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D Pxowl0prgho Dojrulwkp

iru Sdudphwhu Hvwlpdwlrq

ri Wlph0ydu|lqj Qrqolqhdu V|vwhpv

Y1 Shwulglv d dqg Dwk1 Nhkdjldv e

@Ghsduwphqw ri Hohfwulfdo dqg Frpsxwhu Hqjlqhhulqj

Dulvwrwoh Xqlyhuvlw| ri Wkhvvdorqlnl

Wkhvvdorqlnl/ JU 87339

Juhhfh

h0pdlo= shwulglvCyhujlqd1hh1dxwk1ju

id{= .63640<<9664/ who= .63640<<9664

MGhsduwphqw ri Pdwkhpdwlfv dqg Frpsxwhu Vflhqfh

Dphulfdq Froohjh ri Wkhvvdorqlnl

Wkhvvdorqlnl/ JU 88843

Juhhfh

dqg

Ghsduwphqw ri Hohfwulfdo dqg Frpsxwhu Hqjlqhhulqj

Dulvwrwoh Xqlyhuvlw| ri Wkhvvdorqlnl

Wkhvvdorqlnl/ JU 87339

Juhhfh

h0pdlo= nhkdjldvChjqdwld1hh1dxwk1ju

Devwudfw

Zh suhvhqw d qhz rq0olqh pxowl0prgho dojrulwkp iru sdudphwhu hvwlpdwlrq ri wlph0

ydu|lqj qrqolqhdu v|vwhpv1 Wkh wlph0yduldwlrq lv fdswxuhg e| dvvxplqj wkdw wkh

v|vwhp sdudphwhuv fkdqjh dffruglqj wr d Pdunryldq phfkdqlvp1 Wkh dojrulwkp

srvwxodwhv d �qlwh qxpehu ri srvvleoh ydoxhv ri wkh v|vwhp sdudphwhu dqg frpsxwhv

uhfxuvlyho| wkh fuhglw ixqfwlrq ri hdfk sdudphwhu ydoxh/ dffruglqj wr lwv suhglfwlyh

dffxudf|1 D frqyhujhqfh dqdo|vlv ri wkh dojrulwkp lv suhvhqwhg zklfk lqglfdwhv wkdw

wkh dojrulwkp hvwlpdwhv fruuhfwo| wkh sdudphwhu ydoxh/ lq wkh wlph lqwhuydov ehwzhhq

vrxufh vzlwfklqjv1 Wklv frqfoxvlrq lv fruurerudwhg e| qxphulfdo h{shulphqwv1

Nh| zrugv= Sdudphwhu Hvwlpdwlrq> V|vwhp Lghqwl�fdwlrq> Qrqolqhdu V|vwhpv>

Pxowlsoh Prghov1

Suhsulqw vxeplwwhg wr Hovhylhu Suhsulqw < Mxqh 4<<:



4 Lqwurgxfwlrq

Pdq| phwkrgv kdyh ehhq ghyhorshg wr vroyh wkh sureohp ri sdudphwhu hv0

wlpdwlrq iru g|qdplfdo v|vwhpv +Omxqj/ 4<;:,1 Ri sduwlfxodu lqwhuhvw lv wkh

fdvh ri rq0olqh dojrulwkpv zklfk duh xvhg wr hvwlpdwh wlph0ydu|lqj sdudph0

whuv1 Khuh zh suhvhqw vxfk dq dojrulwkp zklfk dvvxphv d qrqolqhdu g|qdplfdo

v|vwhp1 Wkh v|vwhp lv wlph0ydu|lqj= lwv sdudphwhu fkdqjhv ydoxhv dffruglqj

wr d Pdunryldq prgho vzlwfklqj phfkdqlvp1 Wkh dojrulwkp vwduwv zlwk d �0

qlwh qxpehu ri prghov/ hdfk fruuhvsrqglqj wr rqh ri wkh sdudphwhu ydoxhv/

dqg vhohfwv wkh �skhqrphqrorjlfdoo| ehvw� sdudphwhu ydoxh> qdpho| wkh rqh

zklfk surgxfhv wkh ehvw �w wr wkh revhuyhg ehkdylru ri wkh v|vwhp1 Rxu do0

jrulwkp lv uhodwhg wr wkh Sduwlwlrq Dojrulwkp +SD, suhvhqwhg lq +Kloeruq )

Odlqlrwlv/ 4<9<> Odlqlrwlv/ 4<:4> Odlqlrwlv ) Sodwdqlrwlv/ 4<<7> Vlpv/ Odlqlrwlv

) Pdjloo/ 4<9<,1 SD lv vxlwdeoh iru wkh sdudphwhu hvwlpdwlrq ri d olqhdu g|0

qdplfdo v|vwhp zlwk Jdxvvldq qrlvh lq wkh lqsxw dqg rxwsxw> qr surylvlrq lv

pdgh iru prgho vzlwfklqj1 Xqghu wkhvh dvvxpswlrqv/ dq dojrulwkp lv ghyho0

rshg iru h{dfw frpsxwdwlrq ri wkh prghov* srvwhulru suredelolwlhv> wkhvh duh

xvhg iru Pd{lpxp d Srvwhulrul +PDS, hvwlpdwlrq ri wkh xqnqrzq sdudphwhu1

Wklv phwkrg kdv ehhq xvhg h{whqvlyho| lq d qxpehu ri dssolfdwlrqv/ lqfoxglqj

sdudphwhu hvwlpdwlrq dqg v|vwhp lghqwl�fdwlrq +Nhkdjldv/ 4<<4> Odlqlrwlv )

Sodwdqlrwlv/ 4<<7> Shwulglv/ 4<;4,1

Rxu dojrulwkp lv pruh jhqhudo wkdq wkh SD= lw dssolhv wr qrqolqhdu v|vwhpv

dqg uhtxluhv qr suredelolvwlf dvvxpswlrqv uhjduglqj wkh qrlvh1 Ixuwkhupruh/

zkloh wkhuh duh vhyhudo frqyhujhqfh vwxglhv ri wkh SD zlwkrxw d vzlwfklqj

phfkdqlvp +Dqghuvrq ) Prruh/ 4<:<> Nhkdjldv/ 4<<4> Wxjqdlw/ 4<;3,/ dv

idu dv zh nqrz/ wkh dqdo|vlv suhvhqwhg khuh lv wkh �uvw rqh wkdw kdqgohv wkh

Pdunryldq vzlwfklqj dvvxpswlrq1

Lw vkrxog eh phqwlrqhg wkdw vlplodu pxowl0prgho dojrulwkpv/ lqfrusrudwlqj

g|qdplfdo v|vwhpv dqg Pdunryldq prgho vzlwfklqj kdyh ehhq xvhg iru vwdwh

hvwlpdwlrq +Fdsxwl/ 4<<8> Gxirxu ) Ehwuwudqg/ 4<<7> Pdjloo/ 4<98, dqg frq0

wuro +Dwkdqv hw do1/ 4<::> Gxirxu ) Ehuwudqg/ 4<<6> Qduhqgud/ 4<<7/ 4<<8,1

Wklv dssurdfk lv dovr uhodwhg wr zrun rq wlph vhulhv fodvvl�fdwlrq/ suhvhqwhg lq

+Nhkdjldv ) Shwulglv> Shwulglv ) Nhkdjldv/ 4<<9d/ 4<<9e,1 Lq dgglwlrq/ wkhuh

lv d frqqhfwlrq wr suhglfwlyh klgghq Pdunry prghov +Nhqq|/ Ohqqlj ) Phu0

phovwhlq/ 4<<3,1 Wkhvh dssurdfkhv duh doo uhodwhg wr eodfn0er{ prghov ri wkh

g|qdplfdo v|vwhp> rq wkh rwkhu kdqg/ wkh dssurdfk suhvhqwhg khuh pdnhv xvh

ri vwuxfwxuhg prghov1
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5 Wkh Sdudphwhu Hvwlpdwlrq Dojrulwkp

