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Abstract

On a generalized deMorgan lattice (X, <,V,A,”) we introduce a family of join hyperoperations
*p, parametrized by a parameter p € X. As a result we obtain a family of join spaces (X, *p). We
show that: for every a,b € X the family {a*,b},ecx can be considered as the p-cuts of a L-fuzzy set
a * b; in this manner we synthesize a L-fuzzy hyperoperation * which takes pairs from X to L-fuzzy
subsets of X. We then show that (X, ;) is a L-fuzzy hypergroup (in the sense of Corsini) and can
be considered as a L-fuzzy join space. Furthermore, a x b is a L-fuzzy interval for all a,b € X.

AMS Classification: 06B99, 06D30, 08A72, 20N20.

1 Introduction

In this paper we present an algebraic structure which is related to several themes from the theories of
hypergroups, join spaces and fuzzy sets. Let us first briefly review some work on these themes.

Hypergroups have been introduced in [14] and studied extensively by many mathematicians. A
comprehensive review of the theory of hypergroups appears in [3].

Join spaces have been introduced by Jantosciak and Prenowitz [18]. The topic is covered in con-
siderable detail in [19]. Jantosciak has noted that join spaces are a special case of hypergroups [9].

In recent years there has been considerable activity on fuzzy algebraic hyperstructures. Corsini and
Zahedi introduced some crisp algebraic hyperstructures related to fuzzy sets [5, 6, 30]. More recently,
the concept of fuzzy hypergroups has been introduced in [4]; in fact the closely related concept of fuzzy
polygroups has been introduced somewhat earlier in [28, 29]. Fuzzy hyperrings are studied in [7].

Fuzzy lattices have been introduced in [27] and studied in more detail in [1]. L-fuzzy lattices have
been studied in [23] and [24]. Fuzzy intervals (in a lattice theoretic sense, as a special case of fuzzy
lattices) are studied in [13].

In this paper we do the following. On a generalized deMorgan lattice (X, <,V,A,”) we introduce a
family of join hyperoperations *,, parametrized by a parameter p € X. As a result we obtain a family
of join spaces (X, *,). We show that: for every a,b € X the family {a *, b},cx can be considered as
the p-cuts of a L-fuzzy set a * b; in this manner we synthesize a fuzzy hyperoperation * which takes
pairs from X to L-fuzzy subsets of X. We then show that (X, x) is a L-fuzzy hypergroup (in the sense
of Corsini) and also a L-fuzzy join space. Furthermore, a % b is a L-fuzzy interval for all a,b € X.

2 Preliminaries

In what follows, (X, <,V,A,) will be a complete generalized de Morgan lattice, i.e. a complete lattice
satisfying the following definition.



Definition 2.1 A generalized deMorgan lattice is a structure (X, <,V,A)), where (X,<,V,A) is a
distributive lattice with minimum element 0 and mazimum element 1; the symbol ' denotes an unary
operation (“negation”); and the following properties are satisfied.

1.

2.
3.

4.

Forallz € X, Y C X we have A (Vyeyy) = Vyey (X AY), 2V (Ayeyy) = Ayey (zVy). (Complete
distributivity).

For all x € X we have: (z') = x. (Negation is involutory).
For all x,y € X we have: x <y =y < 2’. (Negation is order reversing).

For allY C X we have (Vyeyy) = Ayev?'s  (Ayevy) = Vyeyy' (Complete deMorgan laws).

A fuzzy set is a mapping from X to the interval of real numbers [0,1]; a L-fuzzy set is a mapping
from X to a set L, where (L,C) is a complete lattice. In this paper we will be concerned with L-fuzzy
sets which map X to itself. The following definitions and notation will be used.

1.

2.

The collection of all crisp subsets of X is denoted by P(X) (the power set of X).
The collection of all L-fuzzy sets (i.e. functions M : X — X) is denoted by F(X).

A (crisp) hyperoperation is a mapping o : X x X — P(X); a L-fuzzy hyperoperation is a mapping
o: XxX— F(X).

. An order is introduced in F(X) using the “pointwise” order of (X, <,V,A) (the symbols <, Vv, A

will be used without danger of confusion), i.e. for M, N € F(X) we write M < N iff for all x € X
we have: M(x) < N(x).

. For all M, N € F(X): we define the L-fuzzy set MV N by: (MVN)(x) = M(x)V N(z); we define

the L-fuzzy set M AN by: (M AN)(z) = M(z)AN(x). It is well known [15] that < is an order on
F(X) and that (F(X),<,V,A) is a complete and distributive lattice with sup(M,N) = M V N,
inf(M,N) = M A N.

For all M, N € P(X) we write M ~ N iff 3v € M N N. For M, N € F(X) and p € X we write
M ~, Niff 3xv € X : M(x) A N(x) > p.

Given a L-fuzzy set M : X — X, the p-cut of M is denoted by M, and defined by M, = {z :
M(x) > p}.

We use the standard notation of algebraic hyperstructures, whereby for any operation (resp.
hyperoperation) o : XxX—X (resp. o : XxX— P(X)) and any A,B € P(X), we define
Ao B =Ugeapepacbd.

The collection of crisp intervals of X is denoted by I(X) and defined by I(X) = {[a,b]}spex €
P(X); the empty set ) is also considered a member of I(X) and can be symbolized by 0 = [a, ]
with any a, b such that a £ b.

