpy) € ((xUpx) N (yLpy)) Up 2. (7)

From (6) and (7) we obtain (5) and we conclude that (x U, z) N (y U, y) is a subhypergroup of (X, L,).
It is also a join subspace, since /, = L, possesses the transposition property and (z U, z) N (y U, y) is
closed with respect to /,. =

Proposition 3.23 For every z,y,p € X we have: (xU,2)V (yUp,y) C (zVy)U, (zVy).

Proof. Take any z € (z U, x) V (y Lp y), then there exists some w € x L, x and some u € y L, y
such that z = w V u; since w < zVp' and u < y V p' it follows that 2 = wVu < zVyVp' and so
ze(xzVy Up(zVy). m

3.3 A Family of Crisp “Almost-HyperLattices”

Let us also make some brief remarks about the hyperalgebra (X, U,, A, <,). The following proposition
summarizes its properties.

Proposition 3.24 For all x,y,z,p € X the following hold.

l.x=xNw,ve€rl)r.
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2. v Ny=yNz, zUpyy =yl

3. (xhy)Nz=xzN(yAz), (xUpy)Upz =z, (yUp,2).
4. €(xlUpy) Nz, z € (zAy) Uy,
byseesrx=xAhNy,y<presrvecrlyy.

Proof. The first parts of 1-3 and 5 are classical; 4 as well as the second parts of 1-3 and 5 have
been proved in Proposition 3.9. m

Mittas and Konstantinidou defined hyperlattices in [13] as hyperalgebras which satisfy five axioms?.
Four of these axioms are identical to properties 1-4 of Proposition 3.24. The fifth axiom in [13] is similar
to property 5 of Proposition 3.24, but involves an order relation. Hence (X,U,, A, <p) (which involves
the preorder <,) is “almost” a hyperlattice. Similarly to hyperlattices, (X, U,, A, <) possesses many
properties which are analogous to classical lattice properties. A complete study of (X,U,, A, <p) will
be presented elsewhere; here we only give one property which is analogous to a classical property of
distributive lattices.

Proposition 3.25 For all z,y,z,p € X we have

rUpz=9ylUpz

=zVp =yVvyp.
TNZ=YyNZz } Tve yvp

Proof. We have seen that there exist a, b such that L,z = [a,2VzVp'] and yL,z = [b,yVz V']
Hence x VzVp'=yV 2z Vp'. Also, since zAz=yAzwe have (x A2)Vp = (yAz)Vp. Then we get

)
)

(ﬂs\/p')\/(z\/p’) = (y\/p')\/(z

Vp
(x\/p’)/\(z\/p/) = (y\/p/)/\(z\/p

and so z Vp' =y Vv p' by distributivity. =

4 The L-Fuzzy Nakano Hyperoperation

4.1 Definition and Properties

We now proceed to synthesize the L-fuzzy hyperoperation U using the crisp hyperoperations Ll, as its
p-cuts. We will use a form of the classical construction presented in Section 2.

Definition 4.1 For all x,y € X we define the L-fuzzy set x Uy by defining for every z € X:
(zUy)(2) =V{g: 2z € zUgy}. (8)
Proposition 4.2 For all z,y,p € X we have: (zUy), =z U, y.
Proof. This follows from Definition 4.1 and Proposition 2.8. =

Proposition 4.3 For all z,p € X, for all A,B € F(X) we have:

1. z U, A, C (xl_lg) ;
P

3This axiomatic definition was intended to generalize the classical lattice concept. Further work on hyperlattices
appears in [22, 23] and several other places.
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2. A, U, B, C (ﬁué)p.

Proof. For 1, suppose y € x LI, A, then there exists some z € A, such that y € x Ll z = (z U z)p.
Hence A(z) > p and (z U 2) (y) > p. Now

(wﬁ) (4) = Vaex (E(G)A(aux)@)) > A AU (Y) >p=ye (xuﬁ)p

and we have proved 1.
For 2, suppose y € A, U, By, then there exist x € A, and z € B, such that y € z U, z = (z U z)p.

Hence A(z) > p, B(z) > p and (z U z) (y) > p. Now

(qué) () = Vapex (Z(a)AE(b)A(aub)(y)) >A@ABE) AU (@) >p=ye (ﬁué)p

and we have proved 2. ®m
Proposition 4.4 For all x,y,z,p € X we have:
(zUy) (z) 2pe (zUy) (V) 2p & (V) U VD)) (2) > p.