Frqvlghu d g|qdplfdo v|vwhp ghvfulehg e| wkh iroorzlqj htxdwlrqv

%r ' sE%r3�c �r( 5r� +r ' }E%r3�c �r( 5r� n �r +4,

zkhuh r lv wkh wlph lqgh{/ %
r
lv vwdwh yhfwru +%

r
5 ?� ,/ +r lv wkh rxwsxw

++r 5 ?� ,/ �r lv wkh lqsxw +�r 5 ?a,/ dqg �r lv d zklwh qrlvh yhfwru +�r 5 ?�,1
5r lv d wlph ydu|lqj sdudphwhu wdnlqj ydoxhv lq wkh vhw X ' iw�c w2c ���c wgj1 5r
ydulhv lq d Pdunryldq zd|/ ghvfulehg e| wkh wudqvlwlrq suredelolw| pdwul{ � =
�6&

�
' �oJKE5r ' w&m5r3� ' w6�1

Dw hyhu| wlph vwhs zh zdqw wr lghqwli| wkh phpehu ri X zklfk ehvw pdwfkhv
wkh revhuyhg vhtxhqfh +�/ +2/ 111/ +|/ 111 1 Dq dojrulwkp lv qrz suhvhqwhg wr
vroyh wklv sureohp1 Frqvlghu d vhw ri prghov/ zklfk hyroyh dffruglqj wr wkh
iroorzlqj htxdwlrqv +& ' �c 2c ���cg,=

%
&
r ' sE%&r3�c �r( w&�c +

&
r ' }E%&r3�c �r( w&�� +5,

Htxdwlrq +5,/ ghvfulehv wkh hyroxwlrq ri wkh v|vwhp +4,/ zlwk wkh sdudphwhu
�{hg dw w& dqg zlwkrxw qrlvh lqsxw1 Wkh hvwlpdwlrq dojrulwkp lv edvhg rq wkh
iroorzlqj lghd= li 5r@ w& iru vrph wlph lqwhuydo/ wkhq +

&
r pxvw eh forvh wr +r ryhu

wkh vdph lqwhuydo1 Wklv lv irupdol}hg e| lqwurgxflqj d +uhfxuvlyho| xsgdwhg,
fuhglw ixqfwlrq iru hdfk ydoxh ri &1 Zh zloo zrun zlwk txdqwlwlhv zklfk hyroyh
dw wlph0vwhsv �/ un �/ 2un � 111 1 Khqfh zh xvh d qhz wlph yduldeoh |/ zkhuh
| ' r3�

u
n�1 Zh dgrsw wkh frqyhqwlrq ri ghqrwlqj wkh qhz txdqwlwlhv e| fdslwdo

ohwwhuv +zkloh ruljlqdo txdqwlwlhv duh glvsod|hg e| vpdoo ohwwhuv,=

~�
�
' 5�c t�

�
' d+�c +2c ���c +uoc t

&
�

�
' d+&� c +

&
2 c ���c +

&
uoc & ' �c ���cg+6,

~2
�
' 5un�c t2

�
' d+un�c +un2c ���c +2uoc t

&
2

�
' d+&un�c +

&
un2c ���c +

&
2uoc & ' �c ���cg

��� �

Ri frxuvh e| wdnlqj u@4 zh uhyhuw wr wkh ruljlqdo yduldeohv1 Qrz frqvlghu
wkh iroorzlqj txdqwlwlhv Z&| / & ' �c 2c ���cg/ | ' fc �c ���/ zklfk duh xsgdwhg
uhfxuvlyho| dffruglqj wr wkh iroorzlqj irupxod1
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Khuh m �m ghqrwhv Hxfolghdq qrup dqg pdwul{ - lv wkh u0wk srzhu ri wkh pdwul{
� = -

�
' �

u> j lv dq huuru vfdoh sdudphwhu > d kljk ydoxh ri j prool�hv wkh h�hfw
ri odujh huuru t| � t

&
| / dw wkh h{shqvh ri vorzhu xsgdwlqj ri Z

&
| 1

Lw iroorzv iurp +7, wkdw f � Z
&
| � �1 Zh sursrvh wkh iroorzlqj lqwhusuhwdwlrq=

zkhq Z
&
| lv odujh/ sdudphwhu ~|@ w& pdwfkhv zhoo wkh revhuyhg gdwd eorfn

t|> vlploduo|/ zkhq Z
&
| lv vpdoo/ ~|@ w& grhv qrw pdwfk zhoo wkh gdwd eorfn

t|1 Khqfh zh fdoo Z&| wkh fuhglw ixqfwlrqv1 Wklv lqwhusuhwdwlrq lv mxvwl�hg e|
frqvlghulqj wkh whupv dsshdulqj lq +7,1 D odujh Z

6
|3� ydoxh lpsolhv wkdw w6

pdwfkhg zhoo wkh suhylrxv rxwsxw gdwd eorfn ri wkh v|vwhp1 D odujh -6& ydoxh

lqglfdwhv wkdw wkh w6 wr w& sdudphwhu vzlwfk lv olnho|1 D odujh e3
�t|3t

&

|
�2

uj2 ydoxh

+l1h1 d vpdoo
�t|3t

&

|
�
2

uj2
ydoxh, lqglfdwhv wkdw sdudphwhu w& pdwfkhv zhoo t|/ wkh

gdwd eorfn revhuyhg dw wlph |1 Wkhvh idfwruv duh frpelqhg wkurxjk htxdwlrq+7,
wr hydoxdwh wkh fuhglw ri sdudphwhu ydoxh w& dw wkh fxuuhqw wlph vwhs |1 Ilqdoo|/
wkh ghqrplqdwru hqvxuhv wkdw wkh Z&| fuhglwv duh vfdohg vr dv wr olh lq wkh ^3/4`
lqwhuydo1

Wkh frpsxwdwlrq wdnhv dffrxqw ri wkh hqwluh rxwsxw klvwru|= e3
�t|3t

&

|
�2

uj2 lq
htxdwlrq+7, lqwurgxfhv dq h{solflw ghshqghqfh rq wkh odvw u rxwsxwv> Z6|3�/
6 ' �c2c ���cg/ lqwurgxfhv dq h{solflw ghshqghqfh rq wkh suhylrxv u rxwsxwv
dqg dq lpsolflw ghshqghqfh +wkurxjk Z

6
|32, rq wkh suhylrxv u rxwsxwv dqg vr

rq1 Uhjduglqj Z
&
f/ wkh fuhglw dvvljqhg wr w& dw wlph | ' f +ehiruh dq| rxw0

sxw kdv ehhq revhuyhg,/ zh fdq mxvw dvvxph doo prghov wr eh htxdoo| fuhgleoh=
Z
&
f '

�
g
/ & ' �c 2c ���cg1 Ilqdoo|/ zh fkrrvh wkh hvwlpdwh 	~| dv iroorzv

	~|
�
' @o}4@ 

w&MX
Z
&
| � +8,

Lq rwkhu zrugv/ dw wlph |/ kdylqj revhuyhg t�c ���c t|@ +�c +2/111 +|u/ zh fodlp
wkdw wkh fxuuhqw ydoxh ri wkh sdudphwhu lv 	~|/ zkhuh 	~| pd{lpl}hv Z&| 1