Let us also recall a few well known facts about closed intervals.

1.

2.

Since C is an order on P(X), it is also an order on I(X) C P(X).
Take any two sets A = [a1,as], B = [b1,b2] € I(X). Note that

[a1,a2] C [b1,b2] < (b1 < a1 <ag <by).



3. With N denoting the usual set theoretic intersection we have

[al,ag] N [bl,bz] = [a1 V by, as A bg]

4. Also, for any A, B C X define the family of sets Q(A,B) ={C :C € I(X), ACC and BC C
}; next define the operation U on elements of I(X) by

AUB = OCEQ(A,B)C-

5. It is easy to prove that [a1,as] U [b1,b2] = [a1 A by, az V by] and that (I(X),C,U,N) is a lattice.
If (X,<,V,A) is complete (which is assumed throughout this paper) then (I(X),C,U,N) is also
complete.

Finally, the following properties of V and A acting on intervals of a distributive lattice will be used
in the sequel.

Proposition 2.2 For all a,b,z,y € X such that x <y, a < b we have:
(i) aVz,y| =[aVz,aVy|;
(i) a Nz,y] =[a ANz, aNyl;
(iii) [a,b] V [x,y] =[aV z,bV yl;
(iv) [a,b] A [z,y] = [a Az, bAy).

Proof. In [11]. =
The following propositions describe some properties of p-cuts. Their proofs can be found in [15].

Proposition 2.3 Take any M € F with p-cuts {Mp}pEX' Then we have the following.
(1) For all p,q € X we have: p < q = M, C M,
(it) For all P C X we have: NpepM, = Myp.
(iii) My = X.

Proposition 2.4 Consider a family of sets {Mp}peX which satisfy the following.

(i) For all p,q € X we have: p<q= Mq C Mp.

(ii) For all P C X we have: ﬂpepﬂp = M\/p.

(iii) Mo = X.

Define the L-fuzzy set M as follows: for all x € X define M(z) = V{p: x € Mp}. Then for all
p € X we have M, = Mp.

Proposition 2.5 For any fuzzy sets M, N € F(X) we have: M = N < (Vp € X we have M, = Np,).

3 The p-Join and p-Extension Hyperoperations

In this section we define a family of crisp join and extension hyperoperations.



3.1 The p-Join

For every p € X we define a hyperoperation #, : X x X — I(X) as follows.

Definition 3.1 For every p € X and for all a,b € X, the p-join hyperoperation is denoted by *, and
defined by
axpb=[aANbAp,aVbVy.

The following property of the join will be used in the sequel.
Proposition 3.2 For all a,b,c,d,p € X such that a < b, ¢ < d we have
(1) [a,b] xpc=[a AcAp,bVeVD].
(i) [a, 0] #p [e;d] = [aNeAp, bV dVp].

Proof. Choose any a,b,c,d,p € X such that a < b, ¢ < d.
To prove (i), first choose any u € [a, b] %, c. Then 3z € [a,b] such that u € x %, c. Le.

- a<zx<b
"xzAcAp<u<zVeVyp

dr:aNcAp<zAcAp<u<zVeVp <bVeVvp =ueclahcApbVecVy].

Hence u € [a AcAp,bVcVp'l. It follows that [a,b] %, c C [a AcAp,bV eV
Second, choose any v € [a AcAp,bVeVp']. Set z, =(vVa)Ab= (vAb)Va. Soa< (vAb)Va=
zp=@WVa)Ab<b=
zy € |a,b]. (1)
Also, zy AcAp=(vVa)NbAcAp = (VAbAcAp)V(aANbDAcAD). Bt vAbAcAp <vand aADAcAD
=aAcAp<wv. Hence
2y NeAp <w (2)

Similarly, z, VeVp = (vAb)VaVeVy = (vVaVeVp)A(bVaVveVvy). ButvVaVeVyp >wvand
bVaVeVp =bVeVp >wv. Hence
v<z,VeVyp. (3)

From (2)-(3) we see that v € z, %, ¢ which, together with (1) implies that v € [a,b] %, c. Hence
[aNcAp,bV eV Cla,b]x,ec

We conclude that [a AcAp,bV eV p'] = [a,b] %, ¢, which proves (i); (ii) is proved similarly. =

We are now ready to present the basic properties of the p-join hyperoperation.

Proposition 3.3 The following properties hold for any a,b,c,p,q € X.
(i) a € a*pa;a,beaxyb.
(71) a*pb="0bx,a.

(111) (@ *pb) %, c = ax, (bx*pc).

() ax, X = X.



Proof. Choose any a,b,c,p,q € X.

(i) and (ii) are obvious.

For (iii), note that (@, b) *pc = [a AbAp,aVOVD|*pc=[aANbAcAp, aVbVeVp'] (where we
have used Proposition 3.2). Similarly ax, (b*,c) = a*,[bAcAp,bV VD] =[aANbAcAp, aVbVeV ]
and we are done.

For (iv), clearly we have a*, X C X. On the other hand, taking any = € X we have z € a %, x.
Hence X = Ugex{z} C Uzexa *p x = a*, X and we are done. m

Proposition 3.4 (i) For every p € X, (X,%,) is a commutative hypergroup
(11) For every a,b € X, (a%*pb,%p) is a commutative sub-hypergroup of X.

