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D srsxodu v|vwhp lghqwl�fdwlrq dojrulwkp lv Odlqlrwlv* sduwlwlrq dojrulwkp ^40

7`/ zklfk lv fkdudfwhul}hg e| jrrg frpsxwdwlrqdo surshuwlhv dqg wrohudqfh wr

lpshuihfw nqrzohgjh ri wkh v|vwhp*v qrlvh vwdwlvwlfv1 Wkh dojrulwkp kdv ehhq

xvhg iru v|vwhp lghqwl�fdwlrq ri dlufudiw/ g1f1 prwruv ^8`/ vhlvplf skhqrphqd ^9`

dqg vr iruwk1

Wkh dojrulwkp vwduwv zlwk d vhtxhqfh ri revhuydwlrqv ri d sk|vlfdo v|vwhp

dqg d �qlwh vhw ri srvvleoh olqhdu prghov wr h{sodlq wkhvh revhuydwlrqv1 Wkh

vhohfwlrq ri wkh wuxhvw/ l1h1/ wkh prvw olnho|/ prgho lv shuiruphg e| frpsxwlqj

wkh suredelolw| ri hyhu| prgho lq wkh vhw/ frqglwlrqdo rq wkh revhuydwlrqv ri wkh

v|vwhp1 Wkh prgho zlwk kljkhvw suredelolw| lv vhohfwhg dv wkh wuxhvw prgho1
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Wklv surfhgxuh lv fdoohg dq lghqwl�fdwlrq hsrfk1 Lw vkrxog eh qrwhg wkdw wklv lv

d Ed|hvldq Pd{lpxp D Srvwhulrul suredelolw| +PDS, dssurdfk1 D jhrphwulf

lqwhusuhwdwlrq ri wkh lghqwl�fdwlrq surfhgxuh lv wkh iroorzlqj= hdfk ri wkh fdq0

glgdwh prghov lv frqvlghuhg dv d srlqw lq dq devwudfw vsdfh +sdudphwhu vsdfh,1

Rqh lghqwl�fdwlrq hsrfk fruuhvsrqgv wr �qglqj wkh prvw olnho| srlqw lq d uh0

jlrq ri wkh sdudphwhu vsdfh1 Zh fdq uxq wkh dojrulwkp iru vhyhudo lghqwl�fdwlrq

hsrfkv/ vxffhvvlyho| uh�qlqj wkh vhw ri srvvleoh prghov dqg rewdlqlqj wuxhu prg0

hov lq odwhu hsrfkv1 Jhrphwulfdoo|/ zh duh slfnlqj wkh prvw olnho| srlqw iurp d

vhtxhqfh ri surjuhvvlyho| vpdoohu uhjlrqv lq wkh sdudphwhu vsdfh1 Krshixoo|/

hyhqwxdoo| wkh uhjlrq vkulqnv wr d srlqw wkdw lv joredoo| prvw olnho| lq vsdfh1

Dq lqwhuhvwlqj txhvwlrq lv= Zkhq grhv wkh dojrulwkp frqyhujhB Jlyhq d

�qlwh vhw ri prghov dqg dq xqolplwhg dprxqw ri revhuydwlrqv/ zloo rqh ri wkh

prghov kdyh frqvlvwhqwo| kljkhvw frqglwlrqdo suredelolw|B Ixuwkhupruh/ zloo zh

nhhs jhwwlqj d frqvlvwhqwo| prvw olnho| prgho lq vxffhvvlyh lghqwl�fdwlrq hsrfkv/

zkhq wkh prgho vhw jhwv pruh dqg pruh uh�qhgB

Odlqlrwlv dqg Vhqjexvk ^:` zhuh wkh �uvw wr revhuyh yld vlpxodwlrq wkh idfw

wkdw wkh dojrulwkp grhv lqghhg frqyhujh wr wkh prgho forvhvw wr wkh wuxh v|vwhp1

Vlplodu hpslulfdo dqdo|vhv fdq eh irxqg lq Pdjloo ^;`/ Kloeruq dqg Odlqlrwlv

^</43`/ dqg Vdulglv ^44`1 Krzhyhu/ olwwoh wkhruhwlfdo zrun kdv ehhq grqh wr gdwh

rq wkh frqyhujhqfh txhvwlrq1

Wkh edvlf remhfw ri lqwhuhvw lq wkh frqyhujhqfh dqdo|vlv lv wkh udwlr ri frq0

glwlrqdo suredelolwlhv ri wzr prghov lq wkh prgho vhw +h1j1/ htxdwlrq +6,,1 Iru

h{dpsoh/ Drnl lq ^45` srlqwv rxw wkdw vxfk udwlrv irup d pduwlqjdoh1 Krzhyhu/ kh

vhwv iruwk d jhqhudo dqdo|vlv ri Ed|hv surfhgxuhv/ zlwkrxw vshfl�f frqyhujhqfh

frqglwlrqv iru wkh sduwlwlrq dojrulwkp +lq idfw/ klv errn suhgdwhv wkh dojrulwkp,1