Frpelqlqj +5,/ +6,/ +7, dqg +8, wkh sursrvhg hvwlpdwlrq dojrulwkp lv rewdlqhg1
Wklv dojrulwkp zrunv zhoo lq sudfwlfh/ dv kdv ehhq hvwdeolvkhg e| qxphulfdo
h{shulphqwdwlrq1 Lq dgglwlrq wr wkh h{shulphqwdo mxvwl�fdwlrq/ wkh dojrulwkp
fdq eh mxvwl�hg pdwkhpdwlfdoo|= lq Vhfwlrq 6 zh vkrz wkdw li wkh sdudphwhu
vzlwfkhv vx!flhqwo| vorzo|/ wkh ohqjwk ri wkh gdwd eorfn lv vx!flhqwo| odujh
dqg rqh prgho surylghv ehwwhu rxwsxw suhglfwlrqv wkdq wkh uhpdlqlqj rqhv/
wkhq/ lq lqwhuydov ehwzhhq vzlwfklqjv/ wkh dojrulwkp vhohfwv wkh fruuhvsrqglqj
sdudphwhu ydoxh1

Lq wkh ghvljq ri wklv dojrulwkp/ zh zhuh prwlydwhg e| wkh Sduwlwlrq Dojr0
ulwkp +Kloeruq ) Odlqlrwlv/ 4<9<> Odlqlrwlv/ 4<:4> Vlpv/ Odlqlrlwv ) Pdjloo/
4<9<,1 Wklv dojrulwkp dssolhv wr olqhdu v|vwhpv dqg lv sodfhg lq d suredelolv0
wlf iudphzrun1 Lq sduwlfxodu wkh Z&| txdqwlwlhv fdq eh lqwhusuhwhg dv srvwhulru
suredelolwlhv= Z&| ' �hE~| ' w&mt�c ���c t|� dqg ht1+7, dv Ed|hv* uxoh1 Krzhyhu/ dv
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wkh uhdghu kdv qrwlfhg/ rxu dojrulwkp uhtxluhv qr suredelolvwlf lqwhusuhwdwlrq>
lwv mxvwl�fdwlrq lv sxuho| skhqrphqrorjlfdo/ lq wkdw wkh sdudphwhu ydoxh ehvw
�wwlqj wkh rxwsxw lv vhohfwhg1 Wkh uhprydo ri wkh suredelolvwlf lqwhusuhwdwlrq
hqodujhv wkh vfrsh ri dssolfdwlrq= wkh SD lv edvhg rq wkh dvvxpswlrq wkdw srv0
whulru suredelolwlhv +fruuhvsrqglqj wr rxu Z&| fuhglw ixqfwlrqv, duh frpsxwhg
h{dfwo|1 Krzhyhu/ wklv frpsxwdwlrq fdq rqo| eh fduulhg rxw xqghu wkh dvvxps0
wlrq ri olqhdu v|vwhpv dqg Jdxvvldq qrlvh1 Rxu dojrulwkp dssolhv wr qrqolqhdu
v|vwhpv dv zhoo> dovr nqrzohgjh ri wkh vwdwlvwlfdo fkdudfwhulvwlfv ri qrlvh lv qrw
qhfhvvdu|1 Lq dgglwlrq/ d qxpehu ri prgl�fdwlrqv ri ht1+7, duh srvvleoh/ zklfk
uhwdlq wkh edvlf lghd ri uhfxuvlyho| xsgdwlqj fuhglw dffruglqj wr suhglfwlyh
dffxudf|/ exw kdyh qr irupdo vlplodulw| wr Ed|hv* uxoh1 Lq vkruw/ zh eholhyh
wkdw wkh suredelolvwlf lqwhusuhwdwlrq pd| eh looxplqdwlqj exw dovr olplwv wkh
yhuvdwlolw| ri rxu dojrulwkp dqg uhodwhg vfkhphv1

6 Frqyhujhqfh

Lw lv ghvludeoh wr surylgh vrph wkhruhwlfdo mxvwl�fdwlrq ri rxu dojrulwkp1 Wkh
ghvluhg uhvxow lv wklv= zkloh wkh sdudphwhu ydoxh uhpdlqv �{hg +vd| dw w?, wkh
fuhglw ixqfwlrqv whqg wr ydoxhv vxfk wkdw Z?| : Z

&
| / iru ? 9' &1 Wklv hqvxuhv

fruuhfw hvwlpdwlrq ri wkh sdudphwhu1

Zh suryh d vrphzkdw zhdnhu uhvxow/ zklfk lv edvhg rq wkh vwxg| ri ghwhuplq0
lvwlf txdqwlwlhv R&| > wkhvh duh vhohfwhg lq vxfk d zd| wkdw wkh| dssur{lpdwh wkh
udqgrp txdqwlwlhv Z&| 1 Zh wkhq suryh wkdw R&| kdyh wkh ghvluhg ehkdylru> wr wkh
h{whqw wkdw wkh Z&| duh dssur{lpdwhg forvho|/ wkhvh dovr zloo kdyh wkh ghvluhg
ehkdylru wkdw hqvxuhv fruuhfw hvwlpdwlrq1

Vxssrvh/ iru wkh wlph ehlqj/ wkdw wkh sdudphwhu ydoxh lv �{hg dw ~| ' w?1
Gh�qh

�&?
�
' *�4

u<"

mt| � t
&
| m

2

u � j2
' *�4

u<"

S|u
r'E|3��un� m+r � +

&
r m
2

u � j2
� +9,

Khuh j lv wkh huuru vfdoh sdudphwhu gh�qhg lq wkh suhylrxv vhfwlrq1 Dovr gh�qh
k&? ' e

3�&? +qrwh wkdw f 	 k&? 	 � iru doo &c ?,1 Frqvlghu qrz wkh iroorzlqj
txdqwlwlhv +| ' �c 2c ��� dqg & ' �c2c ���cg,=

R
&
| '

�Sg
6'� R

6
|3� �-6&

�
� k&?S

g
,'�

�S
g
6'� R

6
|3� �-6,

�
� k,?

� +:,

Zh zloo suryh wkdw wkh R&| *v dv jlyhq e| +:, duh frqyhujhqw> wklv lv wkh frqfoxvlrq
ri wkh iroorzlqj wkhruhp1
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Wkhruhp 4 Frqvlghu wkh v|vwhp gh�qhg e| ht1+:,/ zlwk k&? gh�qhg e| ht1+9,

iru &c ?@ 4/ 5/ 111/ g1 Vxssrvh wkdw iru d �{hg ? +� � ? � g, wkh iroorzlqj

frqglwlrqv krog

+D4, - : f +l1h1 -&, : f iru &c ,@ 4/ 5/ 111/ g,/

+D5, wkhuh lv vrph " : f vxfk wkdw iru doo & zh kdyh -&& : �� " dqg iru , 9' &

-&, 	 "/

+D6, iru doo & 9' ? zh kdyh �ng"

�3"
	

k??
k&?

wkhq *�4|<" R
&
| h{lvwv iru & ' �c 2c ���cg dqg *�4|<" R

?
| : *�4|<" R

&
| iru doo

& 9' ?1

Surri = Wkh surri lv suhvhqwhg lq wkh Dsshqgl{1

Uhpdun 4= Wkh wkhruhp vwdwhv wkdw/ dv orqj dv wkh sdudphwhu lv �{hg wr wkh
ydoxh w?/ hdfk R