Proof. Choose any p € X. The proof of (i) is immediate by Proposition 3.3 and the definition of
hypergroup [3].
For (ii), choose any a,b € X. We need to prove: (ii.l) z,y € a*,b = %,y C a*, b and (ii.2)

T Eaxyb=T%,a%,b=ax*,b Regarding (ii.1) we have

aNbAp<z<aVbVyp

aAbAp<y<aVbVy }:>a/\b/\p§x/\y/\p§x\/y\/p’Sa\/b\/p’:>

T*py Caxpb.

Regarding (i.2) we have a AbAp < z < a VbV p/, which implies %, a %, b = [t AaAbAD ,
zVaVbVp]=JlaNbAp,aVbVp]=ax,b m

Proposition 3.5 For all a,b,c,p € X, we have a*, (bxgc) = (a*pb)xgc = axprgbprgc.

Proof. Choose any a,b,c,p € X . We have

a*y(bxgc) =ax,[bAcAgbVeVd]=[aNbAcApAGaVbVceVp V] =askmgbspngc
(where we have used p' V ¢/ = (p A q)’); similarly

(a*xpb)xgc =[aANbAD,aVbV P xgc=[aNbACADAGaNV bV eV P V] =axpngbrpngc
[ |

3.2 The p-Extension

We will now introduce the p-extension hyperoperation which is derived, in the manner of Prenowitz
[19], from the p-join hyperoperation.

Definition 3.6 For every p € X and for all a,b € X, the p-extension hyperoperation is denoted by
a/pb and is defined by:

a/pb={x:aczxb}={z:xAbAp<a<zVbVpl

It is seen immediately that for any a,b € X we have a € a/yb. In addition, the extension hyperop-
eration enjoys the join property [19].

Proposition 3.7 For all a,b,c,d € X we have: (a/pb) ~ (¢/pd) = a*,d ~ bx*pc.



Proof. Suppose we have (a/pb) ~ (¢/pd). Then there exists some x such that

<a< '
xea/pbmc/pdi{ aex*pb} { rAbAp<a<zVbVp

ceExxyd sANdAp<c<zVvVdVp
Now, we have
a<zVbVp =aAd<(xVbVP)ANd=(zAdV(bVDP)ANd)=and<(zAnd)V (bVD)=

aNdAp< ((xAd)V(bVp))Ap. (4)

On the other hand,
rAdAp<c=zANdAp<cAp<(cVp)Ap (5)

From (4) and (5) we obtain
aNdAp<(xAdAp)V((bVP)Ap)=andAp < ((cVp)Ap)V((bVY)Ap) =

aNdAp<((evp)V(BVY))Ap<bVeVyp. (6)

In a similar manner we have
c<azVvdVp =cAb<(xVdVp)ANb=(xAb)V ((dVD)Ab) =

cAb<(zAb)V(dVDp)=cAbAp< ((Ab)V(dVD))Ap. (7)

On the other hand,
rAbAp<a=zAbAp<aAp<(aVp)Ap (8)

From (7) and (8) we obtain
cADAPp < (zADAP)V((dVP)Ap)=cAbAp < ((dVD)Ap)V ((aVp)Ap) =

cAbAp<((dVP)V(aVvp)Ap<avdVy. 9)
From (6) and (9) we have that

(@ANdAP)V(cAbAD) < (aVdVp)A(bVeVD)
and so the interval
a*x,dNbx,c=[(aNdADP)V(cAbAD),(aVdVDp)A(DVeVD))
is nonempty, i.e. bx,c~ax*,d. ®
Proposition 3.8 For allp € X, (X,<,%,) is a join space.

Proof. This follows from the definition of join space [19] and from Propositions 3.3, 3.7. m
By its definition, a *, b is always a closed interval. The same is true of a/,b as seen in the next
proposition. Note the critical use of complete distrubutivity.

Proposition 3.9 For allp € X, for all a,b € X, the set a/pb is a closed interval. In particular

a/pb = [p1, p2]

where
pr=MNMz:(bVp)Vr>a}, pr=V{z:(bADY)Az<al.



Proof. Choose any a,b,p € X . It is well known [2] that a completely distributive lattice is
Brouwerian (i.e. that for any u,w € X the set {z : u A z < w} has a maximum element) and dually
Brouwerian (i.e. that for any u,w € X the set {z : uV z > w} has a minimum element). Since (X, <)
has been assumed completely distributive, it is Brouwerian and dually Brouwerian.

Define Q% = {x : (bVp')Vx > a}, then (according to the previous remarks) Q® = [py, 1]. Similarly,
define Qup = {z : (b Ap) Az < a}, then, according to the previous remarks Qq, = [0,p2]. Now a/,b =
{z:bAzAp <a<bVaVp}=Q®NQuw = [p1,1]N[0,p2] = [p1.p2]. m

A special case of interest is the following.

Proposition 3.10 If (X, <,A,V,") is Boolean, then a/,b = a %, b'.

