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Devwudfw

D suhglfwlyh prgxodu qhxudo qhwzrun +SUHPRQQ, dufklwhfwxuh iru wlph vhulhv fodvvl�fdwlrq lv

suhvhqwhg1 Wkh SUHPRQQ kdv d klhudufklfdo vwuxfwxuh1 Wkh erwwrp ohyho frqvlvwv ri d edqn ri

olqhdu ru qrqolqhdu suhglfwru prgxohv1 Wkh wrs ohyho lv d ghflvlrq prgxoh zklfk hpsor|v Ed|hvldq ru

qrqsuredelolvwlf ghflvlrq uxohv1 Iru ydulrxv fkrlfhv ri suhglfwlrq dqg ghflvlrq prgxohv/ frqyhujhqfh

wr fruuhfw fodvvl�fdwlrq lv suryhq1 Dovr lw lv vkrzq wkdw SUHPRQQ lv urexvw wr qrlvh dqg wkh vshhg

2 dffxudf| wudghr� lv lqyhvwljdwhg1 Wkh dqdo|vlv lv pdlqo| pdwkhpdwlfdo> krzhyhu/ wr fruurerudwh

rxu frqfoxvlrqv zh dovr suhvhqw fodvvl�fdwlrq h{shulphqwv1
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Wklv sdshu dsshduhg lq Qhxudo Qhwzrunv/ Yro143/ Qr14/ ss16407</ 4<<:1

� W?|hL_�U|�L?

Ohw xv frqvlghu wkh iroorzlqj wlph vhulhv fodvvl�fdwlrq sureohp1 D wlph vhulhv ||/ w @ 4> 5> === � lv

surgxfhg e| d vrxufh V+�&,/ zkhuh �& lv d sdudphwhu wdnlqj ydoxhv lq d �qlwh vhw � @ i��> ===> �gj1 Wkh
vrxufh wkdw surgxfhv wkh wlph vhulhv vkrxog eh lghqwl�hg> lq rwkhu zrugv wkh _wuxh% ru _ehvw% ydoxh ri

�& vkrxog eh frpsxwhg1

Iru h{dpsoh/ wkh wlph vhulhv |�/ |2/ 111 pd| eh d vshhfk vljqdo/ dqg wkh sdudphwhu �& d skrqhph odeho

wdnlqj ydoxhv lq wkh vhw �@ i ^dk`/ ^rr`/ 111 j1 Zkhq wkh vshhfk vljqdo/ iru lqvwdqfh/ fruuhvsrqgv wr wkh

skrqhph ^dk`/ |�/ |2/ 111 lv surgxfhg e| V+^dk`,1 Wklv w|sh ri sureohp dulvhv lq skrqhph uhfrjqlwlrq

+Zdleho hw do1/ 4<;<,/ udgdu +Kd|nlq ) Frqj/ 4<<4, dqg vrqdu +Jrupdq ) Vhmqrzvnl/ 4<;;, vljqdo

fodvvl�fdwlrq/ surfhvvlqj ri vhlvplf vljqdov +Odlqlrwlv hw do1/ 4<;;,/ HHJ +]hwwhuehuj hw do1/ 4<;4,dqg

HFJ +]kx hw do1/ 4<;<, dqdo|vlv hwf1 D Ed|hvldq dssurdfk wr fodvvl�fdwlrq lv txlwh frpprq1

D vljql�fdqw wuhqg ri fxuuhqw frqqhfwlrqlvw uhvhdufk +iru fodvvl�fdwlrq dv zhoo dv rwkhu sureohpv,

lv wkh ghyhorsphqw ri wudlqlqj dojrulwkpv wkdw sduwlwlrq wkh sdudphwhu vsdfh lqwr uhjlrqv/ dqg �w d

orfdo prgho wr hdfk uhjlrq1 Wklv dssurdfk lv lpsolflw lq pdq| hduolhu sdshuv +Iduphu ) Vlgrurzlfk>

4<;;/ Prrg|/ 4<;<, exw lv uhfhqwo| ehlqj uhh{dplqhg dqg irupxodwhg lq wkh pruh vxjjhvwlyh odqjxdjh

ri suredelolw| pl{wxuhv/ orfdo h{shuwv +Mdfrev hw do1/ 4<<4> Mrugdq ) Mdfrev/ 4<<5> Qhdo/ 4<<4> Qrzodq/

4<<3,/ frpplwwhhv +Vfkzdu}h ) Khuw}/ 4<<5,/ qhxudo hqvhpeohv +Shuurqh ) Frrshu/ 4<<6, hwf1 Pruh

lpsruwdqw wkdq wkh fkdqjh lq yrfdexodu|/ lv wkh ghyhorsphqw ri qhz/ dgdswlyh phwkrgv iru h�flhqw

frpelqdwlrq ri wkh orfdo prghov/ dv lq +D|hvwdudq ) Sudjhu/ 4<<6> Ed{w/ 4<<5> Eh|hu dqg Vplhmd/ 4<<6>

Mdfrev hw do1/ 4<<4> Mrugdq ) Mdfrev/ 4<<5> Ndglundpdqdwkdq ) Qludqmdq/ 4<<5> Vfkzdu}h ) Khuw}/

4<<5, hwf1 Zh �qg Ed|hvldq prgho frpelqdwlrq phwkrgv sduwlfxoduo| lqwhuhvwlqj1 Rxu zrun olhv lq

wklv gluhfwlrq dqg kdv frpprq hohphqwv zlwk +Mdfrev hw do1/ 4<<4> Mrugdq ) Mdfrev/ 4<<5> Qhdo/ 4<<4>

Qrzodq/ 4<<3> Vkdgdidq ) Qludqmdq/ 4<<6,1

Rxu �uvw dssurdfk wr wlph vhulhv fodvvl�fdwlrq lv edvhg rq Ed|hvldq frpelqdwlrq ri orfdo suhglfwruv1

Wklv gudzv rq wkh fodvvlfdo Sduwlwlrq Dojrulwkp �uvw xvhg lq wkh frqwh{w ri frqwuro wkhru| +Kloeruq )

Odlqlrwlv/ 4<9<> Odlqlrwlv/ 4<:4,1 Zh kdyh lqwurgxfhg lwv xvh wr wlph vhulhv fodvvl�fdwlrq lq d suhylrxv

sdshu +Shwulglv ) Nhkdjldv/ 4<<6,1 Wkh vsdfh ri wlph vhulhv vrxufhv lv sduwlwlrqhg lqwr vhwv dqg d orfdo

suhglfwlrq prgxoh lv wudlqhg iru hdfk vhw1 Lw lv dvvxphg wkdw wkh wudlqlqj gdwd fdq eh vhsdudwhg lqwr zhoo

gh�qhg fodvvhv dqg xvhg iru r�lqh wudlqlqj1 Hdfk vrxufh lv dvvljqhg d Ed|hvldq srvwhulru suredelolw|/

zklfk lv dgdswlyho| xsgdwhg rq0olqh/ dffruglqj wr wkh suhglfwlyh shuirupdqfh ri wkh fruuhvsrqglqj

suhglfwlrq prgxoh1 2 Ilqdoo|/ wkh wlph vhulhv lv fodvvl�hg wr wkh vrxufh ri kljkhvw srvwhulru suredelolw|1

Wklv dssurdfk uhvxowv wr d prgxodu/ klhudufklfdo qhxudo qhwzrun zlwk d suhglfwlrq ohyho dw wkh

erwwrp dqg d ghflvlrq ohyho dw wkh wrs +vhh Ilj1 4,1 Wklv jhqhudo dufklwhfwxuh fdq eh prgl�hg dw

�W? ��@| uL**L�t �i �ti �?|ihU�@?}i@M*) |�i ?L|@|�L?t R+|c | ' �c2c ���� Lh R+�c +2c ���� Lh Rt+|�
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erwk wkh suhglfwlrq dqg ghflvlrq ohyhov1 Iru lqvwdqfh/ dw wkh suhglfwlrq ohyho olqhdu/ vljprlg/ udgldo

edvlv/ sro|qrpldo hwf1 prgxohv fdq eh xvhg1 Dw wkh ghflvlrq ohyho d ydulhw| ri fuhglw ixqfwlrqv rwkhu

wkdq wkh suredelolvwlfdoo| prwlydwhg Ed|hvldq fdq eh xvhg1 Wkxv d iudphzrun iru wkh ghvljq ri d

idplo| ri fodvvl�fdwlrq qhwzrunv lv hvwdeolvkhg/ zklfk zh fdoo SUHPRQQv +SUhglfwlyh PRgxodu Qhxudo

Qhwzrunv,1 Wkhvh fdq dovr eh xvhg iru suhglfwlrq= lq wklv fdvh wkh fodvvl�fdwlrq uhvxowv duh hpsor|hg

lq dq lqwhuphgldwh vwhs1

Wklv sdshu lv pdlqo| ghyrwhg wr d pdwkhpdwlfdo dqdo|vlv ri wkh surshuwlhv ri SUHPRQQv1 Lq

Vhfwlrq 5 d Ed|hvldq dssurdfk wr wlph vhulhv fodvvl�fdwlrq lv suhvhqwhg1 Lq wkh iroorzlqj vhfwlrqv rxu

pdlq uhvxow/ zklfk lv frqyhujhqfh ri wkh srvwhulru suredelolwlhv +ru/ lq jhqhudo/ �jxuhv ri phulw,/ lv

jlyhq1 Wklv uhvxow lv suryhq iru Ed|hvldq ghflvlrq uxoh dqg qrqolqhdu suhglfwlrq prgxohv lq Vhfwlrq

6> iru Ed|hvldq ghflvlrq uxoh dqg olqhdu suhglfwlrq prgxohv lq Vhfwlrq 7> dqg iru jhqhudo ghflvlrq uxoh

dqg qrqolqhdu suhglfwlrq prgxohv lq Vhfwlrq 81 Lq Vhfwlrq 9 wkh jhqhudo sulqflsohv ri wkh SUHPRQQ

dufklwhfwxuh duh glvfxvvhg1 Ixuwkhu/ lq Vhfwlrq : d suhglfwlrq qhwzrun lv suhvhqwhg/ zklfk lv rewdlqhg

iurp d fodvvl�hu SUHPRQQ e| frpelqlqj wkh rxwsxw ri orfdo suhglfwlrq prgxohv1 Lw lv suryhq wkdw

wklv frpsrvlwh suhglfwlrq lv frqyhujhqw dqg kdv plqlpxp vtxduh huuru1 Ilqdoo|/ lq Vhfwlrq ; zh lqfoxgh

dq lqirupdo glvfxvvlrq ri lpsohphqwdwlrq lvvxhv dqg lq Vhfwlrq < d qxpehu ri qxphulfdo h{shulphqwv/

wkdw fruurerudwh rxu frqfoxvlrqv/ duh jlyhq1

2 �@)it�@? A�4i 5ih�it �*@tt��U@|�L?