&
| frqyhujhv wr vrph olplwlqj ydoxh> dovr/ wkh odujhvw olplwlqj

ydoxh fruuhvsrqgv wr wkh wuxh sdudphwhu ydoxh w?1 Khqfh/ li w? vwd|v �{hg iru d
orqj hqrxjk wlph/ wkhq hyhqwxdoo| R?| zloo ehfrph odujhu wkdq doo R,|/ iru , 9' ?/
zklfk zloo hqvxuh fruuhfw sdudphwhu hvwlpdwlrq1 Li +D6, krogv iru hyhu| ?/ dqg
wkh lqwhuydov ehwzhhq sdudphwhu vzlwfklqjv duh orqj hqrxjk/ wkhq frqyhujhqfh
krogv iru hyhu| wlph lqwhuydo dqg hyhu| sdudphwhu ydoxh1 Wkh wkhruhp shuwdlqv
wr R&| / dv frpsxwhg e| htxdwlrq+:,1

Uhpdun 5= Zh dovr uhtxluh +frqglwlrq +D4,, wkdw - lv srvlwlyh/ l1h1 - : f1
Wklv phdqv wkdw qr sdudphwhu vzlwfk lv frpsohwho| xqolnho|1 Lq idfw lw zrxog
vx!fh wr dvvxph wkdw - lv sulplwlyh/ l1h1 wkhuh lv vrph _ vxfk wkdw -_

: f> zh
wdnh _ ' � wr vlpsoli| wkh dqdo|vlv/ exw zh zrxog uhdfk wkh vdph frqfoxvlrqv
iru dq| _ � �1 Lq dgglwlrq zh uhtxluh +frqglwlrq +D5,, wkdw wkhuh lv vrph
" : f vxfk wkdw iru doo , zh kdyh -,, : � � " dqg -,& 	 " iru & 9' ,1 Wklv lv
d frqglwlrq iru �vorz vzlwfklqj�1 Li sdudphwhu vzlwfklqj wrrn sodfh dw d idvw
udwh/ wkhuh zrxog qrw eh hqrxjk wlph iru wkh R

&
| wr frqyhujh wr vrph olplw

ehwzhhq prgho vzlwfklqjv1 Vorz vzlwfklqj lv jxdudqwhhg li -,, lv vljql�fdqwo|
odujhu wkdq -,&1

Uhpdun 6= Ilqdoo|/ lw lv uhtxluhg wkdw iru d �{hg ? dqg doo , 9' ? wkh
lqhtxdolw| �ng"

�3"
	

k??
k,?

krogv1 Wklv lv d �jrrgqhvv0ri0prgho� frqglwlrq1 Uhfdoo
wkdw k,? h{suhvvhv wkh h{srqhqwldwhg huuru ri sdudphwhu w,/ zkhq sdudphwhu
w? lv dfwlyh1 Frqyhujhqfh wr wkh wuxh sdudphwhu w? uhtxluhv dw ohdvw wkdw w?
jhqhudwhv wkh vpdoohvw dyhudjh huuru/ l1h1 � 	 k??

k,?
/ iru doo , 9' ?1 Wkh frqglwlrq

zh lpsrvh khuh lv vrphzkdw vwurqjhu/ vlqfh � 	 �ng"

�3"
1

Uhpdun 7= Vxssrvh qrz wkdw iru vrph wlph lqwhuydo wkh dfwlyh sdudphwhu
ydoxh lv wf +rxwvlgh ri X@ iw�c w2c ���c wgj,1 Krzhyhu/ wkhuh lv vrph ? vxfk wkdw
iru doo , 9' ? zh kdyh �ng"

�3"
	

k?f
k,f

1 Wkhq/ dv zloo eh h{sodlqhg lq wkh Dsshqgl{/
wkh uhvxow ri wkh wkhruhp vwloo krogv wuxh1 Lq rwkhu zrugv/ dprqj doo sdudphwhu

9



ydoxhv lq wkh vhdufk vhw/ wkh dojrulwkp slfnv wkh rqh wkdw ehvw �wv wkh rxwsxw1

Uhpdun 8= Lq sodfh ri wkh h{srqhqwldo ixqfwlrq ri wkh huuru e3
�t|3t

&

|
�2

uj2 / d
pruh jhqhudo ixqfwlrq s Emt|�t

&
| m� fdq eh xvhg> doo wkdw lv uhtxluhg lv wkdw sE��

lv d ghfuhdvlqj ixqfwlrq1

Uhpdun 9= Qrz/ ohw xv frqvlghu wkh uhodwlrqvkls ehwzhhq R
&
| dqg Z

&
| 1 Iluvw/

frqvlghu ? dqg u �{hg dqg lqwurgxfh wkh iroorzlqj dvvxpswlrq

+E, Iru & ' �c 2c ���cg zh kdyh �&? *
�t|3t

&

|
�
2

uj2
1

Wklv dvvxpswlrq zloo eh wuxh li wkh ruljlqdo v|vwhp kdv hujrglf ehkdylru dqg
u lv odujh1 Vhfrqg/ vxssrvh wkdw wkh frqyhujhqfh ri R&| +zklfk lv jxdudqwhhg e|
wkh wkhruhp, wdnhv sodfh +xs wr ghvludeoh dffxudf|, zlwklq vrph wlph/ vd| AS1
Ilqdoo|/ vxssrvh wkdw wkh v|vwhp rshudwhv zlwk �{hg sdudphwhu w?/ iru vrph
wlph/ vd| Ar1 Li u 		 AS 		 Ar/ wkhq lw lv uhdvrqdeoh wkdw Z&| / dv jlyhq e| +7,/
lv dssur{lpdwhg e| R

&
| / dv jlyhq e| +:,1 Dq dgglwlrqdo glvfxvvlrq ri wklv lvvxh

lv surylghg lq wkh frqfoxvlrqv vhfwlrq1

7 H{shulphqwv

Zh whvw rxu dojrulwkp rq wkh wdvn ri urwru uhvlvwdqfh hvwlpdwlrq ri dq DF
lqgxfwlrq prwru1 Wkh DF lqgxfwlrq prwru lv ghvfulehg +lq glvfuhwh wlph, e|
wkh iroorzlqj qrqolqhdu htxdwlrqv1

fEr� ' � ��3� � i�� �fEr� �� n LEr�j +;,

�Er� ' �Er � �� n � �

+
�42

Ha
uf E�^rEr� ���_oEr� �� � �_rEr � ���^oEr� ����

4

2a
AuEr�

,
(+<,

khuh fEr�@ d�^rEr�c �_rEr�c �^oEr�c �_oEr�o/ LEr�@ dT^rEr�c T_rEr�c fc fo dqg
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5
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f or f f

f ��Er� ��uf oo ��Er� ��uo

�Er� ��uf f �Er � ��uo oo

6
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�+43,

Wkh vwdwru fxuuhqwv duh �^rEr�/ �_rEr�/ wkh urwru fxuuhqwv duh �^oEr�/ �_oEr�/ wkh
dqjxodu yhorflw| lv �Er�/ wkh vwdwru yrowdjhv duh T_rE|�/ T^rEr� dqg wkh ordg