Proof. Choose any a,b,p € X .
Take any = € a/pb, i.e. xADAp<a<zVbVp. Nowa<zVbVp =aAb Ap<(xzVbVp)Ab Ap
=(@Vvovp )ANDBVY)Y =@AbVY)Y)V((OVPIANDBVY))=(xADVY))VO=2AV Ap. In short

aNb Ap <AV Ap. (10)

Now from (10) we get: 0 < a AV Ap <z AV Ap=0=0A2' <aANV ApA2 <z AV ApAz <zA2
=0. Hence a ANV ApA2' =0=2' < (a ANV Ap) =

aN Ap <z (11)
Similarly we get
r<aVvd vy (12)

From (11) and (12) we get x € a *, b'. Hence a/,b C a*, b'.
Now take any € a*pb/. Then a AV Ap <z = (a ANV Ap)V (bVDY) < zVvbVp = (aVbVD)A
('Ap)v (VD)) =(aVOVP )N (' Ap)V (¥ Ap)) <azVvbVp = (aVbVP)AL<zVbVD =

a<zVbVvyp (13)

Similarly z < aVd Vp = 2 AbAp < (aVI VP )AN(bAD) = xAbAP < (aANbAP)V (' VD)A(DAD))
=(@AbAD)V(bAP) ADAD) =2ANbADP< (aANDADP)VO=

rANbAp<a. (14)

From (13) and (14) follows that a € x %, b and so = € a/,b. Hence a %, ¥’ C a/,b. In conjunction with
the previously established a/,b C a*, V', it follows that a/pb =a*, V. =

4 The L-fuzzy Join and Extension Hyperoperations

In this section we introduce the fuzzy join and the L-fuzzy extension hyperoperations, which yield a
L-fuzzy join space. To this end we will use the family of (crisp) hyperoperations {s,},cx and the family

of (crisp) hyperoperations {/p}pex.
We first show that a %, b and a/,b viewed as functions of p behave like p-cuts of a L-fuzzy set.

Proposition 4.1 For all a,b € X we have:
(i) For allp,qe X :p<qg=axqbC ax*,b;
(it) For all P C X : Mpepa*pb = a*ypb;
(11i) a*xg b= X.



Proof. Choose any a,b € X.
(i) Choose any p,q € X with p < ¢q. Then

p<qg=pAaAb<qgAhaAlb. (15)
Also, by the order inversion property of negation we have
p<q=q¢d <p=q¢dVvavb<p VvaVvb. (16)

Now (15) and (16) yield [gAaAb,¢'VaVb] C [pAaAb,p VaV b, which is exactly the required result.
(ii) Choose any P C X. Then

Npepasp b= Npepla AbAP,aV bV D] = [Vpep(a AbAD), Npep(aV bV D))
=[aAbA (Vpepp),a VbV (Apepp’) =[a AbA (Vpepp),aV bV (Vpepp)']
=[aAbA(VP),aVbV (VP)]=axypb.

(In the above derivation note the crucial use of the generalized deMorgan properties.)
(iii) axgb=[aADA0,aVbV1]=[0,1] =X. m

Proposition 4.2 For all a,b € X we have:
(i) For allp,qe X :p<qg=a/,b Ca/yb;
(it) For all P C X : Npepa/pb = a/yvpb;
(11i) a/ob = X.

Proof. Choose any a,b € X.
(i) Choose any p,q € X with p < ¢. Choose any x € a/;b. Then

bAzAg<a<bVzV(. (17)
Also
bAZzAp<bAxAq
< - .
p_q:>{b\/x\/q’§b\/x\/p’ (18)

From (17) and (18) we get
bAzAp<bAzAqg<a<bVazVqg<bVzVp

which implies z € a/pb. Hence a/sb C a/,b.
(ii) Choose any P C X. Then:

VpeP:p<VP=VpeP:a/ypb T a/,b= a/ypb T Nycpa/pd.

On the other hand, take any x € Npcpa/pb. We have: Vp € P:z € a/pb=Vpe P:a€xx*,b=
VpeP:axAbAp<a<zVbVp = Vpcp(@AbAp) <a< Npep(xVbVDP)=axANbA(VpepP) <
a<azVbV (Apepp) = AbA(VP) <a<zVbV(VP) = a € xz+ypb= z € a/ypb. Hence
Npepa/pb C a/ypb. (In these derivations note the crucial use of the generalized deMorgan properties.)
So, from a/ypb C Nyepa/yb and Npepa/pb C a/ypb we obtain Nyepa/pb = a/ypb.

(iii) a/ob={z:a€xxb}={r:a€zADANO,zVbIV]]}={z:ac[0,1]}=X. =

Analogously to [4], we define a L-fuzzy hyperoperation to be an operation that takes pairs of X
elements to L-fuzzy subsets of X. We will now construct two L-fuzzy hyperoperations (namely % and
/) by associating appropriate L-fuzzy sets with every pair a,b € X.



Definition 4.3 For all a,b € X define the L-fuzzy set a x b by defining (for any x € X)
(axb)(z) =V{qg:x € ax,b}. (19)
Proposition 4.4 For all a,b € X and p € X we have (a *b), = a %, b.

Proof. From Proposition 4.1 we see that the family {a *, b}pcx has the p-cut properties. Then,
the required result follows from Definition 4.3 and Proposition 2.4. =

Definition 4.5 For all a,b € X define the L-fuzzy set a/b by defining (for any z € X))

(a/b)(z) = Vip: x € a/yb}.
Proposition 4.6 For allp € X and a,b € X we have (a/b), = a/pb.