D wlph vhulhv ||/ w @ 4> 5> === lv surgxfhg e| d vrxufh V+�&,/ zkhuh �& lv d sdudphwhu wdnlqj ydoxhv lq

d �qlwh vhw � @ i��> ===> �gj1 Wkh vrxufh wkdw surgxfhv wkh wlph vhulhv vkrxog eh lghqwl�hg> lq rwkhu

zrugv wkh _wuxh% ru _ehvw% ydoxh ri �& vkrxog eh frpsxwhg1

D udqgrp yduldeoh ] zklfk wdnhv ydoxhv lq � @ i��> ===> �gj lv lqwurgxfhg1 Wkh wlph vhulhv |�/ |2/
111 lv surgxfhg e| vrxufh V+],1 Iru lqvwdqfh/ li ] @ ��/ wkhq wkh wlph vhulhv |�/ |2/ 111 lv surgxfhg e|

V+��,1 Dw hyhu| wlph w d ghflvlrq uxoh surgxfhv dq hvwlpdwh ri ]/ ghqrwhg a]|1 Iru lqvwdqfh/ li dw wlph

w zh eholhyh wkdw wkh wlph vhulhv |�/ 111 || kdv ehhq surgxfhg e| ��/ wkhq a]| @ ��1 Fohduo|/ a]| pd|

fkdqjh zlwk wlph/ dv pruh revhuydwlrqv ehfrph dydlodeoh1

Wkh frqglwlrqdo srvwhulru suredelolw| s&| iru n @ 4> 5/ 111/ N/ w @ 4> 5/ 111 lv gh�qhg e|

s
&
|
=
@ Sure+] @ �& m ||> ===> |�,>

dovr wkh sulru suredelolw| s&f iru n @ 4> 5/ 111 / N lv gh�qhg e|

s
&
f
=
@ Sure+] @ �& m dw w @ 3,= +4,

s
&
f uh�hfwv rxu sulru nqrzohgjh ri wkh ydoxh ri ]1 Lq wkh devhqfh ri dq| sulru lqirupdwlrq zh fdq

mxvw dvvxph doo prghov wr eh htxlsuredeoh= s&f @ 4@N iru n @ 4> 5> ===>N1 s&| uh�hfwv rxu eholhi +diwhu

revhuylqj gdwd |�> ===> ||, wkdw wkh wlph vhulhv lv surgxfhg e| V+�&,1 Lw lv qdwxudo wkhq wr fkrrvh a]|
=
@ dujpd{w&MX s

&
| 1 Lq rwkhu zrugv/ dw wlph w zh frqvlghu wkdw |�> ===> || kdv ehhq surgxfhg e| vrxufh

V+ a]|,/ zkhuh a]| pd{lpl}hv wkh srvwhulru suredelolw|1 Vr wkh fodvvl�fdwlrq sureohp kdv ehhq uhgxfhg

wr frpsxwlqj s&| / w @ 4> 5> ====/ n @ 4> 5> ===> N1 Wklv frpsxwdwlrq fdq eh shuiruphg uhfxuvlyho|1 Zh vwduw
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zlwk Ed|hv* uxoh

s
&
| @ Sure+] @ �& m ||> ===> |�, @ Sure+||> ] @ �& m ||3�> ===> |�,

Sure+|| m ||3�> ===> |�, @
Sure+||> ] @ �& m ||3�> ===> |�,Sg
�'� Sure+||> ] @ �� m ||3�> ===> |�,

=

+5,

Dovr

Sure+||> ] @ �& m ||3�> ===> |�, @ Sure+|| m ||3�> ===> |�> ] @ �&, � Sure+] @ �& m ||3�> ===> |�, @

Sure+|| m ||3�===|�> ] @ �&, � s&|3�= +6,

Qrz +5,/ +6, lpso| wkh iroorzlqj uhfxuvlrq iru n @4/5/ 111/ N/ w @3/ 4/ 5/ 111 =

s
&
| @

Sure+|| m ||3�> ===> |�> ] @ �&, � s&|3�Sg
�'� Sure+|| m ||3�> ===> |�> ] @ ��, � s�|3�

= +7,

dqg zh rqo| qhhg +iru hdfk w dqg n, wr frpsxwh Sure+|| m ||3�> ===> |�> ] @ �&,1 Wklv suredelolw| ghshqgv

rq wkh irup ri wkh suhglfwru1 Lq wkh qh{w wzr vhfwlrqv lw lv frpsxwhg iru qrqolqhdu dqg olqhdu suhglfwruv

uhvshfwlyho|1

� �L?*�?i@h �hi_�U|�L? �L_�*it

Wkh suhglfwruv kdyh d jhqhudo sdudphwulf irup i+�> �&,/ n @ 4/ 111 / N=

|
&
| @ i+||3�> ===> ||3� > �&,= +8,

W|slfdoo|/ i+�> �&, zrxog eh d ihhgiruzdug +vljprlg/ udgldo edvlv/ sro|qrpldo, qhxudo qhwzrun wudlqhg

rq gdwd iurp vrxufh V+�&,1 Wklv suhglfwru dssur{lpdwhv || zkhq wkh wlph vhulhv lv surgxfhg e| V+�&,1

Lw vkrxog eh qrwhg wkdw wkh suhglfwru xvhv rqo| wkh �qlwh sdvw ||3�/ 111 / ||3� 1 Iru n @ 4> 5> ===>N wkh

suhglfwlrq huuru h&| / n @ 4/ 111 / N/ w @ 4> 5/ 111 lv gh�qhg e|

h
&
|
=
@ || � |

&
| = +9,

Lw lv dvvxphg wkdw h&| kdv d Jdxvvldq frqglwlrqdo suredelolw| ri wkh irup

Sure+h&| m ||3�> ====> |�> ] @ �&, @ F+�&, � h{s+� m h
&
|s
5�&

m2,= +:,

Lw wkhq iroorzv lpphgldwho| iurp +8,/ +9, dqg +:, wkdw

Sure+|| m ||3�> ====> |�> ] @ �&, @ F+�&, � h{s+� m || � |
&
|s

5�&
m2,= +;,

Wkh suredelolw| dvvxpswlrq ri +:, lv hqwluho| duelwudu|/ exw zrunv zhoo lq sudfwlfh1 Wkh sdudphwhu �2& lv

wkh yduldqfh dqg F+�&, lv d qrupdol}lqj frqvwdqw1 H{whqvlrqv iru yhfwru ydoxhg || dqg h
&
| duh reylrxv1

Wkh srvwhulru suredelolw| ri hyhu| vrxufh V+�&,/ n @ 4> 5> ===>N/ iru wlph w @ 4> 5> ==/ fdq eh frpsxwhg
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e| phdqv ri wkh deryh htxdwlrqv1 Dw wlph w wkh wlph vhulhv lv fodvvl�hg wr wkh vrxufh wkdw pd{lpl}hv

wkh srvwhulru suredelolw|=

a]|
=
@ dujpd{

w&MX
s
&
| = +<,

Wkh ghvluhg uhfxuvlrq iru s&| lv rewdlqhg iurp +4,/ +7,/ +8,/ +;, dqg +<,1 Wklv uhfxuvlrq lv lqvsluhg

e| wkh sduwlwlrq dojrulwkp/ �uvw ghyhorshg e| Kloeruq dqg Odlqlrwlv +Kloeruq ) Odlqlrwlv/ 4<9<, dqg

dssolhg wr frqwuro sureohpv lq +Odlqlrwlv/ 4<:4,= Rxu uhfxuvlrq htxdwlrqv fdq eh lpsohphqwhg e| d

SUHPRQQ zlwk qrqolqhdu suhglfwlrq prgxohv dqg Ed|hvldq ghflvlrq prgxoh1 Qrz zh wxuq wr wkh

txhvwlrq ri frqyhujhqfh> hujrglflw| ri i||j"|'� pxvw eh dvvxphg1

Wkhruhp 4 Vxssrvh wkdw wkh iroorzlqj dvvxpswlrqv krog

D4 i||j"|'� lv hujrglf/ vtxduh lqwhjudeoh1

D5 i+}�> ===> }� > �, lv d phdvxudeoh ixqfwlrq ri }�> ===> }� iru hyhu| ydoxh ri � 5 i��> ===> �gj1

D6 |
&
| lv vtxduh lqwhjudeoh iru hyhu| ydoxh ri � 5 i��> ===> �gj1

D7 s
&
f A 3 iru n @ 4> 5> ===>N1

Qrz gh�qh g
=
@ plq�$&$g

.�e&
|
�2

j2
&

dqg wkh iroorzlqj vhwv= Nf
=
@ in = .�e&| �2

j2
&

@ gj/ N�
=
@ in = .�e&| �2

j2
&

A

gj1 Wkhq
;n 5 N�> o 5 Nf olp

|<"

s
&
|

s,|

@ 3 zlwk sure=4> +43,

olp
|<"

[
&Mdf

s
&
| @ 4 zlwk sure=4> +44,

olp
|<"

[
&Md�

s
&
| @ 3 zlwk sure=4= +45,

Nf lv wkh vhw ri _jrrg% suhglfwruv> lq sduwlfxodu/ li �& @ � iru n @ 4> 5> ===>N +doo suhglfwruv kdyh

wkh vdph huuru yduldqfh, wkhq Nf lv wkh vhw ri suhglfwruv wkdw plqlpl}h suhglfwlrq huuru1 Mxgjlqj rq

suhglfwlrq shuirupdqfh rqo|/ dq| hohphqw ri Nf lv dv jrrg dv dq| rwkhu/ dqg wkh| duh doo suhihuudeoh

wr dq| hohphqw ri N�1 Qrwh wkdw erwk Nf dqg N� duh wlph lqyduldqw/ ehfdxvh ri hujrglflw|1 Wkhruhp 4

vwdwhv wkdw wkh wrwdo srvwhulru suredelolw| ri wkh Nf suhglfwruv whqgv wr rqh/ zlwk suredelolw| 41 Qrwh

wkdw frqyhujhqfh lv qrw d�hfwhg e| wkh ydoxhv ri wkh sulru suredelolwlhv/ dv orqj dv wkh| duh qrq}hur

+Dvvxpswlrq D7,1 Wkh wkhruhp lv suryhq lq wkh Dsshqgl{1

e w�?i@h �hi_�U|�L? �L_�*it

Li wkh suhglfwru prgxohv duh olqhdu/ frqyhujhqfh uhvxowv fdq eh rewdlqhg xqghu ohvv uhvwulfwlyh dvvxps0

wlrqv1 Iru lqvwdqfh hujrglflw| fdq eh suryhq +udwkhu wkdq dvvxphg,/ wkh Jdxvvldq dvvxpswlrq fdq eh

mxvwl�hg dqg ohvv uhvwulfwlyh frqyhujhqfh frqglwlrqv fdq eh rewdlqhg1

Ohw xv dvvxph wkdw wkh vrxufh surgxfhv d vljqdo ||/ w @ 4> 5>111 e| d olqhdu phfkdqlvp ri wkh irup

|| @ D
� � \| . z|

8



zkhuh D @ ^d�===d� `
�/ \| @ ^||3�===||3� `

� dqg z| lv d Jdxvvldq/ }hur0phdq/ zklwh qrlvh surfhvv zlwk

yduldqfh �21 Zh xvh pdwfkhg olqhdu suhglfwlqj prgxohv> iru n @4/5/ 111/ N/

|
&
| @ D

�
& � \| +46,

zkhuh D& @ ^d&� ===d
&
� `

� lv hvwlpdwhg xvlqj gdwd iurp vrxufh �&1 +46, fdq eh uhdol}hg e| d olqhdu qhxudo

qhwzrun1 Li wkh dfwlyh vrxufh lv �&/ wkhq zh h{shfw wkdw D dqg D& duh forvh lq vrph vhqvh1

Wkh uhfxuvlyh frpsxwdwlrq ri srvwhulru suredelolwlhv lv wkh vdph dv lq wkh fdvh ri qrqolqhdu prgxohv1

Wkh rqo| fkdqjh lv lq wkh frpsxwdwlrq ri |&| / zklfk lv qrz jlyhq e| +46,1 Vr/ +4,/ +7,/ +46,/ +;, dqg +<,

fdq eh lpsohphqwhg e| d SUHPRQQ zlwk olqhdu suhglfwlrq prgxohv dqg Ed|hvldq ghflvlrq prgxoh1

Wkh �2& lq +;, lv wkh yduldqfh ri || � |
&
| / zklfk ghshqgv rq D/ D& dqg wkh yduldqfh ri z|1 Lw fdq eh

frpsxwhg h{solflwo|/ exw wklv lv qrw qhfhvvdu|> zh mxvw qhhg wr nqrz wkdw lw lv zhoo gh�qhg dqg frqvwdqw1

Ohw xv gh�qh U
=
@ H+\|\

�
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U}1 U lv d srvlwlyh gh�qlwh pdwul{ dqg khqfh m � m- lv d

qrup rq } yhfwruv1 Lq sduwlfxodu/ m D�D& m- phdvxuhv wkh gl�huhqfh ehwzhhq D dqg D&1