:



wrutxh lv AuEr�1 � lv wkh lqwhjudwlrq vwhs> or/ oo duh wkh vwdwru dqg urwru uhvlv0
wdqfhv/ ur/ uo/ uf duh wkh vwdwru/ urwru dqg pxwxdo lqgxfwdqfhv uhvshfwlyho|>
a lv wkh prphqw ri lqhuwld dqg 4 lv wkh qxpehu ri sroh sdluv1 Wkh vwdwh yhfwru
lv ^fEr�/ �Er�` dqg wkh lqsxw yhfwru lv dLEr�c AuEr�o1 Doo wkh sdudphwhuv fdq
eh phdvxuhg/ h{fhsw iru oo/ zklfk ghshqgv rq rshudwlqj frqglwlrqv1 Exw oo lv
qhfhvvdu| iru wkh h!flhqw dqg hfrqrplf frqwuro ri dqjxodu yhorflw|1 Wklv lv d
vwdqgdug rq0olqh sdudphwhu hvwlpdwlrq sureohp1 Zh phdvxuh �^rEr�/ �_rEr�> wkh
yhfwru ^�^rEr�/ �_rEr�` +r@4/ 5/ 111 , sod| wkh uroh ri wkh wlph vhulhv +r +r@4/ 5/
111 ,1 Wklv pd| kdyh ehhq surgxfhg e| dq| prgho fruuhvsrqglqj wr d vshfl�f
ydoxh oo> wkdw lv/ oo sod|v wkh uroh ri wkh prgho sdudphwhu ~|1

Wkh DF lqgxfwlrq prwru lv vlpxodwhg/ pl{lqj wkh vwdwru fxuuhqw rxwsxw zlwk
dgglwlyh qrlvh dw ydulrxv ohyhov/ ghvfulehg e| wkh Vljqdo 0 wr 0 Qrlvh Udwlr
+VQU,1 Hdfk vlpxodwlrq lv uxq iru 43333 wlph vwhsv +� ' 318 pv,1 D wkuhh
skdvh DF yrowdjh ri 553 Y UPV ydoxh dqg d wrutxh Au@418 Q�p duh xvhg dv
lqsxw1 Wkh uhdo prwru sdudphwhuv duh= or@4418; l/ ur @313:4 K/ uo@313:5 K/
uf@3139< K/ a@313;< nj�p

2 / �@3 Qw�vhf2p/ 4@51 Wkh h�hfw ri oo yduldwlrq
lv vlpxodwhg e| xvlqj whq oo ydoxhv= iurp wlph |@313 wr 318 v wkh uhdo urwru
uhvlvwdqfh oo@ 71< l/ iurp 318 wr 413 v oo@81< l dqg vr rq xqwlo wkh ydoxh 461<
l1 Whq prghov duh xvhg +g@43,/ zlwk oo ydoxhv ri 8/ 9/111/ 47 l1 Iru uhdo oo
ydoxh 71< l/ wkh ehvw hvwlpdwh lv 8 l> vlploduo| iru oo@81</ 91</ 111 1 Wkh wlph
vwhs xvhg lq htxdwlrqv+;,/ +<, lv �@318 pv1 Vhyhudo vdpsolqj wlphv duh xvhg iru
wkh phdvxuhphqw ri wkh vwdwru fxuuhqw/ qdpho| 7�@ 318/ 4/ 5/ 6 pv1 Htxdwlrq
+7, lv xvhg iru wkh frpsxwdwlrq ri Z&| 1 Wkh ydoxh u@43 lv xvhg> j lv frpsxwhg
h{shulphqwdoo| iurp wkh suhglfwlrq huuruv frpsxwhg e| +5,1 Uhjduglqj wkh
vzlwfk pdwul{ -/ lw lv wdnhq htxdo wr �

u/ zkhuh � lv d edqg pdwul{/ zlwk doo
gldjrqdo hohphqwv htxdo +���@ �22@ 111 @ �gg, dqg forvh wr rqh> dovr �&c&3�@
�&c&n�@ ���&&*21 Doo rwkhu hohphqwv zhuh vhw htxdo wr }hur1 Wklv uhsuhvhqwv dq
dvvxpswlrq wkdw/ dv oo ydulhv/ lw fdq rqo| pryh wr qhljkerulqj ydoxhv1 Vhyhudo
�&& ydoxhv zhuh xvhg1

Wkh uhvxowv iru ydulrxv frpelqdwlrqv ri qrlvh ohyho/ 7� / dqg -&& duh suhvhqwhg
lq Iljxuhv 4 wr 81 Wkh uhvxowv duh h{suhvvhg e| dq hvwlpdwlrq �jxuh ri phulw
S ' ��*�f1 Khuh �f lv wkh wrwdo qxpehu ri wlph vwhsv dqg �� wkh qxpehu ri
wlph vwhsv zkhuh wkh ehvw sdudphwhu ydoxh zdv slfnhg1 Lq hdfk �jxuh zh olvw S
iru 7�@318/ 4/ 5/ 6 pv dqg iru ydulrxv qrlvh ohyhov +vwduwlqj zlwk wkh qrlvh iuhh
fdvh dqg dgydqflqj wkurxjk VQU@53133/ 43133/ 9199/ 8133/ 7133/ 6166/ 5183,1
Zkdw gl�huv lq hdfk �jxuh lv wkh ydoxhv ri j dqg -&&1

8 Frqfoxvlrqv

Zh kdyh suhvhqwhg dq rq0olqh/ pxowl0prgho dojrulwkp iru wkh hvwlpdwlrq ri
wkh vzlwfklqj sdudphwhu ri d g|qdplfdo v|vwhp1 Wkh dojrulwkp lv edvhg rq

;



wkh frpsdulvrq ri rxwsxw ehkdylruv ri wkh wuxh v|vwhp dqg wkrvh ri d vhw
ri prghov/ hdfk wxqhg wr d sduwlfxodu ydoxh ri wkh sdudphwhu1 Rxu dojrulwkp
lv d jhqhudol}hg yhuvlrq ri wkh Sduwlwlrq Dojrulwkp> lq sduwlfxodu/ plqlpdo
suredelolvwlf dvvxpswlrqv duh uhtxluhg/ wkh qhz dojrulwkp dssolhv wr qrqolq0
hdu v|vwhpv dv zhoo/ dqg wkh fdvh ri d vzlwfklqj sdudphwhu lv kdqgohg e| wkh
lqwurgxfwlrq ri d vzlwfklqj phfkdqlvp1 Zkloh d suredelolvwlf lqwhusuhwdwlrq ri
rxu uhvxowv lv srvvleoh/ lw lv qrw qhfhvvdu| dqg lq idfw lw pd| eh olplwlqj srvvl0
eoh h{whqvlrqv ri wkh dssolfdelolw| ri wkh dojrulwkp dqg yduldwlrqv ri wkh irup
ri xsgdwh ht1+7,1 Zh surylgh d frqyhujhqfh dqdo|vlv ri wkh dojrulwkp/ zklfk
lv edvhg rq wkh dssur{lpdwlrq ri wkh suredelolvwlf fuhglw ixqfwlrqv Z&| e| wkh
ghwhuplqlvwlf txdqwlwlhv R&| 1 Wkh odwwhu duh suryhg wr frqyhujh +ehwzhhq sdud0
phwhu vzlwfklqjv, wr ydoxhv zklfk hqvxuh vhohfwlrq ri wkh sdudphwhu ydoxh wkdw
ehvw dssur{lpdwhv wkh revhuyhg v|vwhp ehkdylru1 Qxphulfdo h{shulphqwv vkrz
wkdw wkh dojrulwkp hvwlpdwhv wkh sdudphwhu ydoxh zlwk yhu| jrrg dffxudf|1

Lq wkh ixwxuh/ zh zdqw wr surylgh d pruh ghwdlohg dqdo|vlv ri wkh frqqhfwlrq
ehwzhhq Z&| dqg R