Proof. From Proposition 4.2 we see that the family {a/,b}pcx has the p-cut properties. Then,
the required result follows from Definition 4.3 and Proposition 2.4. =

We now proceed to establish that (X,x*) is a L-fuzzy hypergroup. To this end we need some
auxiliary definitions, which regard the manner in which L-fuzzy sets are combined using a L-fuzzy
hyperoperation o. These definitions can be considered as extensions of the one given in Section 2,
where for a crisp hyperoperation o and crisp sets A, B € P(X) we defined Ao B = Ugea pepa o b.

Definition 4.7 Given a L-fuzzy hyperoperation o : X xX— F(X), for all a € X, B € F(X) define
the L-fuzzy set a o B by

(a0 B)(x) = Vipp)>olaob)(z)
and the crisp set aoB by
a°B = Uy pp)>o{z : (aob)(z) = 1}.

Definition 4.8 Given a L-fuzzy hyperoperation o : X xX— F(X), for all A,B € F(X) define the
L-fuzzy set Ao B by

(Ao B)(z) = Va:a(a)>0,6:B(b)>0(a 0 b) ().
and the crisp set ASB by
ASB = Uy A(a)>0,6:B(b)>017 : (a0 b)(x) = 1}.

Remark. Note that if A and B are crisp sets then the above definition reduces to (A o B)(x) =
Vaeapen(aob)(x). This emphasizes the similarity with the previously mentioned definition A o B =
Ugeapepa o b (where o is a crisp hyperoperation o and A, B are crisp sets).

Proposition 4.9 For all a € X, for all B € P(X), for all p € X we have: a %, B C (a * B),,.

Proof. Choose any a € X, any B € P(X), any pe X. If p=0then a*, B =X = (a* B),. If
p > 0, then choose any = € a %, B. For this x, there exists some b € B such that x € a*, b = (a * b),.
Hence (a * b)(z) > p > 0. Now

(a* B)(.%') = \/z:zeB(a* Z)(TL') > (a* b)((L‘) >Dp

which implies z € (a * B),. Hence a x, B C (a* B),. =
We now establish some properties of * and /.



Proposition 4.10 For all a,b,c,p € X we have
(i) (axb)(a) = (a*xb)(b) =1, (a*a)(a) =1.
(ii) axb="bxa.
(117) (a * b) * c ~p a* (b*c).
(iv.1) axX = X (ie. forallz € X, Jye X : (axy)(x) =1).
(w.2) ax X =X (i.e. forallz € X :(axX)(x) = Vyex(a*xy)(z)=1).

Proof. Choose any a,b,c € X.

(i) We know that a € a*1b = [aAb,aVb]. Hence 1€ {p: a € ax,b} and so (axb)(a) = V{p:a € ax,b}
= 1. Similarly (a * b)(b) = 1. To show (a * a)(a) = 1, just take a = b.

(ii) For all p € X we have (a*b), = a*, b= b*,a = (b*a),. Since a*b and b+ a have the same
cuts, they are identical (by Proposition 2.5).

(iii) Take any p € X.

(iii.1) If p = 0, then it is easy to see that (ax(bxc))o = X = ((axb)*c)g and so (a*b)xc ~¢ a*(bxc).

(iii.2) If p > 0, take any @ € a *, b, ¢ = a *p (b, c), then there exists some z € b %, ¢ such that
T € a *p z. For this z we have:

ze€bspc=(bxc),= (bxc)(z) >p>0 (20)
and
rE€akxpz=(ax2),= (axz)(x)>p>0. (21)
From (20) follows that
ze{u: (bxc)(u) >0} (22)

and from (21), (22) follows that

P < (ax2)(2) < Vi) oy (@ u) (@) = (ax (bxc))(z) =
ze€(ax(bxc))y=ax*,bx,cC (ax(bxc)),

Hence a %, bx,c C (a* (b*c))y. Similarly we show that a, b*,c = (a*,b) *,c C ((a*b) *c), and so

we have
re€axpbx,c= (ax(bxc))(z)A((axb)*c)(xz)>p>0.

Since a #p, b %, ¢ is nonempty, it follows that (a * b) * ¢ ~, a * (b % C).

(iv) We prove (iv.1), i.e. that for all x € X, Jy € X (a % y)(x) = 1. Indeed, take any = € X,
and set y = x; then (a *x x)(x) = 1, since = € [a ANz,aVz] =ax*x x = (axx);. Now (iv.2) follows
immediately. m

Proposition 4.11 For all a,b,c,d,p € X we have: (i) axb ~p, cxd < ax,b ~ cxyc, (it) a/b~, c/d &
a/pb ~p c/pd.

Proof. Choose any a,b,c,d,p € X. For (i) we have:

(axb)@) 2 p Cwc(axb),=axb
a*b pc*d<:><3x. o x » & Elx'xe(c*d)p:c*pd Saxpb~cxyd

and (ii) is proved similarly. m

Proposition 4.12 For all a,b,c,d,p € X, for all p € X we have: a/b~, c/d = axd ~p,bx*c.
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Proof. Choose any a,b,c,d,p € X. Then a/b ~, ¢/d = a/pb ~ c¢/pd = a*,d ~ bx,c =
axd~pbxc. m

In [4] Corsini and Tofan introduce four different types of reproducibility, which they denote by
R1, Ro, R3 and R4. They proceed to define accordingly four different variants of fuzzy hypergroup.
In this paper we restrict ourselves to Rs-type reproducibility. This is the strongest type, i.e. it also
implies Ry, Re and R4 reproducibility (see [4]). We now present some definitions which are essentially
the ones presented in [4], but here they are adapted to the L-fuzzy context.