Wkhruhp 5 Vxssrvh wkdw wkh iroorzlqj dvvxpswlrqv krog

E4 Wkh sro|qrpldo }�� d�}
�3�� d2}

�32� 111 d�3�}� d� kdv urrwv }�/ 111 / }� vxfk wkdw m }? m? 4

iru q @ 4> 5/ 111 / Q 1
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=
@ in =m D � D& m-@ gj/ N�
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Wkh wkhruhp lpsolhv wkdw frqyhujhqfh wr wkh vhw ri _jrrg% suhglfwruv Nf lv jxdudqwhhg dv orqj dv

wkh suhglfwruv duh zhoo vhsdudwhg lq sdudphwhu vsdfh +wkdw lv/ mD�D,m- lv odujh uhodwlyh wr mD�D&m-,
dqg doo suhglfwruv kdyh wkh vdph yduldqfh1 Rqfh djdlq/ frqyhujhqfh lv qrw d�hfwhg e| wkh ydoxhv ri wkh

sulru suredelolwlhv/ dv orqj dv wkh| duh qrq}hur +Dvvxpswlrq E5,1 Wkh surri ri wkh wkhruhp lv jlyhq

lq wkh Dsshqgl{1

D #iU�t�L? �L_�*i

Vr idu zh kdyh ehhq frqvlghulqj yduldwlrqv ri wkh suhglfwlrq prgxohv1 Krzhyhu/ wkh ghflvlrq prgxoh fdq

dovr eh prgl�hg1 Udwkhu wkdq wkh Ed|hvldq fuhglw ixqfwlrq +7,/ d qxpehu ri rwkhu fuhglw ixqfwlrqv fdq

eh xvhg> lq wklv vhfwlrq zh suhvhqw vrph1 Wkh Ed|hvldq fuhglw ixqfwlrq xvhg vr idu/ doorzv d suredelolvwlf
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lqwhusuhwdwlrq1 Vrph ri wkh qhz fuhglw ixqfwlrqv suhvhqwhg fdq dovr eh lqwhusuhwhg suredelolvwlfdoo|/

exw wklv lv qrw qhfhvvdu| iru wkh vroxwlrq ri wkh fodvvl�fdwlrq sureohp> wkh| fdq eh frqvlghuhg dv �jxuhv

ri phulw1 Lw vkrxog eh qrwhg wkdw fkdqjlqj wkh fuhglw ixqfwlrq d�hfwv rqo| wkh wrs +ghflvlrq, ohyho ri

wkh SUHPRQQ/ qrw wkh erwwrp +suhglfwlrq, ohyho1

D�� ��*|�T*�U@|��i �hi_�| 6�?U|�L?

Ohw xv frqvlghu wkh xvxdo suhglfwruv |&| @ i+||3�> ===> ||3� > �&, dqg huuruv h
&
| @ ||�|&| / iru n @ 4> 5> ===>N/
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zkhuh I+�, lv d frqwlqxrxv/ lqfuhdvlqj dqg qrqqhjdwlyh ixqfwlrq1 +Reylrxvo|/ wkh Ed|hvldq fuhglw

ixqfwlrq lv d vshfldo fdvh ri +4:,/ zkhuh I +}, @m } m2> pruh jhqhudoo| zh frxog xvh I +}, @m } m� 1, Dw

wlph w wkh wlph vhulhv lv fodvvl�hg wr wkh nW0wk vrxufh/ zkhuh nW pd{lpl}hv s&| 1

Wkhruhp 6 Vxssrvh wkdw wkh iroorzlqj dvvxpswlrqv krog

F4 i||j"|'� lv hujrglf/ erxqghg1

F5 i+}�> ===> }?> �, lv d frqwlqxrxv ixqfwlrq ri }�> ===> }? iru hyhu| ydoxh ri � 5 i��> ===> �gj1

F6 I +}, � 3 iru doo }/ lqfuhdvlqj dqg frqwlqxrxv lq }1
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&
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Wkh surri lv rplwwhg/ vlqfh lw lv yhu| vlplodu wr wkdw ri Wkhruhp 41

D�2 �__�|��i �hi_�| 6�?U|�L? W

Khuh wkh �jxuh ri phulw s&| lv jlyhq e|

s
&
| @

S|
r'� I +h

&
r,Sg
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r'� I +h

,
r,

I+}, lv d frqwlqxrxv/ ghfuhdvlqj dqg qrqqhjdwlyh ixqfwlrq1
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Wkhruhp 7 Vxssrvh wkdw wkh iroorzlqj dvvxpswlrqv krog

G4 i||j"|'� lv hujrglf/ erxqghg1

G5 i+}�> ===> }� > �, lv d frqwlqxrxv ixqfwlrq ri }�> ===> }� iru hyhu| ydoxh ri � 5 i��> ===> �gj1

G6 I +}, � 3 iru doo }/ ghfuhdvlqj dqg frqwlqxrxv lq }1

Wkhq

olp
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s
&
| @

H+I+h&| ,,Sg
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,
|,,

zlwk sure= 4=

Wkh surri lv rplwwhg/ vlqfh lw lv d wulyldo frqvhtxhqfh ri wkh Hujrglf Wkhruhp1 Lw vkrxog eh qrwhg

wkdw/ lq jhqhudo/ qr s&| zloo whqg wr 41 Krzhyhu/ wkh kljkhvw s
&
| lv dvvljqhg wr wkh prgxoh zklfk pd{lpl}hv

wkh h{shfwhg ydoxh ri I+h&| ,1 Lqwxlwlyho|/ vxfk d prgho lv _ehvw%/ vlqfh I +h&| , lv d ghfuhdvlqj ixqfwlrq

ri wkh huuru +h1j1 I +h&| , @
�

�e&
|
�2
,1

D�� �__�|��i �hi_�| 6�?U|�L? WW

Lq wklv fdvh wkh �jxuh ri phulw s&| lv jlyhq e|

s
&
|c6 @

S|
r'|36 4te&

|
	e,

|
�, �'&�

p. 4
>

zkhuh 4L lv wkh lqglfdwru ixqfwlrq/ wdnlqj wkh ydoxh 4 zkhq hyhqw X lv wuxh/ dqg 3 rwkhuzlvh1 Lw vkrxog

eh qrwhg wkdw wklv xsgdwh uxoh ghshqgv rq dq h{wud lqgh{ p1 Wkh iroorzlqj frqyhujhqfh wkhruhp krogv1

Wkhruhp 8 Vxssrvh wkdw wkh iroorzlqj dvvxpswlrqv krog

H4 i||j"|'� lv hujrglf1

H5 i+}�> ===> }� > �, lv d phdvxudeoh ixqfwlrq ri }�> ===> }� iru hyhu| ydoxh ri � 5 i��> ===> �gj1

Wkhq iru doo w odujh hqrxjk
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6<"

s
&
|c6 @ Sure+h&| ? h

,
| ;o 9@ n, zlwk sure= 4=

Wkh surri lv rplwwhg/ vlqfh lw lv d wulyldo frqvhtxhqfh ri wkh Hujrglf Wkhruhp1 Qrwh wkdw frqyhujhqfh

ghshqgv rq p/ qrw w1 Lq jhqhudo/ dv lq wkh suhylrxv fdvh/ qr s&|c6 zloo whqg wr 41 Krzhyhu/ wkh kljkhvw

s
&
|c6 zloo eh dvvljqhg wr wkh prgho zklfk kdv wkh kljkhvw suredelolw| ri |lhoglqj plqlpxp huuru1

S A�i �+,���� �hU��|iU|�hi

Lq vxppdu|/ zh kdyh vwduwhg zlwk d Ed|hvldq srlqw ri ylhz wr rewdlq d qhxudo qhwzrun +vhh Ilj14,/

wkh vr0fdoohg SUHPRQQ/ wkdw fodvvl�hv wlph vhulhv1 Lw fdq eh vhhq iurp Ilj14 wkdw SUHPRQQ kdv

d uhfxuvlyh/ prgxodu/ klhudufklfdo dufklwhfwxuh1 Wkh erwwrp ohyho frqvlvwv ri wkh suhglfwlrq prgxohv

dqg wkh wrs ohyho frqvlvwv ri wkh ghflvlrq prgxohv1 Wkh Ed|hvldq yhuvlrq ri SUHPRQQ kdv ehhq

;



rxu vwduwlqj srlqw/ exw lw fdq eh h{whqghg1 Qdpho|/ wkh ghflvlrq prgxoh fdq eh prgl�hg e| xvlqj

qrqsuredelolvwlf fuhglw ixqfwlrqv/ dv h{sodlqhg lq Vhfwlrq 81 Vlploduo|/ wkhuh duh pdq| fkrlfhv iru wkh

suhglfwlrq ixqfwlrqv1 Wkh| fdq eh olqhdu/ vljprlg/ udgldo edvlv ixqfwlrqv/ sro|qrpldo hwf> dovr wkh| fdq

eh lpsohphqwhg e| ihhgiruzdug ru uhfxuvlyh qhxudo qhwzrunv1 Ilqdoo|/ d SUHPRQQ fdq eh exlow vxfk

wkdw hyhu| suhglfwlrq prgxoh lv ri d gl�huhqw w|sh/ h1j1 d olqhdu suhglfwru lv xvhg iru rqh prgxoh/ d

vljprlg iru dqrwkhu dqg vr rq1

Khqfh wkh SUHPRQQ dufklwhfwxuh fdq eh frqvlghuhg dv d jhqhudo iudphzrun iru wkh ghvljq ri

uhfxuvlyh/ prgxodu/ klhudufklfdo qhwzrunv iru wlph vhulhv fodvvl�fdwlrq1 Lw vkrxog dovr eh qrwhg wkdw

wkh vdph dufklwhfwxuh frxog eh xvhg iru wkh fodvvl�fdwlrq ri vwdwlf sdwwhuqv1 Zh eholhyh krzhyhu/ wkdw

wkh dgydqwdjhv ri SUHPRQQ ehfrph hylghqw lq wlph vhulhv sureohpv/ zkhuh wkhuh duh fruuhodwlrqv

ehwzhhq revhuydwlrqv1

. �hi_�U|�L?

Wkh ruljlqdo/ suredelolvwlf SUHPRQQ fdq dovr eh xvhg iru suhglfwlrq/ zlwk voljkw prgl�fdwlrqv1 Wkh

pdlq lghd lv wkh iroorzlqj1 Li wkh wuxh vrxufh �& zhuh nqrzq/ wkhq || zrxog eh suhglfwhg zlwk |
&
| @

i+||3�> ===> ||3� > �&,1 Vlqfh �& lv qrw nqrzq/ d zhljkwhg suhglfwru
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fdq eh xvhg1 Dv lw zloo eh vkrzq lq Wkhruhp 9/ wklv suhglfwru plqlpl}hv vtxduh huuru dqg lv frqyhujhqw1

Krzhyhu/ �uvw wkh iroorzlqj frqfhswv duh qhhghg1

Wkh frqglwlrqdo h{shfwdwlrq ri ||/ frqglwlrqhg rq |�/ 111/ ||3� dqg ] @ �& h{lvwv dozd|v +Euhlpdq/

4<9;,> lw fdq eh ghqrwhg dv d ixqfwlrq
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=
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Lq wkh iroorzlqj/ zh dvvxph wkdw i| lq idfw ghshqgv rqo| rq wkh odvw Q ydoxhv ||3�/ 111/ ||3� dqg wkdw

rxu suhglfwlrq prgxohv h{suhvv wklv ghshqghqfh1 Lq rwkhu zrugv
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| = +53,

Ri frxuvh/ wkh iroorzlqj uhvxowv duh fruuhfw wr wkh h{whqg wkdw +53, dssur{lpdwhv uhdolw|1