Proof. (zUy)(2) >pezcalyy e 2zVp exlpyy < (zUy) (2Vp) > p. Also, (zUvy) (2) > p <
ze€xlhye ze(@Vp)U, (yVvp) e ze((@vp)uyvp)),e (v )u(yVvy))(z) >p =

Proposition 4.5 For all x,y,z,u € X we have:
lLLuezlhy= (zUy)(u) =1.
22uc(zthyAz= ((zUy)Az)(u)=1

Proof. 1 is immediate. For 2, take any u € (z U; y) A z. Then there exists some w such that
w € x Uy yand u=wA z. Then

((zUy) A z) (u) = Veex ((zUY) (v) A (v A 2) (1) = Vow=unz (U y) (v) = (zUy) (w) = 1.
|
Proposition 4.6 For all z,y,p € X the following hold.
1. (1uz)(1)=1; (0Ux)(z) =1; (zUx) (z) = 1.
2. (zUy) (@Vy) =1; (zAy)Uz)(z) =1; (zUy) Az) (z) = 1.

Proof. Regarding 1, by the first part of Proposition 4.5 we have: (1Uz) (1) =1 (because 1 € 1L z);
(OUz) (z) =1 (because z € 0L z); (x Ux) (z) =1 (because = € z L x).

Regarding 2, by the first part of Proposition 4.5 we have: (zUvy)(x Vy) = 1 (because x Vy €
xlUy); (xAy)Uz)(x) =1 (because z € (x Ay) Ly ). Also, by the second part of Proposition 4.5
(xUy)Az)(x) =1, because z € (zLhy)Az. m

Proposition 4.7 For all z,y,z,p € X the following hold.

1. (zUx) (z)=1.
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rUy=yUx

rUX =X,

rlpylyzC(zU(yU2)),N((zUy)Uz),

A

y<pz e (zUy)(z) = p.
Proof. 1 has been proved as part of Proposition 4.6. 2 is immediate. For 3, take any u € X, then

(20 X) (W) = Vyex (@Uy) (w) = (U (2 V) (u) =1

since u € z U (x V u). Hence (1: U )Z') (u) =1 = X (u). For 4 take any u € z Lp y Uy 2. Then there
exists some w such that w € y U, z and u € z U, w. Now

uezlpwCaly(ylyz) =zl (yUz), C (zU(yUz2)),

(from part 1 of Proposition 4.3). Hence z L, y Uy 2 C (zU(yUz2)),. In similar manner we show
zlUpylyz C ((xUy)Uz2), and we have proved 4. For 5: y <, v &z € v,y = (zUy), &

(zUy)(z) =p. =

Remark. Property 4 of the above proposition is similar to the weak associativity of H, structures
[12, 25, 26]. Indeed, for every p € X we have (zU(yUz)), ~ ((zxUy)Uz2), and so z U (yUz) ~p
(xUy) Uz

We continue with some distributivity properties.

Proposition 4.8 For all x,y,z € X the following properties hold.
1.zA(yUz)C(zAy)U(zAz).
2. xV(yUz)C(xVy U(xVz).
3. (zUy)N(zlz) CaxU(yVz).

Proof. To prove 1, take any w € X and define s = (z A (yU2)) (w), t = ((z Ay) U (z A 2)) (w).
Then

s = Viex ((y U 2) (0) A (z AD) (w)) = Viep (y U 2) ()
where B = {b: w = x A b}. Now, for every b € B let s, = (y U z) (b). Then s = Vipepsp. Hence

VbeB:beyl,, z =

VoeB:bAz=we (yUs, 2) Nz C(yAz)Uy, (2 AT) =

VoeB:sy < ((yhz)U(zAz))(w)=t= Vpepspy <t =
(zA(yU2)) (w) < ((zAy)U(zA2)) (w)

which completes the proof of 1.
Similarly, for 2,take any w € X and define s = (z V (y U 2)) (w), t = ((z Vy) U (z V z)) (w). Then

s = Viex ((y U 2) (0) A (x V) (w)) = Viep (y U 2) ()
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where B = {b: w =z V b}. Now, for every b € B let s; = (y U 2) (b). Then s = Vyecpsp. Hence

Vbe B:bcyll, z =
VoeB:bVex=we (yUs, 2) Ve C(yVa)ls, (2Vz)=
Vbe B:s, < ((yva)U(zVa))(