Definition 4.13 Given a L-fuzzy hyperoperation o : X x X — F(X), the hyperstructure (X,o) is
called L-fuzzys-hypergroup if it satisfies the following conditions.

(i) For all a,b,c,p € X we have (aob)oc=ao (boc) (associativity).

(ii) For all a € X we have acX = X (Rs reproducibility).

Definition 4.14 Given a L-fuzzy hyperoperation o : X x X — F(X), the hyperstructure (X,o) is
called L-fuzzys-p-hypergroup if it satisfies the following conditions.

(i) For all a,b,c,p € X we have (a o, b) o, ¢ = ao, (bo, ¢, (p-associativity).

(ii) For all a € X we have acX = X (Rs reproducibility).

We now introduce an additional definition which makes use of H, associativity (see Spartalis [20, 21]
and Vougiouklis [22, 25, 26]).

Definition 4.15 Given a hyperoperation o : X x X — F(X), the hyperstructure (X, o) is called L-
fuzzys-H,-hypergroup if it satisfies the following conditions.

(i) For all a,b,c,p € X we have (aob)oc~yao (boc) (fuzzy H, associativity).

(ii) For all a € X we have acX = X (Rg reproducibility).

In view of the above definitions and Proposition 4.10, we have the following.
Proposition 4.16 The hyperstructure (X, *) is a L-fuzzys-H,-hypergroup and also a L-fuzzys-p-hypergroup.

Proof. Easy. m

Remark. As already remarked, R3 reproducibility implies R; reproducibility, with ¢ = 1,2, 4.
Hence (X, *) is a L-fuzzy;-H,-hypergroup and also a L-fuzzy;-p-hypergroup, with i = 1,2, 4.

Now we introduce some definitions of L-fuzzy join spaces.

Definition 4.17 Given a L-fuzzy hyperoperation o : X x X — F(X), the hyperstructure (X, o) is
called L-fuzzys-p-join space if it is a commutative L-fuzzys-p-hypergroup and also satisfies (with xly =

{z:x€z0y}):
For all a,b,c,d,p € X we have: alb~,cld=aod~yboc.

Definition 4.18 Given a L-fuzzy hyperoperation o : X x X — F(X), the hyperstructure (X,o) is
called L-fuzzys-H,-join space if it is a commutative L-fuzzys-H,-join space and also satisfies (with
rly={z:x€zoy}):

For all a,b,c,d,p € X we have: alb~,cld=aod~,boec.
Hence we have the following.

Proposition 4.19 The hyperstructure (X,*) is a L-fuzzys-H,-join space and also a L-fuzzys-p-join
space.
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Proof. Easy. m

The hyperstructure (X, *) has an additional interesting property which is related to the theory of
L-fuzzy sublattices. Notice that for any fixed a,b € X, the family {(a *b),}pex is a family of (crisp)
closed intervals. The same is true of the family {(a/b),}pcx. Hence a * b is a L-fuzzy interval and, a
fortiori, a L-fuzzy convex sublattice. The same is true of a/b. For the definition and some properties of
L-fuzzy intervals, see the Appendix. In this section we simply present the following.

Definition 4.20 We say M : X — X is a L-fuzzy interval of (X, <) iff
Vpe X : M, is a closed interval of (X, <).
Proposition 4.21 For all a,b € X , the L-fuzzy sets axb and a/b are L-fuzzy intervals.

Proof. This is obvious from the definitions of the *, / hyperoperations. m

5 The Lattice of p-cuts of a x b

Let us pick any a,b € X and keep them fixed for the rest of this section. We will now study some
properties of the family of p-cuts {a %, b},cx. To this end we introduce the following.

Definition 5.1 For all a,b € X, define I,4(X) = {(a*b)p}pex-

We obviously have the inclusions: I, ;(X) C I(X) € P(X). This section is devoted to clarifying the
connection between (I, ;(X), C) and (X, <)

Proposition 5.2 For all a,b € X, for all p,q € X we have
axpbNaxgb=axpygb, ax,bUaxgb=as*yngb. (23)
(a*xb)yN(axb)g=(a*xb)pvg (axb)yU(a*b)y= (a*Db)yng (24)
Proof. Choose any a,b,p € X. We have

a*p,bNaxgb
=[laANbAp,avbVY|N[anbAqgaVbV{]
[(aANbAP)V(aAbAq),(aVOVP)YA(aVDbV )]
=[anbA(pVa),aVvbV (p' Ag))
=[aAbA(pVq),aVbV (pVq)]=asxp,b.

and

a*pbUaxgb
=[aANbAp,avVbVPIU[aAbAgaVbV{]
[(aAbAD)A(aNbAQ), (aVbV D)V (aVbV )
=[aNbA(PAG),aVbV(p' V)
=[anbA(pAQ),aVbV (pAq)]=asxyngb.