Wkh frqglwlrqdo h{shfwdwlrq ri ||/ frqglwlrqhg rq |�/ 111/ ||3� dovr h{lvwv dozd|v +Euhlpdq/4<9;, dqg

lw lv jlyhq e|

|
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Wkh surshuwlhv ri |W| duh vxppdul}hg lq wkh iroorzlqj wkhruhp1
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Wkhruhp 9 Xqghu wkh dvvxpswlrqv D40D7 ri Wkhruhp 4

H m |W| � || m2� H m a|| � || m2 +55,

iru doo ixqfwlrqv a|| wkdw duh �+|�> ===> ||3�, phdvxudeoh1 Htxdolw| rffxuv rqo| zkhq a|| @ |
W
| zlwk sure1 41

Ixuwkhupruh/ li zh dvvxph

I4 Wkhuh lv h{dfwo| rqh nW vxfk wkdw
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Wkh surri ri wkh Wkhruhp lv jlyhq lq wkh Dsshqgl{1 �

H W4T*i4i?|@|�L? Wtt�it

Lq wklv vhfwlrq zh glvfxvv ydulrxv lpsohphqwdwlrq lvvxhv zklfk gr qrw ohqg wkhpvhoyhv wr d uljrurxv

dqdo|vlv/ exw duh lpsruwdqw lq sudfwlfh1

H�� #i|ih4�?�t|�U A�4i 5ih�it

Zh kdyh lpsolflwo| dvvxphg wkdw wkh wlph vhulhv frqvlghuhg lv vwrfkdvwlf1 Wklv lv qrw qhfhvvdu|1 Vxssrvh

wkdw ||3� /111/ ||3� frpsohwho| ghwhuplqh ||=

|| @ i+||3�> ===> ||3�,= +58,

Lq sudfwlfh/ suhglfwlrq huuru zloo vwloo eh qrq}hur ehfdxvh wkh h{dfw irup ri i lq +58, dqg2ru wkh ydoxh

ri Q duh qrw nqrzq/ ru/ �qdoo|/ ehfdxvh wkh sdudphwulf irup ri wkh suhglfwruv fdqqrw uhsurgxfh +58,

h{dfwo|1 Wkh suhglfwlrq huuru lv ghwhuplqlvwlf/ exw vlqfh zh nqrz qrwklqj derxw lw/ zh fdq vlpso|

dvvxph wkdw lw kdv Jdxvvldq suredelolw| jlyhq e| +:,1 Ru/ zh fdq wdnh s
&
| wr eh �jxuhv ri phulw/

zlwkrxw d suredelolvwlf vljql�fdqfh1 Wklv lv doo d pdwwhu ri lqwhusuhwdwlrq/ zklfk grhv qrw d�hfw wkh

shuirupdqfh dqg frqyhujhqfh ri wkh qhwzrun1
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Huuru yduldqfh �2& d�hfwv wkh shuirupdqfh ri wkh SUHPRQQ1 Wkh frqyhujhqfh udwh ri wkh srvwhulru

suredelolwlhv ghshqgv +vhh Dsshqgl{, rq g&c, @
e%RE3.�e&

|
�2*j2

&
�

e%RE3.�e,
|
�2*j2

,
�
/ n> o@ 4/ 111 / N1 Li suhglfwru n kdv odujh

phdq vtxduh huuru dqg suhglfwru o kdv vpdoo phdq vtxduh huuru/ wkhq g&c, lv forvh wr 3/ dqg frqyhujhqfh lv

idvw1 Krzhyhu/ rqh fdq vhh wkdw zkhq wkh �*v duh odujh/ g&c, lv vpdoo dqg frqyhujhqfh lv vorz1 Lqwxlwlyho|/

odujhu yduldqfh phdqv wkdw ohvv lqirupdwlrq lv jhqhudwhg shu revhuydwlrq/ vr pruh revhuydwlrqv pxvw

eh froohfwhg wr uhdfk d fhuwdlq ohyho ri frq�ghqfh1 �2& fdq eh hvwlpdwhg gxulqj wkh suhglfwru wudlqlqj

skdvh/ exw zh irxqg e| frpsxwhu h{shulphqwdwlrq wkdw vrphwlphv lw lv dgydqwdjhrxv wr prgli| wklv

hvwlpdwh1 Iru idvwhu fodvvl�fdwlrq/ wkh yduldqfh pxvw eh ghfuhdvhg1

D suredelolw| wkuhvkrog lv dovr lqwurgxfhg/ vr wkdw s&| qhyhu ehfrphv }hur1 Wklv lv qhfhvvdu| ehfdxvh

ri vrxufh vzlwfklqj1 Vr idu zh kdyh dvvxphg wkdw wkh zkroh wlph vhulhv lv surgxfhg e| d vlqjoh vrxufh

exw lq pdq| fdvhv wklv lv qrw wuxh1 Iru lqvwdqfh/ lq d vshhfk wlph vhulhv hdfk skrqhph lv surgxfhg

e| d gl�huhqw vrxufh dqg gl�huhqw vrxufhv duh dfwlyh ryhu gl�huhqw wlph lqwhuydov1 Zh uhihu wr wklv

skhqrphqrq dv vrxufh vzlwfklqj1

Li d vrxufh/ vd| V+��,/ kdv ehhq dfwlyh iru d orqj wlph/ s�| lv forvh wr 4 dqg s
2
| / 111 / sg| duh forvh

wr 3> lq idfw/ gxh wr qxphulfdo xqgh�rz wkh| pd| ehfrph htxdo wr 31 Wkhq/ uhihuulqj wr +7, zh

revhuyh wkdw wkh| zloo uhpdlq 3 hyhq lq fdvh ri d vrxufh vzlwfklqj> wklv zloo uhvxow lq idovh fodvvl�fdwlrq1

Iru wklv sureohp wr eh uhvroyhg/ zkhqhyhu s&| idoov ehorz d vshfl�hg wkuhvkrog k/ lw lv uhvhw wr k1 Lq

hvvhqfh/ wklv wkuhvkroglqj lv htxlydohqw wr lqwurgxflqj d irujhwwlqj idfwru1 Qr pdwwhu krz xqolnho| d

vhtxhqfh ri revhuydwlrqv lv/ d vrxufh prgho dozd|v uhwdlqv d vpdoo srvwhulru suredelolw|/ htxdo wr k>

wkxv lw lv qhyhu uhpryhg iurp frqvlghudwlrq1 Li wkh prgho shuirupv zhoo dw suhglfwlqj d odwhu vhtxhqfh

ri revhuydwlrqv/ lwv srvwhulru suredelolw| fdq uhfryhu d kljk ydoxh1 Dq dowhuqdwlyh zd| ri orrnlqj dw wkh

xvh ri wkuhvkrog k lv wkdw zkhqhyhu rqh ru pruh s&| *v idoo ehorz k +ehfdxvh wkh fruuhvsrqglqj vrxufh

prghov shuirup srruo|, zh uhvwduw wkh dojrulwkp xvlqj qhz sulru suredelolwlhv/ rewdlqhg iurp uhvhwwlqj

wkh fruuhvsrqglqj s
&
| *v wr k1 Xqghu wklv lqwhusuhwdwlrq/ rxu sulru eholhi lq dq| ri wkh vrxufh prghov

qhyhu jrhv ehorz k1

Erwk yduldqfh dqg wkuhvkrog duh uhodwhg wr d vshhg2dffxudf| wudgh0r�1 Odujh yduldqfh vorzv wkh

qhwzrun grzq dqg dvvljqv olwwoh lpsruwdqfh wr lqglylgxdo huuruv> vpdoo yduldqfh vshhgv wkh qhwzrun xs/

exw dovr dvvljqv pruh lpsruwdqfh wr lqvwdqwdqhrxv �xfwxdwlrqv dqg pdnhv wkh qhwzrun pruh surqh

wr lqvwdqwdqhrxv fodvvl�fdwlrq huuruv1 Vlploduo|/ d orz wkuhvkrog +ru devhqfh ri wkuhvkrog, lqfxuv rq

wkh srvwhulru suredelolwlhv d odujh uhfryhu| wlph ehwzhhq vrxufh vzlwfklqjv1 Rq wkh rwkhu kdqg/ d

kljk wkuhvkrog whqgv wr reolwhudwh wkh vljql�fdqfh ri sdvw shuirupdqfh dqg pdnhv wkh uhvsrqvh ri wkh

qhwzrun wr vrxufh vzlwfklqjv idvwhu/ dw wkh frvw ri vsxulrxvo| lqwhuvshuvhg idovh fodvvl�fdwlrqv1

Dqdorjrxv frqvlghudwlrqv dsso| wr qrqsuredelolvwlf fuhglw ixqfwlrqv1

H�� �@h@**i*�t4 @?_ 5U@*�?}

Wkh prgxodulw| ri wkh qhwzrun lqwurgxfhv sdudooholvp qdwxudoo|1 Suhglfwlrq prgxohv fdq h{hfxwh lq

sdudooho dqg vhqg wkh uhvxowv wr wkh ghflvlrq prgxoh1 Khqfh h{hfxwlrq wlph lv lqghshqghqw ri wkh qxpehu

ri fodvvhv lq wkh fodvvl�fdwlrq sureohp1

Lw lv zhoo nqrzq wkdw oxpshg qhxudo qhwzrunv vfdoh edgo|1 Dv wkh qxpehu ri sdudphwhuv lqfuhdvhv
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wudlqlqj pd| wdnh h{srqhqwldoo| orqj wlph dqg2ru idlo wr dfklhyh d jrrg vroxwlrq1 Khqfh/ prgxodu

qhwzrunv/ zkhuh �{hg vl}h prgxohv duh wudlqhg slhfhzlvh/ duh kljko| ghvludeoh1 SUHPRQQv idoo lq

wklv fdwhjru|1 Fohduo|/ erwk qhwzrun vl}h dqg wudlqlqj wlph vfdoh olqhduo| zlwk wkh qxpehu ri vrxufhv

+fdwhjrulhv, wkdw pxvw eh ohduqhg1 Dovr/ SUHPRQQv shuirup zhoo hyhq zkhq wkh lqglylgxdo suhglfwlrq

prgxohv kdyh srru shuirupdqfh/ dv orqj dv wkh| duh fohduo| vhsdudwhg lq wkh sdudphwhu vsdfh= wkh

ghflvlrq prgxoh zloo vlpso| slfn wkh _ohdvw edg% suhglfwlrq prgxoh1 Lq sduwlfxodu/ SUHPRQQ lv

lppxqh wr d kljk ohyho ri qrlvh lq wkh gdwd +vhh dovr Vhfwlrq <,1

b , Tih�4i?|t

Zh lqfoxgh d qxpehu ri fodvvl�fdwlrq h{shulphqwv wr fruurerudwh rxu wkhruhwlfdo uhvxowv dqg wr looxvwudwh

wkh lpsohphqwdwlrq lvvxhv ri wkh suhylrxv vhfwlrq1 Lq sduwlfxodu zh zdqw wr vkrz wkdw frqyhujhqfh wr wkh

wuxh vrxufh wdnhv sodfh/ wr lqyhvwljdwh wkh h�hfw ri wkh yduldqfh dqg wkuhvkrog sdudphwhuv wr frqyhujhqfh

udwh/ wr frpsduh shuirupdqfh ri ydulrxv fuhglw ixqfwlrqv dqg wr vkrz wkdw wkh dojrulwkp lv lppxqh wr

d kljk ohyho ri qrlvh lq wkh gdwd1

b�� wL}�t|�U #i|iU|�L?