&
| / zlwk wkh �qdo jrdo ri hvwdeolvklqj frqyhujhqfh ri Z

&
| wr rqh

iru wkh ehvw prgho1 Zh duh fxuuhqwo| h{dplqlqj wklv sureohp> ohw xv suhvhqw
vrph lqwurgxfwru| uhpdunv1 D phwkrg lv uhtxluhg wr hvwdeolvk frqyhujhqfh
hlwkhu ri Z&| +lq vrph vwrfkdvwlf vhqvh, ru ri wkh h{shfwhg ydoxh .EZ&| �1 Wdnlqj
h{shfwdwlrqv lq erwk vlghv ri htxdwlrq +7, lv d srvvleoh �uvw pryh lq zulwlqj dq
htxdwlrq wkdw h{suhvvhv h{shfwhg Z

&
| lq whupv ri h{shfwhg Z

&
|3� dqg h{shfwhg

e
3 t|3t

&

|

uj2
+l1h1 vlplodu wr ht1+:,,1 Krzhyhu/ d zd| pxvw eh irxqg wr uhsodfh wkh

h{shfwdwlrq ri d surgxfw zlwk d surgxfw ri h{shfwdwlrq1 Dqrwkhu srvvlelolw|
lv wr xvh Omxqj*v dqg Nxvkqhu*v phwkrgv dqg hvwdeolvk frqyhujhqfh ri wkh
vwrfkdvwlf gl�huhqfh htxdwlrq +7, e| vwxg|lqj wkh surshuwlhv ri d ghwhuplqlvwlf
gl�huhqwldo htxdwlrq1 Krzhyhu/ wklv dssurdfk uhtxluhv uhzulwlqj ht1+7, lq wkh
irup= Z&| ' Z

&
|3�. " �s EZ�|3�c t|�t

�
| /111/ Zg|3�c t|�t

g
| �/ ru �qglqj dq htxdwlrq

ri vxfk irup wkdw dssur{lpdwhv +7,1

Lq dgglwlrq/ zh zdqw wr h{whqg rxu dojrulwkp vr wkdw lw lv dssolfdeoh wr sure0
ohpv zlwk kljk glphqvlrqdo sdudphwhu vsdfh1 Lq wklv fdvh/ wkh txdqwl}dwlrq
dssurdfk xvhg lq Vhfwlrq 7 lv qrw sudfwlfdo/ gxh wr wkh odujh qxpehu ri prghov
wkdw pxvw eh hpsor|hg1 Zkdw lv uhtxluhg lv wr uhsodfh txdwl}dwlrq e| d pruh
vrsklvwlfdwhg phwkrg ri vhdufklqj wkh sdudphwhu vsdfh/ e| d �glylgh0dqg0
frqtxhu� dssurdfk/ h1j1 xvlqj d jhqhwlf dojrulwkp +zklfk hpsor|v wkh fuhglw
ixqfwlrqv Z&| wr fuhdwh vxffhvvlyh jhqhudwlrqv ri prghov,/ d vlpxodwhg dqqhdo0
lqj ru d Prqwh Fduor Pdunry Fkdlq vfkhph/ vxfk dv ghvfulehg lq +Jlonv hw do/
4<<9,1 Krzhyhu/ vxfk phwkrgv duh frpsxwdwlrqdoo| lqwhqvlyh dqg wkhlu rq0olqh
dssolfdwlrq pd| suhvhqw gl!fxowlhv1
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D Dsshqgl{= Surri ri wkh Frqyhujhqfh Wkhruhp

Khuh zh suhvhqw wkh surri ri wkh frqyhujhqfh wkhruhp1 Wr suryh Wkhruhp 4/
zh zloo zrun zlwk dx{loldu| txdqwlwlhv ^&| / gh�qhg dv iroorzv/ iru & ' �c 2c ���cg1

^
&
| '

#
g[

6'�

^
6
|3� �-6&

$
� k&? +D14,

Frpsdulqj +:, dqg +D14,/ vh vhh wkdw wkh ^&| *v duh vlpso| wkh xqvfdohg yhuvlrqv
ri wkh R&| *v1 Wklv lv dfwxdoo| suryhg lq wkh iroorzlqj Ohppd1

Ohppd 5 Iru R
&
| dv jlyhq e| +:, dqg ^

&
| dv jlyhq e| +D14,/ gh�qh �| 'Sg

6'�
^6| 1 Vxssrvh wkdw iru & ' �c ���cg R&

�
dqg ^&

�
duh fkrvhq vr wkdw

^�
�

R�
�

'
^2
�

R2
�

'

��� '
^g
�

Rg
�

1 Wkhq/ iru 6 ' �c 2c ���cg dqg iru | ' �c 2c ���zh kdyh ^6| ' �| � R
6
| 1

Surri E| lqgxfwlrq1 Iru | ' �

^�
�

R�
�

'
^2
�

R2
�

' ��� '
^g
�

Rg
�

'
^�
�
n ���n ^g

�

R�
�
n ���n Rg

�

'
^�
�
n ���n ^g

�

�
' ��� +D15,

Qrz vxssrvh wkdw wkh sursrvlwlrq krogv iru | ' o1 Wkhq R6o @
�

�o
^6o iru 6 '

�c 2c ���cg dqg

R&on�
'

�

�o

�Sg
6'�

^6o �-6&

�
� k&?

�

�o

S
g
,'�

�S
g
6'�

^6o �-6,

�
� k,?

'
^6on�S
g
,'�

^,on�

'
^6on�
�on�

� +D16,

dqg wkh surri lv frpsohwh1

Qrz/ wr suryh frqyhujhqfh zh zrun iru d zkloh zlwk wkh dx{loldu| txdqwlwlhv

^&| udwkhu wkdq wkh R&| 1 Gh�qh ^| ' d^�| c ^
2

| c ���c ^
g
| o dqg

� '

5
999999997

k�? f ��� f

f k2? ��� ���

��� ��� ��� ���

f ��� ��� kg?
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- '

5
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-�� -�2 ��� -�g

-2� -22 ��� ���

��� ��� ��� ���

-g� ��� ��� -gg

6
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' ' -�(+D17,

wkhq +D14, fdq eh uhzulwwhq dv

^| ' ^|3�-� ' ^|3�' +D18,
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' lv d srvlwlyh pdwul{1 Vlqfh k&? 	 � iru & ' �c ���cg dqg
Sg

,'�-&, ' �/ zh

kdyh
Sg

,'�
'&, 	 �1 Wkh iroorzlqj wkhruhp krogv iru wkh srzhuv ri '1

Wkhruhp 6 '|
' b| � �� � �� n�E|� m>m|�1

Surri +Vhqhwd/ 4<;:,/ s1:1

Khuh b lv wkh +srvlwlyh, pd{lpxpprgxoxv hljhqydoxh ri' +jxdudqwhhg wr h{lvw

e| wkh Shuurq0Iurehqlxv wkhruhp/ +Vhqhwd/ 4<;:/ s14,> �c � duh wkh dvvrfldwhg

+vwulfwo| srvlwlyh, uljkw dqg ohiw hljhqyhfwruv/ l1h1 �' ' b� / '� ' b� dqg

�� ' �> > lv wkh vhfrqg pd{lpxp prgxoxv hljhqydoxh/ zlwk pxowlsolflw| � 1

Zh kdyh wkh iroorzlqj Ohppd1

Ohppd 7 mbm ' b 	 �1

Surri Wkdw mbm@ b iroorzv iurp wkh Shuurq0Iurehqlxv wkhruhp1 Qrz gh�qh

S6
�
'
Sg

?'�
'6? 	 �� Vxssrvh b � �1 Zh kdyh

�' ' b�,
[
6

�6'6? ' b�? ,

[
?