Hence we have proved (23). Now (24) follows from the equality (for any r € X) between a %, b and
(axb),. m
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Proposition 5.3 For all a,b € X, (I,(X),C,U,N) is a lattice.

Proof. Since (P(X),C) is an ordered set and I,;, C P(X), it follows that (I,;(X),<C) is an
ordered set. It remains to show that for every a,b € X, we have sup(a %, b,a*,b) = a , b Ua *q b and
inf(a *, b,a %4 b) = a*, bNax*,b (both the sup and inf being with respect to I,;(X)). Choose any
a,b € X and consider them fixed. Choose any p,q € X.

(i) We have already seen that a x, bUa %, b = aprg b € I, 5(X). Also we have

PAGED = ax,bCaxpngb;
PAG<qg=ax*,bC axpngb.

Also, take any r € X such that

a*x,bCax*.b

Qb C akb }=>(a>x<pb)U(a>x<qb)Qa*Tbéa*pAqbga*rb.

Hence sup(a *, b, a %, b) = a *pprg b = ax, bUa x4 b (the sup being with respect to I, ,(X)).
(ii) We have already seen that a x, bNa*, b = a*pyq b € I,5(X). Also we have

P <pVqg=ax*ygbCax,b;
PPV q=a*pbCaxgb.

Also, take any r € X such that

a*x.bCax*pb

G b Caxb }éa*rbg(a*pb)ﬂ(a*qb):>a>krb§a>kpvqb.

Hence inf(a *p b, a x4 b) = a %pvq b = a *, bN a*, b (the inf being with respect to I,,(X)). m
We now introduce a relation J,; on X x X.

Definition 5.4 The relation J,, C X x X is defined by: (p,q) € Jap iff (a*b), = (a*b),.
Proposition 5.5 For all a,b € X, J, is an equivalence relation on X.
Proof. Easy. m

Definition 5.6 The classes of J, are defined by p = {q : (p,q) € Jap} = {qg: (a*xb), = (a*xb),},
peX.

Definition 5.7 We denote the quotient of X with respect to J,p, by Xop and define it by X, =
{p}pEX-

Definition 5.8 For all a,b € X we define the function fup: Xqp — Lo p(X) by
Jap(P) = (a*b)p = axpb.
Proposition 5.9 For all a,b € X the function fqy is well-defined, 1-1 and onto 1,,(X).

Proof. Fix any a,b€ X. Thenp=7 < a*xpb=ax,b < fo1(P) = fap(q). This shows that fq is
well-defined and 1-1. To show that its is onto, take any A € I, ;(X); then exists some p € X such that
A=a *p b= fa’b(ﬁ). [ ]
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Definition 5.10 For all a,b € X and for all p,q € X,p, we write D = q iff a x4 b C ax,0b.
Proposition 5.11 For all a,b € X, < is an order on Xg.

Proof. Since p =G < axyb C axyb, it is obvious that: (a) p <
It remains to show that (p = ¢, 7=p)=p=7. But (p =7, 7 =p)=
a*pb=a*,b=p=7q m
Proposition 5.12 For all a,b € X, fu is an order anti-isomorphism between (Xqp, <) and (I, C).

Proof. PG S axbCax, b f4(7) C fap(D). Also, fop is 1-1 and onto. m

Proposition 5.13 For all a,b € X, J,y is a congruence, i.e. for all p,q,r € X we have:

Proof. Assume p = q. Then p =@ = a*xb =axb=ax,bNaxb=ax,bNax*x b=
a*pyr b= ax*p, b= pVr=gqVr. Similarly we can show pAr=¢Ar. =

Definition 5.14 For given a,b € X and for all p,q € X definep¥YqG=pVq, pAq=pAq.

Remark. The pY q, p A q are well defined in view of Proposition 5.13.

Proposition 5.15 For all a,b € X, fqp is a lattice anti-isomorphism between (X4, <,Y,A) and
(Ia,b)gauam)'

Proof. This is obvious in light of the fact that (I,p, C,U,N) is a lattice (Proposition 5.3) and
Propositions 5.12 and 5.13. =

6 Conclusion

Working on a complete generalized de Morgan lattice (X, <,V,A,”), we introduced a family of join
hyperoperations *, and a family of extension hyperoperations /, . Hence we obtained a family of join
spaces indexed by p € X. We used this family to construct the cuts of the respective L-fuzzy join “x”
and L-fuzzy extension “/” hyperoperations and thus obtained a L-fuzzy join space. In addition, we
proved that for any a,b € X the L-fuzzy sets a b and a/b are L-fuzzy intervals. The present work can

be extended in several directions; let us indicate some possibilities.

1. In [11] we have have shown that the crisp join space (X, x*;) is a lattice-ordered hypergroup
with respect to the < order and also obtained a number of distributivity properties of the crisp
hyperoperations #1, /1. One may extend this research to: (a) the study of (X,x,) for a fixed
p, (b) the study of the family {(X, *,)}pex, (c) the study of analogous order and distributivity
properties of the L-fuzzy join space (X, x).

2. In [12] we have examined convexity properties of crisp join hyperoperations. One may, analo-
gously, explore fuzzy convexity properties of the L-fuzzy * hyperoperation.