Rxu �uvw vhw ri h{shulphqwv ghdov zlwk wkh sureohp ri vhsdudwlqj d orjlvwlf wlph vhulhv iurp zklwh qrlvh1

Zh kdyh fkrvhq wkhvh gdwd ehfdxvh wkh orjlvwlf uhvhpeohv qrlvh/ erwk ylvxdoo| dqg vwdwlvwlfdoo|1 Khqfh

vhsdudwlqj wkh orjlvwlf iurp wkh qrlvh lv dq lqwhuhvwlqj fodvvl�fdwlrq wdvn1 Wkh orjlvwlf wlph vhulhv lv

surgxfhg e| wkh uhodwlrqvkls || @ � � ||3� � +4� ||3�,1 Iru ydoxhv ri � kljkhu wkdq 619:111/ i||j"|'� lv d
fkdrwlf wlph vhulhv/ +vhh Iljv15/ 6 dqg 7,1 Doo qhwzrunv xvhg duh ri vl}h 4;08041 Wkh 4; lqsxwv duh wkh

ydoxhv ||3�/ 111 / ||3�H dqg wkh wdujhw rxwsxw lv ||1 Iru � @ 713 d orjlvwlf wlph vhulhv lv jhqhudwhg dqg

xvhg wr wudlq d vljprlg qhxudo qhwzrun suhglfwru> lw dwwdlqv phdq vtxduh suhglfwlrq huuru 31481 Dovr d

qhxudo qhwzrun suhglfwru lv wudlqhg rq d Jdxvvldq zklwh qrlvh wlph vhulhv/ zlwk phdq �� @ 3183 dqg

vwdqgdug ghyldwlrq �� @31581 Lq wklv fdvh wkh phdq vtxduh huuru ri wkh suhglfwru lv 3161e

Lq wkh �uvw h{shulphqw 533 wlph vwhsv ri d orjlvwlf wlph vhulhv kdyh ehhq jhqhudwhg +djdlq zlwk �

@ 713/ exw zlwk gl�huhqw lqlwldo frqglwlrq, dqg d SUHPRQQ frqvlvwlqj ri wzr suhglfwlrq prgxohv kdv

ehhq xvhg1 Rqh prgxoh kdv ehhq wudlqhg rq wkh orjlvwlf wudlqlqj gdwd dqg wkh rwkhu rq wkh zklwh qrlvh

wudlqlqj gdwd1 Zh kdyh xvhg �� @ �2 @ 3148/ k @ 3134 dqg wkh Ed|hvldq fuhglw ixqfwlrq1 Wkh uhvxowv

ri wklv h{shulphqw duh suhvhqwhg lq Ilj1 51 Lw fdq eh vhhq wkdw fodvvl�fdwlrq wr wkh orjlvwlf lv yhu| idvw1

Lq wkh vhfrqg h{shulphqw d frpsrvlwh wlph vhulhv kdv ehhq xvhg1 Wkh �uvw kdoi ri lw kdv ehhq 433 wlph

vwhsv ri wkh orjlvwlf wlph vhulhv ri wkh suhylrxv h{shulphqw dqg wkh vhfrqg kdoi ri lw kdv ehhq 433 vdpsohv

ri Jdxvvldq zklwh qrlvh zlwk phdq �� @ 318 dqg vwdqgdug ghyldwlrq �� @1581 Lq wklv fdvh dovr/ wkh

SUHPRQQ xvhg frqvlvwhg ri wkh vdph wzr suhglfwru prgxohv dv lq wkh suhylrxv h{shulphqw1 Zh kdyh

xvhg �� @ �2 @ 3153/ k@ 3134 dqg Ed|hvldq fuhglw ixqfwlrq1 Wkh uhvxowv ri wklv h{shulphqw duh suhvhqwhg

lq Ilj161 Lq wkh ehjlqqlqj ri wkh wlph vhulhv/ fodvvl�fdwlrq wr wkh orjlvwlf lv doprvw lqvwdqwdqhrxv1 Wkhq

dw wkh vzlwfklqj srlqw wr@;5/ d yhu| txlfn vzlwfk wr qrlvh fodvvl�fdwlrq lv revhuyhg1 Lq wkh wklug

e�L|i |�@| f�2Dc |�i ?L�ti �@h�@?Uic �t |�i 4�?�4�4 |�iLhi|�U@**) @||@�?@M*i �5,c ���U� U@? Mi @||@�?i_ M) �t�?} |�i
UL?t|@?| Thi_�U|Lh 	+| 'f�D�
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h{shulphqw whq suhglfwru prgxohv kdyh ehhq wudlqhg +4;0804 vljprlg qhxudo qhwzrunv, rq orjlvwlfv zlwk

�@ 613/ 614/ 111 / 61<1 Wkhq 533 wlph vwhsv ri d whvw orjlvwlf kdyh ehhq jhqhudwhg zlwk �@61; dqg d

qhz lqlwldo frqglwlrq1 Wkh SUHPRQQ frqvlvwhg ri wkh suhylrxvo| phqwlrqhg whq suhglfwlrq prgxohv1

Zh kdyh xvhg �� @ 111 @ ��f @ 3148/ k @ 3134 dqg wkh Ed|hvldq fuhglw ixqfwlrq1 Wkh uhvxowv ri wklv

h{shulphqw duh suhvhqwhg lq Ilj171 Lw fdq eh vhhq wkdw fodvvl�fdwlrq wr wkh wuxh orjlvwlf lv yhu| idvw1

Wklv ghprqvwudwhv SUHPRQQ*v delolw| wr ghdo zlwk d odujh qxpehu ri vrxufh fodvvhv1

Zh kdyh shuiruphg pdq| dgglwlrqdo h{shulphqwv/ zklfk iru hfrqrp| ri vsdfh zh suhvhqw lq wde0

xodu irup1 Gdwdvhw fdq eh hlwkhu D +d 533 wlph vwhsv orjlvwlf wlph vhulhv zlwk �@ 713, ru E +d 433

wlph vwhsv orjlvwlf iroorzhg e| 433 wlph vwhsv ri Jdxvvldq zklwh qrlvh zlwk ��@3183 dqg ��@ 3158,1

Fodvvl�fdwlrq shuirupdqfh lv phdvxuhg e| ff�S dqg ff�b/ hydoxdwhg dw wzr ohyhov ri frq�ghqfh= 3193 dqg

31<31 Qdpho|/ ff�S +uhvshfwlyho| ff�b, lv frpsxwhg e| glylglqj wkh qxpehu ri wlph lqvwdqwv zkhuh wkh

srvwhulru suredelolw| ri wkh _wuxh% prgxoh lv deryh 3=9 +uhvshfwlyho| 3=<, e| wkh wrwdo qxpehu ri gdwd

srlqwv1 Lq Wdeoh 4 zh h{shulphqw zlwk �& ydoxhv/ lq Wdeoh 5 zlwk k ydoxhv/ lq Wdeoh 6 zlwk qrlvh ohyhov

+l1h1 zh dgg wr wkh gdwd Jdxvvldq/ }hur0phdq zklwh qrlvh zlwk ydulrxv ydoxhv ri vwdqgdug ghyldwlrq

��, dqg lq Wdeoh 7 zlwk fuhglw ixqfwlrqv1 Lw fdq eh vhhq wkdw wkh ryhudoo shuirupdqfh lv yhu| jrrg1

b�2 �Uki)�B*@tt A�4i 5ih�it #�tUh�4�?@|�L?

Lq wkh vhfrqg vhw ri h{shulphqwv wkh sureohp lv glvfulplqdwlrq ri wzr Pdfnh|0Jodvv wlph vhulhv1 Wkh

Pdfnh|0Jodvv wlph vhulhv lv surgxfhg e| wkh uhodwlrqvkls

g#

gv
@

3=5 � #+v� �,

4 .#�f+v� �,
� 3=4 � #+v,= +59,

Khuh zh xvh � @ 43 dqg � @ 4: wr rewdlq wzr fkdrwlf wlph vhulhv zklfk pxvw eh lghqwl�hg1 Iru hdfk

ydoxh ri � zh lqwhjudwh ht1+59, dqg wkhq vdpsoh dw wlphv v@8/ 43/ 48/ 111 vhfv wr rewdlq d wlph vhulhv |�/

|2/ 111/ zkhuh || @ #+8 � w,/ w@4/ 5/ 111 1 Zh wudlq wzr vljprlg qhwzrunv/ erwk ri vl}h 80804/ wr suhglfw ||

xvlqj dv lqsxwv ||3�/ ||32/ 111 / ||3D1 Wkh phdq vtxduh suhglfwlrq huuru lv lq erwk fdvhv dssur{lpdwho|

31371

Lq wkh �uvw h{shulphqw d 533 wlph vwhsv Pdfnh|0Jodvv wlph vhulhv kdv ehhq jhqhudwhg +zlwk � @ 4:/

exw zlwk gl�huhqw lqlwldo frqglwlrq, dqg d SUHPRQQ frqvlvwlqj ri wzr suhglfwlrq prgxohv kdv ehhq

xvhg1 Rqh prgxoh kdv ehhq wudlqhg rq � @ 4: dqg wkh rwkhu rq � @ 431 Zh xvhg �� @ �2 @ 31373/ k

@ 3134 dqg wkh Ed|hvldq fuhglw ixqfwlrq1 Wkh uhvxowv ri wklv h{shulphqw duh suhvhqwhg lq Ilj1 81 Lw fdq

eh vhhq wkdw fodvvl�fdwlrq lv yhu| idvw1

Lq wkh vhfrqg h{shulphqw d frpsrvlwh Pdfnh|0Jodvv wlph vhulhv kdv ehhq xvhg1 Wkh �uvw 533 wlph

vwhsv kdyh � @ 4: dqg wkh odvw 533 wlph vwhsv kdyh � @ 431 Dovr/ Jdxvvldq/ }hur0phdq zklwh qrlvh

zlwk vwdqgdug ghyldwlrq �� @ 316 kdv ehhq dgghg wr wkh gdwd1 Wkh SUHPRQQ frqvlvwhg ri wkh vdph

wzr suhglfwru prgxohv dv lq wkh suhylrxv h{shulphqw1 Zh xvhg �� @ �2 @ 3137/ k @ 3134 dqg Ed|hvldq

fuhglw ixqfwlrq1 Wkh uhvxowv ri wklv h{shulphqw duh suhvhqwhg lq Ilj1 91 Lq wkh ehjlqqlqj ri wkh wlph

vhulhv/ fodvvl�fdwlrq wr wkh orjlvwlf lv doprvw lqvwdqwdqhrxv1 Wkhq dw wkh vzlwfklqj srlqw wr@533/ d yhu|

txlfn vzlwfk wr qrlvh fodvvl�fdwlrq lv revhuyhg1

Zh kdyh shuiruphg pdq| dgglwlrqdo h{shulphqwv/ zklfk zh suhvhqw lq wdexodu irup1 Gdwdvhw fdq

eh hlwkhu D +533 wlph vwhsv Pdfnh|0Jodvv wlph vhulhv zlwk � @ 4:, ru E +533 wlph vwhsv Pdfnh| Jodvv
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wlph vhulhv zlwk � @ 43 iroorzhg e| 533 wlph vwhsv zlwk � @ 4:,1 Fodvvl�fdwlrq shuirupdqfh lv phdvxuhg

e| ff�S dqg ff�b/ hydoxdwhg dw wzr ohyhov ri frq�ghqfh= 3193 dqg 31<3/ lq wkh vdph pdqqhu dv lq wkh fdvh

ri orjlvwlf h{shulphqwv1 Lq Wdeoh 8 zh h{shulphqw zlwk �& ydoxhv/ lq Wdeoh 9 zlwk k ydoxhv/ lq Wdeoh :

zlwk qrlvh ohyhov dqg lq Wdeoh ; zlwk fuhglw ixqfwlrqv1 Lw fdq eh vhhq wkdw wkh ryhudoo shuirupdqfh lv

yhu| jrrg1

b�� ,?3)4i �*@tt��U@|�L?