(zV(yUz))(w) <((zVy)U(zVz))(w)

w):tivbeBSbgti

which completes the proof of 2.
Finally, for 3 to be true we must have for every w € X

(zUy) (w) A(zU2) (w) < (zU(yV2)) (w).
Define r = (zUy) (w), s=(xUz2) (w), t =(xU(yV 2))(w). Then

werl,yCxlpsy =y €xlpsw

wexTUrz2CxlUps 2 =2 €T Uppsw

hence y V z € z Upps w which implies w € x Upps (y V 2). But then ¢t = (z U (y V 2)) (w) > r As and 3
has been proved. m

4.2 An L-Fuzzy Join Space

Proposition 4.9 (X,U) is a L-fuzzy commutative hypergroup, with neutral element, i.e. for all
x,y,z € X the following hold.

1. zUX =X.
2. xUy=yUz.
S xlpylpzC(zU(yUz)),N((zUy)Uz),.
4. (zU0)(z) = 1.
5. (xUx)(z) =1

Proof. 1, 2 and 3 have been proved in Proposition 4.7. 4 and 5 have been proved in Proposition
4.6. m

Proposition 4.10 For all z,y,z € X we have:.
(zUy)(2) 2pe (yUz)(z) 2p e (2Ux)(y) = p.

Proof. (zUy)(z) >pezecaxlpye xzcyl,ze (yUz)(x) > p. The second equivalence is
proved similarly. m

We can define the L-fuzzy hyperoperation / to be the one which has p-cuts the hyperoperations /,,.
If we consider U to be a join hyperoperation, then / is the corresponding eztension hyperoperation as
usually defined in the theory of join spaces.

Definition 4.11 The L-fuzzy hyperoperation / is defined in terms of the /p, hyperoperations, as follows:
forall x,y,z € X : we set

(x/y) () =V{p: 2z €x/py}.
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Proposition 4.12 For all x,y,p € X we have (x/y)p =x/py=1xlpy.

Proof. That (z/y), = x/py follows from Definition 4.11; that x/py = x L, y has been proved in
Proposition 3.18. m

Corollary 4.13 For all z,y € X we have x/y = x U y.
Proposition 4.14 For all x,y, z,u,p € X, the following holds.
(@/y) ~p (z/u) = (xUu) ~p (yU 2). (9)
Proof. Similarly to the crisp case, (9) is equivalent to
(1) ~p (zUw) = (z L) ~p (yU2).

Now, if (z U y) ~p (2 Uu) then (z Uy), ~ (2 Uu),. Hence there exists some w such that (z Uy) (w) > p
and (z Uwu) (w) > p, which means w € (z U, y) N (2 Up u). Then

(xUp ) ~ (zLpu) = (@ Lpu) ~ (y Uy 2) = (@ L), ~ (yU2), .

and the proof is complete. =
Let us now give the definition of an L-fuzzy p-join space. This definition is based on the previously
mentioned definition of hypergroup [7] with the addition of a form of the extension property.

Definition 4.15 Given a L-fuzzy hyperoperation o : X x X — F(X), the hyperstructure (X, o) is called
L-fuzzy p-join space if it is a commutative L-fuzzy hypergroup and also satisfies for all x,y, z,u,p € X
the property:

TLY ~p ZlUu = TOU~pYOZ,

where zly = {z:x € zoy}.

In light of Propositions 4.9 and 4.14, the next proposition follows immediately.
Proposition 4.16 (X,L!) is an L-fuzzy p-join space.

Here are some additional propositions regarding the family of subhypergroups of (X, L/).
Proposition 4.17 For every x,y € X we have:

I.zUx C(zVy U(zVy).

2. (zUz)N(yUy) C(zVy) U(xVy).

Proof. Take any p € X and any z € x Uy z, then zVaVp =z Vp = zvaeVvyVvp =zvyVvy.
Hence z € (z Vy) U, (z V y) and so

(zUz), =xUpr C(zVy) Uy (xVy)=((zVy)U(zVy)),.

p

Since the above holds for every p € X, we have proved 1. In similar manner we show (y LI y)p C
((zVy)U(zVy)), Hence for every p € X we have

(zuz)N(yuy)), = (zuz),N(yUy), C(xVy) Uy (Vy) = ((zVy)U(Vy)),;

since the above holds for every p € X, we have proved 2. =
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Proposition 4.18 For every x,y,p € X we have: (zxUz)V (yUy) C (zVy)U(xVy).
Proof. Take any z € X. From Proposition 4.17 we have z Uz C (z V y) U (z V y) and hence

(zUz)(2) < ((zVy)U(zVy))(2).