3. Choosing a particular pair a,b € X severals issues can be explored. For example: what are the
properties of the cuts of a b, a/b? what are the properties of the congruence J,; introduded
in Section 57
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4. One may also investigate the families {a * b}qpex, {a/b}qpex and obtain L-fuzzy interval prop-
erties.

At a more general level, let us remark that in this paper we have studied a particular example of a
L-fuzzy join space. This may serve as motivation for a general study of fuzzy and L-fuzzy join spaces,
which, as far as we know, has not been undertaken so far.

Last but not least, let us remark that fuzzy lattices and join hyperoperations have been used in
several engineering and computer science applications [10, 16, 17]. Hence we expect that the results of
this work may in the future prove useful in similar applications.

A Appendix: L-Fuzzy Lattices and Intervals

We start with some informal remarks. Consider two complete lattices (X, <,V,A) and (L,C,L,M).
Fuzzy sublattices, fuzzy conver sublattices and fuzzy intervals are fuzzy sets M : X — L which satisfy
certain special properties. We reserve the term “fuzzy sublattice” (fuzzy convex sublattice, fuzzy
interval) for the case where L = [0,1] C R (i.e. real number valued fuzzy sets). For the more general
case of an arbitrary complete lattice (L, C, LI, M) we use the term “L-fuzzy sublattice” (L-fuzzy convex
sublattice, L-fuzzy interval). This conforms with standard usage in the fuzzy sets literature.

In [13] we have introduced fuzzy intervals as a special case of fuzzy sublattices [1]. An easy general-
ization yields L-fuzzy intervals, as a generalization of L-fuzzy sublattices [24]. As remarked in Section
4, for every a,b € X, the fuzzy sets a x b and a/b are L-fuzzy intervals. Some of the results obtained
in [13] hold specifically for the case L = [0,1] C R. However, a number of properties of fuzzy intervals
can be extended to the case of L-fuzzy intervals.

Hence, in this Appendix we present some properties of L-fuzzy intervals, omitting proofs, since
these are identical to the proofs presented in [13] for the case L = [0,1] € R. The presentation is
in terms of fuzzy sets M : X — L and, obviously, they also hold for the special case (X, <,V,A) =
(L,C,U,M) which conforms with the setting of this paper. Hence, all the following propositions hold
for any fuzzy set M = axb, M = a/b (for any a,b € X).

We repeat that (X, <,V,A) and (L, C, U, M) are assumed to be complete lattices. We define L-fuzzy
sublattices and L-fuzzy convexr sublattices in terms of their p-cuts; this is different from, but equivalent
to Ajmal’s approach [1].

Definition A.1 We say M : X — L is a L-fuzzy sublattice of (X, <) iff Vp € L the set M, is a
sublattice of (X, <).

Definition A.2 We say M : X — L is a L-fuzzy convex sublattice of (X, <) iff Vp € L the set M, is
a convex sublattice of (X, <); (i.e. Vp € L,Vx,y € M, we have [x Ny,x Vy] C M,).

Proposition A.3 M : X — L is a L-fuzzy sublattice of (X, <) iff
Ve,ye X M Ay)MM(zVy) d M) N My).
Proposition A.4 Let M : X — L be a L-fuzzy sublattice of (X,<). It is a L-fuzzy convex sublattice
of (X, <) iff
Ve,ye X,Vz €[z Ay,zVy|l: Mz IJMAy)NMxVy)=M@)NM(y).
Definition A.5 We say M : X — L is a L-fuzzy interval of (X, <) iff
Vpe L: M, is a closed interval of (X, <).

The collection all L-fuzzy intervals will be denoted by T(X, L) or simply by I
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Arbitrary intersections of L-fuzzy intervals yield a L-fuzzy interval.

Proposition A.6 For all J C T we have: NresM € 1

Since I C F, it follows that (T, C) is an ordered set. In fact, (T, C) is a lattice as seen in the following.

Definition A.7 For all M,N € I we define M V N as follows. We define g(M, N)y={A:Ace€ i
M T AN C A} and then define

MUN=nN S.

AES(M,N)
Proposition A.8 (f, C,U, M) is a complete lattice.

The following propositions establish some properties of L-fuzzy intervals.
Definition A.9 For every fuzzy set M we define Lyr = {p : M, # 0}.
Proposition A.10 (i) Let M be a L-fuzzy convex sublattice. If we have

Vp € Ly : M(AMy) 3 Mgeng, M(z),  M(VMy,) 3 Myenr, M (),

then M is a L-fuzzy interval.
(ii) If M is a L-fuzzy interval, then it is a L-fuzzy convez sublattice and we have

Vp € Ly : M(AMy) 3 Mgeng, M (),  M(VMy,) 3 Myenr, M ().
Corollary A.11 If M is a L-fuzzy interval, then Vp € Ly we have M (AMy)NM (VM,) = Myens, M ().
Corollary A.12 If X is finite, every L-fuzzy convex sublattice is a L-fuzzy interval and conversely.

Proposition A.13 Let M be a L-fuzzy convex sublattice. If M is a L-fuzzy interval, then ¥p € Ly
we have My, = My rp,, where p1 = M(AM,), pa = M(VM,).

As remarked previously, when replacing L, C, U, 1 with X, <, V, A, the above propositions hold true

for any fuzzy set M = axb or M = a/b (with any a,b € X).
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