Wklv h{shulphqw lqyroyhv uhdo zruog gdwd1 Lw frqvlghuv fodvvl�fdwlrq ri d vhw ri hq}|phv/ fdoohg �0

odfwdpdvhv1 Wkh gdwd dqg sureohp duh ghvfulehg lq Sdsdqlfrodrx ) Phghlurv +4<<3,> khuh zh jlyh d

vkruw ryhuylhz1 �0odfwdpdvhv duh hq}|phv zklfk ghwhuplqh wkh uhvlvwdqfh ri pdq| edfwhuld wr �0odfwdp

dqwlelrwlfv1 Wkh sureohp lv fodvvl�fdwlrq ri �0odfwdpdvhv1 Wr vroyh wklv sureohp elrphglfdo uhvhdufkhuv

kdyh ghyhorshg vhyhudo phwkrgv1 Krzhyhu frqyhqwlrqdo phwkrgv suhvhqw pdq| gl�fxowlhv dqg dplqr0

dflg vhtxhqflqj lv wlph frqvxplqj +Sdsdqlfrodrx ) Phghlurv/ 4<<3,1 D qhz phwkrg wr ryhufrph

vrph ri wkhvh gl�fxowlhv lv suhvhqwhg lq Sdsdqlfrodrx ) Phghlurv +4<<3,> lw xvhv dq _lqklelwlrq%

h{shulphqw zkhuh wkh k|guro|vlv udwh ri d fkhplfdo fdoohg qlwurfh�q/ lq wkh suhvhqfh ri d �0odfwdpdvh

2 �0odfwdp sdlu/ lv phdvxuhg1 Wkh �0odfwdpdvh hq}|ph +khqfhiruwk wr eh fdoohg vlpso| wkh hq}|ph,

fdxvhv k|guro|vlv ri qlwurfh�q/ dqg wkh �0odfwdp +khqfhiruwk wr eh fdoohg vlpso| wkh lqklelwru, vorzv

k|guro|vlv grzq e| lqklelwlqj wkh dfwlrq ri wkh hq}|ph1 Qlwurfh�q frqfhqwudwlrq lv phdvxuhg rswlfdoo|

dqg uhfrughg ryhu d 730plqxwh lqwhuydo1 Lq wklv zd|/ iru hyhu| hq}|ph2lqklelwru sdlu d fkdudfwhulvwlf

_lqklelwlrq sur�oh% +dv looxvwudwhg lq Ilj1:, lv rewdlqhg1 Lghdoo|/ wkh lqklelwlrq sur�oh +iru d jlyhq

lqklelwru, fkdudfwhul}hv wkh hq}|ph1 Wklv phwkrg kdv d kljk fodvvl�fdwlrq vxffhvv1 Krzhyhu/ wkhuh duh

sureohpv= wkh surshuwlhv ri hq}|phv dqg lqklelwruv ghshqg vwurqjo| rq wkh frqglwlrqv xqghu zklfk

wkh| zhuh suhsduhg/ dqg wklv pd| uhvxow lq gl�huhqw lqklelwlrq sur�ohv iru wzr gl�huhqw suhsdudwlrqv

ri wkh vdph hq}|ph2lqklelwru sdlu1 Krzhyhu/ wkh g|qdplf surshuwlhv ri wkh sur�oh dsshdu wr uhpdlq

lqyduldqw> lw lv uhsruwhg lq Sdsdqlfrodrx ) Phghlurv +4<<3, wkdw hq}|ph fodvvl�fdwlrq ghshqghg rq

wkh vorsh ri wkh lqklelwlrq sur�oh dw ydulrxv wlphv gxulqj wkh gxudwlrq ri wkh h{shulphqw/ dv zhoo dv rq

wkh �qdo frqfhqwudwlrq ri qlwurfh�q1 Wklv lqirupdwlrq zdv xvhg e| d kxpdq rshudwru zkr frpelqhg

ydulrxv fkdudfwhulvwlfv ri wkh lqklelwlrq sur�oh wr fodvvli| wkh hq}|ph1

Zh dxwrpdwh wkh hq}|ph fodvvl�fdwlrq surfhvv/ xvlqj wkh lqklelwlrq sur�ohv dv lqsxw wlph vhulhv wr

d SUHPRQQ1 Hljkw hq}|phv duh fodvvl�hg xvlqj lqklelwlrq sur�ohv iru d jlyhq lqklelwru1 Wkh gdwd

vhw ri lqklelwlrq sur�ohv lv vhsdudwhg lqwr d whvw vhw dqg d wudlqlqj vhwD1 Iru hdfk hq}|ph zh wudlq

d �iwk rughu olqhdu suhglfwru xvlqj wkh fruuhvsrqglqj lqklelwlrq sur�oh +73 plq wlph vhulhv, iurp wkh

wudlqlqj vhw1 Phdq vtxduh suhglfwlrq huuru lv dssur{lpdwho| 314 iru doo hq}|phv1 Qh{w/ zh fkrrvh dq

lqklelwlrq sur�oh iurp wkh whvw vhw dqg surfhhg wr fodvvli| lw/ l1h1 ghwhuplqh wkh hq}|ph lw fruuhvsrqgv

wr1 Wkh SUHPRQQ fodvvl�hv fruuhfwo| doo hljkw lqklelwlrq sur�ohv lq wkh whvw vhw> lq Ilj1; zh suhvhqw

wkh srvwhulru suredelolw| hyroxwlrq iru d sduwlfxodu hq}|ph lqklelwlrq sur�oh1 Qrwh wkdw lq wklv wdvn

fodvvl�fdwlrq lv shuiruphg xvlqj rqo| wkh �qdo ydoxhv s�ef/ s
2
ef/ 111 / s

H
ef1

Zh suhvhqw d qxpehu ri h{shulphqwv lq wdexodu irup1 Zh xvh wzr gdwd vhwv/ frqvlvwlqj ri lqklelwlrq

sur�ohv iru wzr gl�huhqw lqklelwruv +dqg doo hljkw hq}|phv,1 Fodvvl�fdwlrq shuirupdqfh lv phdvxuhg e|

D ì �@?| |L |�@?! B��� �@T@?�UL*@L� uLh !�?_*) Tih4�||�?} �t |L �ti |�i �?��M�|�L? ThL�*i _@|@�
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f/ wkh qxpehu ri fruuhfwo| fodvvl�hg hq}|phv +dw wlph w@73 plqv, glylghg e| hljkw/ wkh wrwdo qxpehu ri

hq}|phv1 Zh h{shulphqw zlwk ydoxhv ri �& +Wdeoh <, dqg k +Wdeoh 43, dqg zlwk gl�huhqw w|shv ri fuhglw

ixqfwlrqv +Wdeoh 44,1 Iru lqklelwru & 4 fodvvl�fdwlrq lv 433( fruuhfw iru d yhu| zlgh udqjh ri fkrlfhv

ri wkhvh sdudphwhuv> iru lqklelwru & 5 fodvvl�fdwlrq lv jhqhudoo| 433( fruuhfw/ zlwk vrph h{fhswlrqv iru

h{wuhph fkrlfhv ri sdudphwhu ydoxhv1

b�e �*@tt��U@|�L? Lu T�L?i4it

Lq wklv �qdo h{shulphqw zh dovr xvh uhdo zruog gdwd= wzr xwwhudqfhv ri wkh zrug _rqh%1 Wkh| kdyh

ehhq vdpsohg dw 5 NK}1 Wkh wlph vhulhv lv sorwwhg lq Ilj1 <1 Lw frqwdlqv wkuhh skrqhphv +^rr`/ ^dk`

dqg ^qq`, zklfk fdq eh ylvxdoo| glvwlqjxlvkhg lq wkh �jxuh1

Wkuhh olqhdu suhglfwlrq prgxohv ri wkh irup a|&| @ z
&
� � ||3� . ===.z

&
�H � ||3�H/ n @ 4> 5> 6 kdyh ehhq

wudlqhg/ xvlqj gdwd iurp wkh wkuhh skrqhphv1 Zh frpelqh wkh suhglfwruv lqwr d Ed|hvldq SUHPRQQ

dqg shuirup vhyhudo fodvvl�fdwlrq h{shulphqwv xvlqj wkh vhfrqg xwwhudqfh ri _rqh%1

Wkh uhvxowv ri d fodvvl�fdwlrq h{shulphqw/ zklfk xvhv wkh gdwd ri wkh ^dk` wr ^qq` wudqvlwlrq/ duh

suhvhqwhg lq Ilj1 431 Zh kdyh xvhg �� @ �2 @ �� @ 134/ k @ 3134 dqg wkh Ed|hvldq fuhglw ixqfwlrq1

Wkh vdph vhwxs kdv ehhq xvhg iru fodvvl�fdwlrq h{shulphqwv dw ydulrxv qrlvh ohyhov1 Wkh uhvxowv duh

suhvhqwhg lq Wdeoh 451

�f �L?U*�t�L?t

Zh kdyh gh�qhg Suhglfwlyh Prgxodu Qhxudo Qhwzrunv +SUHPRQQv, iru wlph vhulhv fodvvl�fdwlrq dqg

lqyhvwljdwhg wkhlu surshuwlhv1 SUHPRQQv kdyh d klhudufklfdo rujdql}dwlrq= dw wkh erwwrp ohyho zh

kdyh d edqn ri suhglfwlrq prgxohv dqg dw wkh wrs ohyho d ghflvlrq prgxoh wkdw surfhvvhv wkh suhglfwlrq

huuruv ri wkh erwwrp ohyho dqg dgdswlyho| xsgdwhv wkhlu Ed|hvldq srvwhulru suredelolwlhv ru �jxuhv ri

phulw1 Rxu edvlf frqfoxvlrqv duh=

41 SUHPRQQv kdyh d suredelolvwlf prwlydwlrq dqg lqwhusuhwdwlrq/ exw wklv lv qrw qhfhvvdu| iru

wkhlu vxffhvixo rshudwlrq1 Wkh| fdq eh dssolhg mxvw dv zhoo wr wkh fodvvl�fdwlrq ri vwrfkdvwlf ru

ghwhuplqlvwlf wlph vhulhv1

51 Frqyhujhqfh wr fruuhfw fodvvl�fdwlrq zlwk sure1 4 kdv ehhq pdwkhpdwlfdoo| suryhq iru erwk

Ed|hvldq dqg qrqsuredelolvwlf SUHPRQQv1

61 SUHPRQQv fdq eh xvhg iru suhglfwlrq dv zhoo dv iru fodvvl�fdwlrq1 Wkh SUHPRQQ suhglfwlrq

kdv plqlpxp phdq vtxduh suhglfwlrq huuru dprqj doo +olqhdu dqg qrqolqhdu, suhglfwlrqv wkdw duh

ixqfwlrqv ri wkh sdvw revhuydwlrqv1

71 SUHPRQQv fdq eh sdudoohol}hg lq dq reylrxv zd| +rqh surfhvvru shu prgxoh, dqg wkh ohduqlqj

wlph vfdohv olqhduo| zlwk wkh qxpehu ri vrxufhv wkdw kdyh wr eh ohduqhg1

81 SUHPRQQv fdq rshudwh rqolqh1

48



Zkloh wkh yduldqfh �2& dqg wkuhvkrog k sdudphwhuv fdq eh xvhg wr rswlpl}h wkh wudghr� ehwzhhq

vshhg dqg dffxudf| ri fodvvl�fdwlrq/ h{shulphqwdo uhvxowv vkrz wkdw fodvvl�fdwlrq vxffhvv grhv qrw

ghshqg fuxfldoo| rq �& dqg k dv orqj dv wkh| gr qrw wdnh h{wuhph ydoxhv1 H{shulphqwv dovr vkrz

wkdw SUHPRQQv duh urexvw wr suhglfwlrq huuru> wkdw lv/ wkh| fodvvli| fruuhfwo| hyhq li wkh suhglfwlrq

prgxohv shuirup srruo|1 Lq sduwlfxodu/ wkh| duh urexvw wr qrlvh lq wkh gdwd1 Zkloh wkh Ed|hvldq fuhglw

ixqfwlrq shuirupv ehwwhu wkdq wkh dgglwlyh rqhv/ wkh odwwhu shuirup vdwlvidfwrulo| dqg duh vlpsohu wr

lpsohphqw1 Ilqdoo|/ lw vkrxog eh qrwhg wkdw lq h{shulphqwv lqyroylqj vrxufh vzlwfklqj/ ff�S dqg ff�b duh

vpdoohu wkdq wkrvh lq wkh fruuhvsrqglqj qrq0vzlwfklqj h{shulphqwv1 Wklv lv gxh wr wkh wudqvlhqw vwdjh

ri wkh s&| *v durxqg wkh vzlwfklqj srlqw1

Lq wkh iroorzlqj sdudjudskv zh olvw vrph gluhfwlrqv lq zklfk wkh lqyhvwljdwlrqv ri SUHPRQQv fdq

eh frqwlqxhg1

41 Vrxufh vzlwfklqj1 Zh kdyh qrw prghoohg vrxufh vzlwfklqjv/ lqvwhdg zh kdyh wuhdwhg wkhp yld

wkuhvkroglqj1 Dq dowhuqdwlyh vroxwlrq lv wr dvvxph Pdunryldq vzlwfklqj> hvvhqwldoo| wklv eulqjv