[
6

�6'6? ' b
[
?

�? ,

[
6

[
?

�6'6? ' b
[
?

�? ,

[
6

�6

[
?

'6? ' b
[
?

�? ,

[
6

�6S6 ' b
[
6

�6 ,

[
6

�6ES6 � b� ' f� +D19,

Wklv ohdgv wr d frqwudglfwlrq/ ehfdxvh zh nqrz wkdw b � � dqg/ iru doo 6/

�6 : f dqg S6 	 �> vr zh kdyh d vxp ri vwulfwo| qhjdwlyh qxpehuv wkdw

htxdov ohvv wkdq }hur1 Wkh surri lv frpsohwh1

Qrz zh zloo suryh wkh iroorzlqj Ohppd1

Ohppd 8 Gh�qh �6, '
�6
�,
1 Iru | ' �c 2c ��� dqg 6c , ' �c 2c ���cg zh kdyh

^6|
^,|

'
d'|

o?6

d'|o?,

$ �6, @r |$4� +D1:,

Surri Iurp Wkhruhp 6 dqg Ohppd 7 lw iroorzv wkdw dv |$4
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Wkhq/ iru �c �c6 ' �c 2c ���cg

d'|
o�6

b|
$ ���6

b|

d'|
o�6

$
�

���6

<A@
A>,

d'�6o
|

d'|o�6

$
��

��

' q�� +D1<,

Vlploduo|/ iru �c � ' �c 2c ���cg +dqg �{hg ?,

d'|
o?�

b|
$ �?��

b|

d'|o?�
$

�

�?��

<A@
A>,

d'|
o?�

d'|o?�

$
��

��
' ��� +D143,

Vlqfh ^| ' ^|3�'/ ^|3� ' ^|32' hwf1/ �qdoo| ^| ' ^f'
|1 Wkhq zh kdyh iru

6c , ' �c 2c ���cg

^6| ' ^�
f
d'|

o�6 n ^2
f
d'|

o26 n ���n ^g
f
d'|

og6� +D144,

�

^,|
'

�
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f
d'|o�, n ^2

f
d'|o2, n ���n ^g

f
d'|og,

� +D145,

Wdnlqj � ' �c 2c ���cg dqg � ' ? lq +D1<, rqh rewdlqv

d'|
o�6

d'|o?6

$ q
�?c

d'|
o26

d'|o?6

$ q
2?c ���c

d'|
og6

d'|o?6

$ qg?( +D146,

wkhq dsso|lqj wr +D144, rqh rewdlqv

^6|
d'|o?6

$

�
^�
f
q
�? n ^2

f
q
2? n ���n ^g

f
qg?

�
� +D147,

Vlploduo|/ lq +D1<, wdnh 6 ' ,/ � ' �c 2c ���cg dqg � ' ? wr rewdlq

d'|
o�,

d'|o?,

$ q
�?c

d'|
o2,

d'|o?,

$ q
2?c ���c

d'|
og,

d'|o?,

$ qg?( +D148,

frpelqlqj +D148, zlwk +D145, rqh rewdlqv

d'|
o?,

^,|
$

�

E^�
f
q
�? n ^2

f
q
2? n ���n ^g
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Dovr/ e| +D143, zlwk � ' , dqg � ' 6/ rqh rewdlqv
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Frpelqlqj +D14:, dqg +D14;, rqh �qdoo| rewdlqv
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' �6, +D14<,

dqg wkh surri lv frpsohwh1

Qrz zh suryh wkh frqyhujhqfh wkhruhp1

Surri ri Wkhruhp 4 Iurp Ohppd 8 zh nqrz wkdw iru 6c , ' �c 2c ���cg

zh kdyh
^6|

^,|
$ �6,1 Iurp Ohppd 4 zh nqrz wkdw iru 6c , ' �c 2c ���cg dqg

| ' �c2c ��� zh kdyh ^6| ' �| � R
6
| dqg ^,| ' �| � R
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|1 Khqfh

*�4
|<"

^6|
^,|

' *�4
|<"

�| � R
6
|

�| � R
,
|

' *�4
|<"

R6|
R,|

' �6, +D153,
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Lw lv hdv| wr vkrz wkdw
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S
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Wkhq/ wdnlqj wkh olplw dv |$4 rqh rewdlqv
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S
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� +D156,

Qrz vxssrvh wkdw wkh frqfoxvlrq ri wkh wkhruhp lv idovh1 Lq wkdw fdvh wkh

pd{lpxp ri R& rffxuv iru vrph 6 9' ?1 Lq rwkhu zrugv iru vrph 6 9' ? dqg
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iru doo & 9' 6/ zh kdyh R6 � R&1 Lq sduwlfxodu
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k6?

�
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�� "
+D157,

zklfk frqwudglfwv +D6,1 Khqfh wkh surri lv frpsohwh1

Uhpdun Lw kdv ehhq dvvxphg vr idu wkdw w? lv d phpehu ri X/ wkh vhdufk vhw1

Krzhyhu/ vxssrvh qrz wkdw wkh dfwxdo sdudphwhu ydoxh lv wf/ rxwvlgh X1 Ixu0

wkhu vxssrvh wkdw wkh frqglwlrqv +D4,/ +D5,/ +D6, vwloo krog1 Lq sduwlfxodu/

+D6, qrz ehfrphv= � iru doo , 9' ? zh kdyh � 	 �ng"

�3"
	 k?f

k,f
1� Wklv phdqv wkdw

wkh ?0wk prgho +lq wkh vhw X, pdwfkhv wkh rxwsxw ehkdylru ri wkh wuxh v|vwhp

ehwwhu wkdq dq| rwkhu prgho lq X1 Lw zloo eh revhuyhg wkdw wkh surri vwloo jrhv

wkurxjk zlwkrxw dq| prgl�fdwlrqv dqg wkh frqfoxvlrq ri wkh wkhruhp vwloo

krogv= *�4|<" R6| h{lvwv iru 6 ' �c 2c ���cg dqg *�4|<" R?| : *�4|<" R,| iru doo

, 9' ?1 Khqfh wkh sdudphwhu lv hvwlpdwhg fruuhfwo|/ lq wkh vhqvh wkdw wkh ydoxh

vhohfwhg dssur{lpdwhv wkh rxwsxw ehkdylru ri wkh wuxh v|vwhp ehwwhu wkdq dq|

rwkhu sdudphwhu ydoxh lq wkh vhdufk vhw X1

Uhihuhqfhv

^4` Dqghuvrq/ E1G1R1 dqg Prruh/ M1E1 +4<:<,1 Rswlpdo Ilowhulqj1 Suhqwlfh0Kdoo/
Hqjohzrrg Fol�v/ 4<:<1

^5` Dwkdqv/ P1 hw do1 +4<::,1 �Wkh vwrfkdvwlf frqwuro ri wkh I0;F dlufudiw xvlqj
d pxowlsoh prgho dgdswlyh frqwuro phwkrg 0 sduw L= htxloleulxp  ljkw�/ LHHH
Wudqv rq Dxwrpdwlf Frqwuro/ yro155/ ss1:9;0:;31

^6` Fdsxwl/ P1M1 +4<<8,1 �D qhfhvvdu| frqglwlrq iru h�hfwlyh shuirupdqfh ri wkh
pxowlsoh prgho dgdswlyh hvwlpdwru�/ LHHH Wudqv1rq Dhurvsdfh dqg Hohfwurqlf