Similarly
(yUy)(z) < ((zVy)U(zVy))(2).
Hence
(zUz)(2) V(yUy)(z) < ((zVy)U(zVy))(z) =
(zUz)U(yUy))(z) <(zVy)U(zVy)) (2

and we are done. ®m

4.3 An L-Fuzzy “Almost-Hyperlattice”

Similarly to the crisp case, the L-fuzzy hyperalgebra (X,L,A) can be characterized as an L-fuzzy
almost-hyperlattice. Its basic properties are given by the following proposition.

Proposition 4.19 For all x,y,z € X the following hold.
1. (zUz)(z) =1, =z Az
2. xUy=yUx, zcANy=yAz.
S xlpylpzC((zUy)Uz),N(zU(yUz),, @Ay Az=2A(yAz).
4 (@Uy) A2) @) =1, (@ Ay) L) (@) = 1,
5. y<,ze (xUy) (x) > p.

Proof. 1, 2, 3 and 5 have been proved in Proposition 4.7. 4 follows immediately from z € (z U, y)Az
and z € (z A y) U, z, which have been proved in Proposition 3.9. m

We see that properties 1-5 of Proposition 4.19 are L-fuzzy analogs of the hyperlattice axioms of
Mittas and Konstantinidou [13]. The only difference from these axioms is that property 5 involves a
preorder rather than an order. The study of (X, U, A) will be presented in a future work, along with
the study of (X, U,, A) mentioned in Section 3.3. We only give here the L-fuzzy analog of Proposition
3.25.

Proposition 4.20 For all a,b,c € X we have

rUz=ylUz N
TAz=YyAz v

Proof. From x Uz = ylz follows that, for every p € X, xl, z = yU, 2. Hence also x; z = y L 2,
ie. xVz=yVz Since also x A z = y A z, by distributivity we get t =y. =
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5 Discussion

We have presented a family of hyperoperations L, which generalize the Nakano hyperoperation L; and
used these as p-cuts to construct the L-fuzzy Nakano hyperoperation LI. We have shown that (X, L)
is a join space and (X, Ll,) an L-fuzzy p-join space. Furthermore, we have seen that the hyperalgebra
(X,Up, A, <p) is “almost” a hyperlattice and (X, U, A, <p) is “almost” an L-fuzzy hyperlattice. Several
topics suggest themselves for further investigation; let us conclude this work by briefly discussing some
of them.

First, we have already mentioned that there is further scope for the study of the crisp hyperalgebra
(X,Up, A, <) and the L-fuzzy hyperalgebra (X,U, A, <,).

Second, if we define the dual Nakano hyperoperations M, by zM,y={z: a AyAp=z Ay Ap=
xAyAp}, we can show that (X,1,) is a join space; also, if we define (zMy)(z) = V{q: z € Myy}, then
we can show that (X, ) is an L-fuzzy join space. In addition to properties which are exactly analogous
to the ones obtained here, one could investigate the interrelationship of the L,, M, (for example their
distributivity properties). Perhaps more interesting is the study of the hyperalgebra (X, U,,M,) which
may turn out to be a Nakano superlattice similar to the one studied in [11].

Another topic of interest is the study of congruences with respect to L, and/or IM,; this would be
a continuation of work on the congruences with respect to Ll; in [17] and for congruences with respect
to both U; and My in [11].

Finally, the study of the hyperalgebras (X,U,), (X,Up, A, <p) etc. may be particularly fruitful in
the case when (X, <,V,A/) is a Boolean rather than a deMorgan algebra.

References

[1] G. Calugareanu and V. Leoreanu. “Hypergroups associated with lattices”. Ital. J. of Pure and Appl.
Math., vol. 9, pp.165-173, 2001.

[2] S.D. Comer, “Multi-Valued algebras and their graphical representations”, preprint, Dep. of Math-
ematics and Computer Science, The Citadel, 1986.

[3] P. Corsini, Prolegomena of Hypergroup Theory, Udine: Aviani, 1993.