SUHPRQQv lq wkh klgghq Pdunry prghov iudphzrun1 Rxu wdvn wkhq lv wr h{whqg wkh srvwhulru

xsgdwh irupxod vr wkdw lw wdnhv lqwr dffrxqw wkh Pdunryldq vzlwfklqj1 D vhfrqg wdvn zrxog wkhq

eh wr suryh vrph frqyhujhqfh surshuw| ri wkh prgl�hg SUHPRQQ1

51 Dgdswlyh sduwlwlrq1 Lq pdq| sureohpv wkh wlph vhulhv vrxufhv duh nqrzq lq dgydqfh dqg

wkhuh lv vx�flhqw gdwd iru wkh r�lqh wudlqlqj ri wkh suhglfwru prgxohv1 W|slfdo sureohpv ri wklv

fdwhjru| duh skrqhph uhfrjqlwlrq/ udgdu dqg vrqdu vljqdo fodvvl�fdwlrq dqg vr rq1 Krzhyhu/ wkhuh

duh rwkhu sureohpv zkhuh wkh vrxufhv duh qrw nqrzq lq dgydqfh1 Iru vxfk sureohpv/ zh zdqw

wr wu| d yhuvlrq ri SUHPRQQv lq zklfk prgxohv duh dgdswlyho| jhqhudwhg1 Lq wklv yhuvlrq/ dq

lqlwldo suhglfwlrq prgxoh lv wudlqhg dqg wkh qh{w lqfrplqj gdwxp lv xvhg iru wkh frpsxwdwlrq

ri wkh prgxoh*v srvwhulru suredelolw|1 Li wklv lv kljk/ wkh gdwxp lv xvhg wr xsgdwh wkh prgxoh

sdudphwhu hvwlpdwhv1 Rwkhuzlvh/ wkh gdwxp lv sodfhg lq d vhsdudwh gdwd srro> diwhu d zkloh wklv

gdwd srro lv xvhg iru wkh wudlqlqj ri d vhfrqg prgxoh1 Wkh lqfrplqj gdwd duh qrz whvwhg djdlqvw

erwk prgxohv/ dqg li wkh| gr qrw �w hlwkhu rqh/ wkh| duh vhw dvlgh dqg hyhqwxdoo| xvhg iru wkh

wudlqlqj ri d wklug prgxoh hwf1 Wkhuh lv d pd{lpxp qxpehu ri prgxohv wkdw fdq eh dfwlyh dw d

jlyhq wlph/ vr prgxohv zlwk d orz srvwhulru suredelolw| duh ghdfwlydwhg 1

61 Dssolfdwlrqv wr v|vwhp lghqwl�fdwlrq1 Wklv lghd uhodwhv wr wkh ruljlqdo xvh ri wkh sduwlwlrq

dojrulwkp lq wkh frqwuro frqwh{w +Odlqlrwlv/ 4<:4,1 Lq pdq| frqwuro sureohpv zh pxvw hvwlpdwh

wkh sdudphwhuv ri d qrqolqhdu v|vwhp1 Lq wkh vlpsohvw fdvh/ wkhvh sdudphwhuv fdq rqo| wdnh d

vpdoo qxpehu ri ydoxhv1 Wkhq d SUHPRQQ fdq eh dssolhg txlwh uhdglo| iru wkh frpsxwdwlrq

ri wkh prvw olnho| sdudphwhu ydoxhv1 D gl�fxow| zlwk wklv lghd lv wkh _fxuvh ri glphqvlrqdolw|%=

wkh qxpehu ri srvvleoh prgxohv lqfuhdvhv h{srqhqwldoo| zlwk wkh sdudphwhuv ri wkh v|vwhp1 Wklv

ohdgv xv wr wkh qh{w lghd1

71 Sdudphwhu vhdufk vfkhphv1 Lq fdvh wkh sdudphwhuv fdq wdnh d odujh qxpehu ri ydoxhv/ d

phwkrg pxvw eh irxqg wr vhdufk h�flhqwo| wkh sdudphwhu vsdfh1 Rqh sdudphwhu frxog eh vhdufkhg

dw d wlph/ srvvleo| f|folqj wkurxjk doo wkh sdudphwhuv vhyhudo wlphv1 Ru ruwkrjrqdo julgv ri

surjuhvvlyho| �qhu uhvroxwlrq frxog eh xvhg1 Ru/ wkh sdudphwhuv frxog eh fkdqjhg lq wkh gluhfwlrq
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ri vwhhshvw dvfhqw ri wkh srvwhulru suredelolw|1 Ilqdoo|/ jhqhwlf dojrulwkpv frxog eh xvhg iru wkh

sdudphwhu vhdufk dv zhoo1

81 Frqvlvwhqf|1 Iru SUHPRQQv zlwk �{hg suhglfwlrq prgxohv lw kdv ehhq suryhq khuh wkdw

a]| $ ]1 Zloo wklv eh wuxh iru wkh dgdswlyh dqg uh�qhg yhuvlrqv ri sdudjudskv +5, dqg +7, deryhB

Lq idfw zh h{shfw wkdw/ zkhq doo wkh gdwd frphv iurp d �{hg vrxufh/ wkh iroorzlqj frqyhujhqfh

uhvxow zloo eh wuxh= li wkh dgdswdwlrq dqg2ru uh�qhphqwv rffxu dw d vorz hqrxjk udwh +wkdw lv/ li

hqrxjk gdwd lv dffxpxodwhg ehiruh wkh suhglfwlrq prgxohv duh fkdqjhg, wkhq a]| frqyhujhv wr ]1

Wklv lv zkdw vwdwlvwlfldqv fdoo d frqvlvwhqf| uhvxow/ dqg dgkhuhv wr wkh sklorvrsk| ri Juhqdqghu*v

phwkrg ri vlhyhv +Juhqdqghu/ 4<;4,1

� �TTi?_� 

Khuh zh suhvhqw wkh surriv ri Wkhruhpv 4/ 5 dqg 91

Surri ri Wkhruhp 4= Iru hyhu| n 5 N� dqg o 5 Nf zh kdyh
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+5:,

Ehfdxvh i lv phdvxudeoh dv d ixqfwlrq ri wkh |*v/ |&| lv hujrglf +vhh +Euhlpdq/ 4<9;,, dqg wkh vdph

krogv iru h
&
| @ || � |

&
| dqg mh&| m21 Vlqfh || dqg |

&
| duh erwk vtxduh lqwhjudeoh/ mh&| m lv dovr vtxduh

lqwhjudeoh= Hmh&| m2 ?41 +Lqflghqwdoo|/ wklv vkrzv wkdw g lv zhoo gh�qhg dqg �qlwh/ dqg Nf qrw hpsw|1,

Vlqfh Hmh&| m2 ? 4 dqg h
&
| hujrglf/ e| wkh frqwlqxlw| ri wkh h{s+�, ixqfwlrq/ wkh Hujrglf Wkhruhp

+Euhlpdq/4<9;, dqg +5:, zh vhh wkdw iru doo � A 3 dqg doprvw doo |�/ |2/ 111/ wkhuh lv d w" +ghshqglqj rq

|�/ |2/ 111 , vxfk wkdw iru doo w � w"
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,1 E| dvvxpswlrq
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|
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2j2
&

A
.�e,

|
�2

2j2
,

/ vr zh fdq fkrrvh � vxfk wkdw

g&c, . � lv ohvv wkdq 41 Wkhq/ udlvlqj +5;, wr wkh w srzhu/ zh kdyh wkdw iru doo w � w" dqg doprvw doo |�/

|2/ 111
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Wklv suryhv +43,1 Qrwh wkdw wkh whup s
&
f@s

,
f grhv qrw d�hfw frqyhujhqfh/ dv orqj dv qhlwkhu s

&
f qru s,f

duh }hur1 Khqfh wkh sulruv duh qrw fuxfldo wr wkh frqyhujhqfh ri wkh dojrulwkp/ dv orqj dv wkh| duh qrw

}hur1 Qrz/ e| wkh frqwlqxlw| ri wkh pd{ ixqfwlrq zh dovr kdyh olp|<" pd{&Md� c,Mdf
+
R&
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R,
|

, @ 3 zlwk
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sure1 41 Gh�qh p
=
@ mN�m/ P =

@ mNfm dqg revhuyh wkdw
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$ 3 zlwk sure 4=

Khqfh
S
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s
&
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s
,
| whqgv wr 3 zlwk suredelolw| 41 Iurp wklv dqg wkh idfw wkdw

S
&Md�

s
&
| .S

,Mdf
s
,
| @ 4/ +44, dqg +45, iroorz lpphgldwho|1 �

Surri ri Wkhruhp 5= Lw fdq eh suryhq +vhh +Juhqdqghu ) V}hjr/4<;7,, wkdw xqghu frqglwlrq E4/

i||j"|'� lv Jdxvvldq/ hujrglf dqg vtxduh lqwhjudeoh1 +Vr lq sduwlfxodu/ zh kdyh wkdw wkh fryduldqfh

pdwul{ U h{lvwv dqg lv �qlwh1, Khqfh \| lv dovr hujrglf dqg vtxduh lqwhjudeoh1 Wdnlqj wkh vdph vwhsv

dv lq wkh suhylrxv surri/ iru hyhu| n 5 N�/ o 5 Nf
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E| wkh Hujrglf Wkhruhp dqg wkh frqwlqxlw| ri wkh h{s+�, ixqfwlrq/ +5<, lpsolhv wkdw iru doo � A 3/ dqg

doprvw doo |�/ |2/ 111/ wkhuh lv d w" +ghshqglqj rq |�/ |2/ 111 , vxfk wkdw iru doo w � w"
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Lw lv d zhoo nqrzq idfw wkdw H+\ �
| +D�D&,+D
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&,U+D�D&, @ mD�D& m2-1 Vlploduo|/
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Uhfdoo wkdw zh kdyh dvvxphg �& @ � iru doo n> wkhq gh�qh g&c,
=
@ h{s+� ��3�&�

2

-

2j2
,@ h{s+� ��3�,�

2

-

2j2
,1 E|

dvvxpswlrq
��3�&�

2

-

2j2
A

��3�,�
2

-

2j2
/ vr zh fdq fkrrvh � vxfk wkdw g&c,.� lv ohvv wkdq 41 Wkh uhvw ri wkh surri

surfhhgv olnh wkh surri ri Wkhruhp 41 Qrwh wkdw djdlq wkh whup s
&
f@s

,
f grhv qrw d�hfw frqyhujhqfh/ dv

orqj dv qhlwkhu s&f qru s
,
f duh }hur1 Khqfh wkh sulruv duh qrw fuxfldo wr wkh frqyhujhqfh ri wkh dojrulwkp/

dv orqj dv wkh| duh qrw }hur1 �
Surri ri Wkhruhp 9= D uhpdundeoh/ exw hdv| wr suryh +Grre/4<86, surshuw| ri wkh frqglwlrqdo

h{shfwdwlrq lv wkh iroorzlqj1 Wdnh d �0�hog I / d udqgrp yduldeoh [/ lwv frqglwlrqdo h{shfwdwlrq zlwk

uhvshfw wr I / H+{mI,/ dqg d udqgrp yduldeoh \ wkdw lv I0phdvxudeoh1 Zh kdyh

H+\ +[ �H+[ mI,,, @ 3= +65,

Qrz wdnh dq| � +|�> ===> ||3�, phdvxudeoh suhglfwru ri ||/ fdoo lw a||1 Vlqfh |
W
| lv d ixqfwlrq ri ||3�/ 111/

||3� / lw lv dovr � +|�> ===> ||3�, phdvxudeoh1 Vlqfh |
W
| lv wkh frqglwlrqdo h{shfwdwlrq ri || zlwk uhvshfw wr