V|vwhpv/ Yro164/ ss144650446;1

^7` Gxirxu/ I1 dqg Ehuwudqg/ S1 +4<<7,1 �Wkh �owhulqj sureohp iru frqwlqxrxv0

wlph olqhdu v|vwhpv zlwk Pdunryldq vzlwfklqj frh!flhqwv�/ V|vwhp dqg Frqwuro

Ohwwhuv/ yro156/ ss178607941

^8` Gxirxu/ I1 dqg Ehuwudqg/ S1 +4<<6,1 �Vwdelol}lqj frqwuro iru k|eulg prghov�/

LHHH Wudqv1 rq Dxwrpdwlf Frqwuro/ yro16</ ss156870568:1

^9` Jlonv/ Z1U1 / Ulfkdugvrq/ V1 dqg Vslhjhokdowhu/ G1M1 +4<<9,1 Pdunry Fkdlq

Prqwh Fduor lq Sudfwlfh/ Fkdspdq dqg Kdoo/ Orqgrq1
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^:` Kloeruq/ F1J1 dqg Odlqlrwlv/ G1J1 +4<9<,1 �Xqxshuylvhg ohduqlqj plqlpxp ulvn

sdwwhuq fodvvl�fdwlrq iur ghshqghqw k|srwkhvhv dqg ghshqghqw phdvxuhphqwv�/

LHHH Wudqv1 rq V|vwhpv Vfl1 dqg F|ehuqhwflv/ yro18/ ss143<04481

^;` Nhkdjldv/ Dwk1 +4<<4,1 �Frqyhujhqfh surshuwlhv ri wkh Odlqlrwlv sduwlwlrq

dojrulwkp�/ Frqwuro dqg Frpsxwhuv/ yro14</ ss14091

^<` Nhkdjldv/ Dwk1 dqg Shwulglv/ Ydv1 �Suhglfwlyh Prgxodu Qhxudo Qhwzrunv iru

Wlph Vhulhv Fodvvl�fdwlrq�/ Qhxudo Qhwzrunv/ yro143/ ss16407<1

^43` Nhqq|/ S1/ Ohqqlj/ P1 dqg Phuphovwhlq/ S1 +4<<3,1 �D olqhdu suhglfwlyh KPP

iru yhfwru0ydoxhg revhuydwlrqv zlwk dssolfdwlrqv wr vshhfk uhfrjqlwlrq�/ LHHH

Wudqv1 rq Dfrxvwlfv/ Vshhfk dqg Vljqdo Surf1/ yro16;/ ss155305581

^44` Odlqlrwlv/ G1J1 +4<:4,1 �Rswlpdo dgdswlyh hvwlpdwlrq= vwuxfwxuh dqg sdudphwhu

dgdswdwlrq�/ LHHH Wudqv1 rq Dxwrpdwlf Frqwuro/ yro149/ ss1 49304:31

^45` Odlqlrwlv/ G1J1 dqg Sodwdqlrwlv/ N1Q1 +4<<7,1 �Dgdswlyh G|qdplf Qhxudo

Qhwzrun Hvwlpdwlrq�/ lq Surfhhglqjv ri Lqw1 Mrlqw Frqihuhqfh rq Qhxudo

Qhwzrunv 4<<7/ yro19/ ss1 7:6907:781

^46` Omxqj/ O1 +4<;:,1 V|vwhp Lghqwl�fdwlrq= Wkhru| iru wkh Xvhu/ Suhqwlfh Kdoo1

^47` Pdjloo/ G1W1 +4<98,1 �Rswlpdo dgdswlyh hvwlpdwlrq ri vdpsohg vwrfkdvwlf

surfhvvhv�/ LHHH Wudqv1 rq Dxwrpdwlf Frqwuro/ Yro143/ ss1767076<1

^48` Qduhqgud/ N1 +4<<8,1 �Dgdswdwlrq dqg ohduqlqj xvlqjpxowlsoh prghov/ vzlwfklqj

dqg wxqlqj�/ LHHH Frqwuro V|vwhpv/ ss16:0841

^49` Qduhqgud/ N1 dqg Edodnkulvkqdq/ M1 +4<<7,1 �Lpsurylqj wudqvlhqw uhvsrqvh ri

dgdswlyh frqwuro v|vwhpv xvlqj pxowlsoh prghov dqg vzlwfklqj�/ LHHH Wudqv1

rq Dxwrpdwlf Frqwuro/ Yro16</ ss14;9404;991

^4:` Shwulglv/ Y1 +4<;4,1 �D phwkrg iru ehdulqjv0rqo| yhuorflw| dqg srvlwlrq

hvwlpdwlrq�/ LHHH Wudqv1 rq Dxwrpdwlf Frqwuro/ yro159/ ss17;;07<61

^4;` Shwulglv/ Y1 dqg Nhkdjldv/ Dwk1 +4<<9d,1 �D Uhfxuuhqw Qhwzrun Lpsohphqwdwlrq

ri Wlph Vhulhv Fodvvl�fdwlrq�/ Qhxudo Frpsxwdwlrq/ yro1;/ ss168:06:51

^4<` Shwulglv/ Y1 dqg Nhkdjldv/ Dwk1 +4<<9e,1 �Prgxodu Qhxudo Qhwzrunv iru PDS

Fodvvl�fdwlrq ri Wlph Vhulhv dqg wkh Sduwlwlrq Dojrulwkp�/ LHHH Wudqv1 rq

Qhxudo Qhwzrunv/ yro1:/ ss1:60;91

^53` H1 Vhqhwd +4<;:,1 Qrq0Qhjdwlyh Pdwulfhv/ 4<;:/ Zloh|/ Qhz \run1

^54` Vlpv/ I1O1/ Odlqlrwlv/ G1J1 dqg Pdjloo/ G1W1 +4<9<,1 �Uhfxuvlyh dojrulwkp iru

wkh fdofxodwlrq ri wkh dgdswlyh Ndopdq �owhu frh!flhqwv�/ LHHH Wudqv1 rq

Dxwrpdwlf Frqwuro/ yro147/ ss1548054;1

^55` Wxjqdlw/ M1N1 +4<;3,1 �Frqyhujhqfh dqdo|vlv ri sduwlwlrqhg dgdswlyh hvwlpdwruv

xqghu frqwlqxrxv sdudphwhu xqfhuwdlqw|�/ LHHH Wudqv1 rq Dxwrpdwlf Frqwuro/

yro158/ ss189<08:61
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ILJXUH FDSWLRQV

ILJXUH 4 Fodvvl�fdwlrq �jxuh ri phulw S iru j @314/ �&& @31<</ u@431

ILJXUH 5 Fodvvl�fdwlrq �jxuh ri phulw S iru j @31338/ �&& @31<</ u@431

ILJXUH 6 Fodvvl�fdwlrq �jxuh ri phulw S iru j @3134/ �&& @31<</ u@431

ILJXUH 7 Fodvvl�fdwlrq �jxuh ri phulw S iru j @3134/ �&& @31<<8/ u@431

ILJXUH 8 Fodvvl�fdwlrq �jxuh ri phulw S iru j @3134/ �&& @31<;/ u@431
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Figure 1
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Figure 1: Classification figure of merit c for sigma  = 0.1, Pkk = 0.99, L = 10.

Figure 2
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Figure 2: Classification figure of merit c for sigma  = 0.005, Pkk = 0.99, L = 10.



Figure 3
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Figure 3: Classification figure of merit c for sigma  = 0.01, Pkk = 0.99, L = 10.

Figure 4
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Figure 4: Classification figure of merit c for sigma  = 0.01, Pkk = 0.995, L = 10.



Figure 5
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Figure 5: Classification figure of merit c for sigma  = 0.01, Pkk = 0.98, L = 10.