[4] P. Corsini. “Join spaces, power sets, fuzzy sets”. In Algebraic Hyperstructures and Applications,
Ed. M. Stefanescu, p.45-52, Palm Harbor: Hadronic Press, 1994.

[5] P. Corsini and V. Leoreanu. “Join spaces associated with fuzzy sets”. J. of Comb., Inf. and System
Sci., vol. 20, p.293-303, 1995.

[6] P. Corsini and V. Leoreanu. “Fuzzy sets and join spaces associated with rough sets”. Rend. Circ.
Mat. Palermo, vol. 51, pp. 527-536, 2002.

[7] P. Corsini and I. Tofan. “On fuzzy hypergroups”. PU.M.A. vol.8, pp.29-37, 1997.

[8] J. Jantosciak, “Classical geometries as hypergroups”, in Convegno su Ipergruppi, Altre Strutture
Multivoche e loro Applicazioni, pp.93-104, Udine, 1985.

[9] V. Leoreanu. “Direct limit and inverse limit of join spaces associated with fuzzy sets”. Pure Math.
and Appl., vol.11, pp.509-516, 2000.

[10] Ath. Kehagias. “An example of L-fuzzy join space”. Rend. Circ. Mat. Palermo, vol. 51, pp. 503~
526, 2002.

18



[11] Ath. Kehagias, K. Serafimidis and M. Konstantinidou. “A note on the congruences of the Nakano
superlattice and some properties of the associated quotients”. Rend. Circ. Mat. Palermo, vol. 51,
pp. 333-354, 2002.

[12] L. Konguetsof, T. Vougiouklis and S. Spartalis. “Sur les hyperstructures tres fines”. Rend. Mat.
Appl. vol.13, pp. 297-304, 1994.

[13] M. Konstantinidou and J. Mittas. “An introduction to the theory of hyperlattices”. Math. Balkan-
ica, vol.7, pp.187-193, 1977.

[14] M. Konstantinidou and K. Serafimidis. “Hyperstructures dérivées d’un trellis particulier”. Rend.
Mat. Appl. vol. 7, pp. 257-265, 1993.

[15] R. Maddux. “Embedding modular lattices into relation algebras”. Algebra Uwviv., vol.12, pp.242-
246, 1981.

[16] J. Mittas and M. Konstantinidou. “Introduction a I’hyperalgebre de Boole”. Math. Balk., vol.6,
pp-314-320, 1976.

[17] J. Mittas and M. Konstantinidou. “Contributions & la théorie des treillis avec des structures
hypercompositionnelles y attachées”. Riv. Mat. Pura Appl. vol. 14, pp.83—114, 1994.

[18] T. Nakano, “Rings and partly ordered systems”. Math. Zeitschrift, vol.99, pp.355-376, 1967.
[19] H.T. Nguyen and E.A. Walker. A First Course on Fuzzy Logic, CRC Press, Boca Raton, 1997.

[20] W. Prenowitz and J. Jantosciak. “Geometries and join spaces”. J. Reine und Angew. Math., vol.
257, p.100-128, 1972.

[21] W. Prenowitz and J. Jantosciak. Join Geometries, New York: Springer, 1979.

[22] A. Rahnamai-Barghi. “The prime ideal theorem and semiprime ideals in meet-hyperlattices”. Ital.
Journal of Pure and Applied Math., vol. 5, pp.53-60, 1999.

[23] A. Rahnamai-Barghi. “The prime ideal theorem for distributive hyperlattices”. Ital. Journal of
Pure and Applied Math., vol. 10, pp.75-78, 2001.

[24] K. Serafimidis, Ath. Kehagias and M. Konstantinidou. “The L-fuzzy Corsini join hyperoperation”.
Ital. J. of Pure and Appl. Math., vol.12, pp.83-90, 2002.

[25] S. Spartalis and T. Vougiouklis. “The fundamental relations of H,-rings”. Riv. Mat. Pura Appl.,
vol. 14, pp. 7-20, 1994.

[26] T. Vougiouklis. Hyperstructures and Their Representations. Palm Harbor: Hadronic Press, 1994.
[27] M.M. Zahedi and A. Hasankhani. “F-Polygroups”. Int. J. Fuzzy Math., vol. 4, pp.533-548. 1996.

[28] M.M. Zahedi and A. Hasankhani. “F-Polygroups (II)”. Inf. Sciences, vol.89, pp.225-243, 1996.

19