4;



� +|�> ===> ||3�,/ zh kdyh

Hma|| � ||m2 @ Hma|| � |
W
| . |

W
| � ||m2 @ Hma|| � |

W
| m2 .Hm|W| � ||m2 . 5H++a|| � |

W
| ,+|

W
| � ||,,= +66,

Qrz a|| � |
W
| lv � +|�> ===> ||3�, phdvxudeoh/ vr zh fdq xvh +65, zlwk I @ �+|�> ===> ||3�,/ \ @ a|| � |

W
| /

[ @ ||/ H+[mI, @ |
W
| 1 Wkhq +66, ehfrphv

Hma|| � ||m2 @ Hma|| � |
W
| m2 .Hm|W| � ||m2= +67,

Iurp +67, lw ehfrphv reylrxv wkdw Hma|| � ||m2 � Hm|W| � ||m2/ zlwk htxdolw| rffxuulqj rqo| zkhq a|| @

|
W
| zlwk suredelolw| 41 Wklv suryhv +55,1 Wr suryh +56, dqg +57,/ qrwh wkdw/ e| Dvvxpswlrq I4/ Nf kdv

rqo| rqh phpehu/ qdpho| n
W1 Wkhq/ e| Wkhruhp 4/ zlwk suredelolw| 4/ s&

W

| $ 4 dqg s
&
| $ 3 iru doo

n 9@ n
W1 Rq wkh rwkhu kdqg/ e| wkh gh�qlwlrq ri |W| dqg wkh wuldqjoh lqhtxdolw|/ zh kdyh

3 � m|W| � |
&W

| m � m4� s
&W

| m � m|&
W

| m.
[
& �'&W

s
&
| m|&| m= +68,

Lqwhjudwh +68, dqg xvh wkh Erxqghg Frqyhujhqfh Wkhruhp wr suryh +56,1 Wr suryh +57,/ gh�qh P
=
@

pd{�$&$gc|'�c2c��� m|&| m> wklv h{lvwv dqg lv �qlwh e| dvvxpswlrq I51 Wkhq +68, lpsolhv

3 � m|W| � |
&W

| m �P � +m4� s
&W

| m.
[
& �'&W

s
&
| ,= +69,

Wdnlqj wkh olplw dv w$4 lq +69, zh rewdlq +57, dqg wkh surri lv frpsohwh1 �

+iuihi?Uit

^ ` D|hvwdudq/ K1H1 ) Sudjhu/ U1Z1 +4<<6,1 Wkh orjlfdo jdwhv jurzlqj qhwzrun1 Whfk1 Uhsruw/ Fdp0

eulgjh Xq1 Hqjlqhhulqj Ghsw1/ WU FXHG I0LQIHQJ WU 46:1

^ ` Ed{w/ Z1J1 +4<<5,1 Lpsurylqj wkh dffxudf| ri dq duwl�fldo qhxudo qhwzrun xvlqj pxowlsoh gl�huhqwo|

wudlqhg qhwzrunv1 Qhxudo Frpsxwdwlrq/ 7/ 46804771

^ ` Eh|hu/ X1 ) Vplhmd/ I1 +4<<6,1 Ohduqlqj iurp h{dpsohv/ djhqw whdpv dqg wkh frqfhsw ri uh�hfwlrq/

Suhsulqw1

^ ` Euhlpdq/ O1 +4<9;,1 Suredelolw|1 Qhz \run= Dgglvrq 0 Zhvoh|1

^ ` Grre/ M1O1 +4<86,1 Vwrfkdvwlf Surfhvvhv1 Qhz \run= Zloh|1

^ ` Iduphu/ M1G1 ) Vlgrurzlfk/ M1V1 +4<;;,1 H{sorlwlqj fkdrv wr suhglfw wkh ixwxuh dqg uhgxfh qrlvh1

Orv Dodprv Qdw1 Oderudwru|/ WU OD XU ;; <341

^ ` Jrupdq/ U1S1 ) Vhmqrzvnl/ W1M1 +4<;;,1 Dqdo|vlv ri klgghq xqlwv lq d od|huhg qhwzrun wudlqhg wr

fodvvli| vrqdu wdujhwv1 Qhxudo Qhwzrunv/ 4/ :80;<1

^ ` Juhqdqghu/ X1 +4<;4,1 Devwudfw Lqihuhqfh1 Qhz \run= Zloh|1

4<



^ ` Juhqdqghu/ X1 ) V}hjr/ J1 +4<;7,1 Wrhsolw} Irupv1 Qhz \run= Fkhovhd1

^ ` Kd|nlq/ V1 ) Frqj/ G1 +4<<4,1 Fodvvl�fdwlrq ri udgdu foxwwhu xvlqj qhxudo qhwzrunv1 LHHH Wudqv1

rq Qhxudo Qhwzrunv/ 5/ 8;<09331

^ ` Kloeruq/ F1J1 ) Odlqlrwlv/ G1J1 +4<9<,1 Rswlpdo hvwlpdwlrq lqwkh suhvhqfh ri xqnqrzq sdudphwhuv1

LHHH Wudqv1 rq V|vwhpv Vflhqfh dqg F|ehuqhwlfv/ 8/ 6;0761

^ ` Mdfrev/ U1D1 hw do1 +4<<4,1 Dgdswlyh pl{wxuhv ri orfdo h{shuwv1 Qhxudo Frpsxwdwlrq/ 6/ :<0;:1

^ ` Mrugdq/ P1L1 ) Mdfrev/ U1D1 +4<<5,1 Klhudufklhv ri dgdswlyh h{shuwv1 Lq Surf1 ri QLSV 7/ hgv1 M1

Prrg|/ V1 Kdqvhq ) U1 Olsspdq1 Vdq Pdwhr/ FD= Prujdq Ndx�pdq1

^ ` Ndglundpdqdwkdq/ Y1 ) Qludqmdq/ P1 +4<<5,1 Dssolfdwlrq ri dq dufklwhfxudoo| g|qdplf qhxudo qhw0

zrun iru vshhfk sdwwhuq fodvvl�fdwlrq1 Surf1 ri wkh Lqvw1 ri Dfrxvwlfv/ 47/ 67606831

^ ` Odlqlrwlv/ G1J1 +4<:4,1 Rswlpdo dgdswlyh hvwlpdwlrq= vwuxfwxuh dqg sdudphwhu dgdswdwlrq1 LHHH

Wudqv1 rq Dxwrpdwlf Frqwuro/ 43/ 49304:31

^ ` Odlqlrwlv/ G1J1 / Ndwvlndv/ V1N ) Olnrwkdqdvlv/ V1G1 +4<;;,1 Dgdswlyh ghfrqyroxwlrq ri vhlvplf

vljqdov= shuirupdqfh/ frpsxwdwlrqdo dqdo|vlv/ sdudooholvp1 LHHH Wudqv1 Dfrxvwlfv/ Vshhfk dqg Vljqdo

Surfhvvlqj/ 69/ 4:4804:671

^ ` Prrg|/ M1 +4<;<,1 Idvw ohduqlqj lq pxowl0uhvroxwlrq klhudufklhv1 Whfk1 Uhsruw/ Ghsw1 ri Frpsxwhu

Vf1/ \doh Xq1/ WU \DOHX GFV UU 9;41

^ ` Qhdo/ U1P1 +4<<4,1 Ed|hvldq pl{wxuh prghoolqj e| Prqwh Fduor vlpxodwlrq1 Whfk1 Uhsruw/ Ghsw1 ri

Frpsxwhu Vflhqfh/ Xq1 ri Wrurqwr/ WU FUJ0WU0<4051

^ ` Qrzodq/ V1M1 +4<<3,1 Pd{lpxp olnholkrrg frpshwlwlrq lq UEI qhwzrunv1 Whfk1 Uhsruw/ Ghsw1 ri

Frpsxwhu Vflhqfh/ Xq1 ri Wrurqwr/ WU FUJ0WU0<3051

^ ` Qrzodq/ V1M1 +4<<3,1 Frpshwlqj h{shuwv= dq h{shulphqwdo lqyhvwljdwlrq ri dvvrfldwlyh pl{wxuh prg0

hov1 Whfk1 Uhsruw/ Ghsw1 ri Frpsxwhu Vflhqfh/ Xq1 ri Wrurqwr/ WU FUJ0WU0<3081

^ ` Qrzodq/ V1M1 +4<<3,1 Pd{lpxp olnholkrrg frpshwlwlyh ohduqlqj1 Lq Surf1 ri QLSV 5/ hg1 G1 Wrxuhw}n|1

Vdq Pdwhr/ FD= Prujdq Ndx�pdq1

^ ` Sdsdqlfrodrx/ J1D1 ) Phghlurv/ D1D1 +4<<3, Glvfulplqdwlrq ri H{whqghg0Vshfwuxp �0Odfwdpdvhv

e| d Qryho Qlwurfh�q Frpshwlwlrq Dvvd|1 Dqwlplfureldo Djhqwv dqg Fkhprwkhuds|/ 67/ 54;7054<51

^ ` Shuurqh/ P1S1 ) Frrshu/ O1Q1 +4<<6,1 Zkhq qhwzrunv glvdjuhh= hqvhpeoh phwkrgv iru k|eulg qhxudo

qhwzrunv1 Lq Qhxudo Qhwzrunv iru Vshhfk dqg Lpdjh Surfhvvlqj/ hg1 U1M1 Pdpprqh1 Qhz \run=

Fkdspdq0Kdoo1

^ ` Shwulglv/ Y1 ) Nhkdjldv/ D1 +4<<6,1 Prgxodu qhxudo qhwzrunv iru Ed|hvldq fodvvl�fdwlrq ri wlph

vhulhv dqg wkh sduwlwlrq dojrulwkp1 Vxeplwwhg1
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^ ` Vkdgdidq/ U1V1 ) Qludqmdq/ P1 +4<<6,1 D g|qdplf qhxudo qhwzrun dufklwhfwxuh e| vhtxhqwldo sduwl0

wlrqlqj ri wkh lqsxw vsdfh1 Whfk1 Uhsruw/ Fdpeulgjh Xq1 Hqjlqhhulqj Ghsw1/ WU FXHG I0LQIHQJ

WU 561

^ ` Vfkzdu}h/ K1 ) Khuw}/ M1 +4<<5,1 Jhqhudol}dwlrq lq ixoo| frqqhfwhg frppplwwhh pdfklqhv1 Suhsulqw1

^ ` Vfkzdu}h/ K1 ) Khuw}/ M1 +4<<5,1 Jhqhudol}dwlrq lq d odujh frppplwwhh pdfklqh1 Suhsulqw1

^ ` Zdleho/ D1 hw do1 +4<;<,1 Prgxodulw| dqg vfdolqj lq odujh skrqhplf qhxudo qhwzrunv1 LHHH Wudqv1

rq Dfrxvwlfv Vshhfk dqg Vljqdo Surfhvvlqj/ 6:/ 4;;;04;<;1

^ ` ]hwwhuehuj/ O1K1 hw do1 +4<;4,1 Frpsxwhu dqdo|vlv ri HHJ vljqdov zlwk sdudphwulf prghov1 Surf1 ri

wkh LHHH 9</ 78407941

^ ` ]kx/ N1 hw do1 +4<;<,1 Wudlqlqj qhxudo qhwzrunv iru HFJ ihdwxuh Uhfrjqlwlrq1 Lq Surfhhglqjv ri wkh

LMFQQ/ hg1 P1 Fdxgloo1 Zdvklqjwrq/ GF= Prujdq Ndx�pdq1
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