Prruh hw do1 ghulyh frqyhujhqfh frqglwlrqv iru wkh sduwlwlrq dojrulwkp lq ^460

48`1 Wkhlu dqdo|vlv lv edvhg rq d vwurqj dvvxpswlrq= wkdw wkh revhuydwlrqv frph

iurp dq hujrglf sk|vlfdo v|vwhp1 Vwrfkdvwlf g|qdplfdo v|vwhpv wkdw h{klelw

rvfloodwru| ru wudqvlhqw ehkdylru +iru h{dpsoh/ wkh g1f1 prwru ri Vhfwlrq 7, duh

qrw hujrglf1 Dovr/ wkh w|sh ri frqyhujhqfh +l1s/ d1v1B, lv qrw fodul�hg1



Wxjqdlw dovr frqvlghuv wkh frqyhujhqfh ri wkh sduwlwlrq dojrulwkp lq ^49`1 Kh

suryhv srzhuixo uhvxowv zlwkrxw dvvxplqj hujrglflw|/ exw kh dvvxphv dqrwkhu

frqglwlrq wkdw lv xqolnho| wr eh vdwlv�hg lq sudfwlfh/ qdpho|/ wkdw wkh huuru

fryduldqfh pdwul{ lv xqlirupo| frqwlqxrxv dv d ixqfwlrq ri wkh prgho sdudphwhuv1

Lq idfw/ wr jxdudqwhh wklv frqglwlrq/ Wxjqdlw dvvxphv/ lq hvvhqfh/ wkdw wkh ixoo

vwdwh yhfwru lv revhuyhg1 Wklv lv d yhu| uhvwulfwlyh frqglwlrq1 Wkh g1f1 prwru ri

Vhfwlrq 7 grhv qrw vdwlvi| lw> qhlwkhu gr pdq| rwkhu v|vwhpv ri sudfwlfdo lqwhuhvw1

Khuh zh suryh wzr frqyhujhqfh wkhruhpv/ xvlqj d voljkwo| gl�huhqw srlqw ri

ylhz1 Wkh �uvw wkhruhp jxdudqwhhv frqyhujhqfh lq wkh phdq dqg wkh vhfrqg

frqyhujhqfh zlwk suredelolw| 41 Erwk wkhruhpv krog xqghu yhu| zhdn dvvxps0

wlrqv/wkdw duh olnho| wr eh vdwlv�hg iru hyhu| v|vwhp ri sudfwlfdo lqwhuhvw1 Olnh

rwkhu dxwkruv lq wkh sdvw/ zh edvh rxu dqdo|vlv rq dq h{dplqdwlrq ri wkh udwlrv

ri frqglwlrqdo suredelolwhv1 Krzhyhu/ zh gr qrw dvvxph wkh dfwxdo v|vwhp wr eh

lq wkh prgho vhw/ qru wkdw wkh v|vwhp fdq eh qhfhvvdulo| ghvfulehg e| dq| olqhdu

prgho1 Lqvwhdg zh wdnh d sxuho| skhqrphqrorjlfdo dssurdfk dqg frqvlghu wkh

wuxhvw prgho wr eh wkh rqh wkdw ehvw �wv wkh revhuydwlrqv1 Zkdw lv suryhq lv/

hvvhqwldoo|/ wkdw li d prgho frqvlvwhqwo| �wv wkh revhuydwlrqv zlwk ohdvw phdq

vtxduh huuru/ lw zloo eh vhohfwhg dv wkh ehvw prgho e| wkh sduwlwlrq dojrulwkp1

Ghshqglqj rq wkh frqglwlrqv wkh prgho vdwlv�hv/ wkh frqyhujhqfh zloo eh lq wkh

phdq/ ru zlwk suredelolw| 4 +z1s1 4,1 Wkh frqglwlrqv uhtxluhg iru hlwkhu wkhr0

uhp duh yhu| zhdn dqg olnho| wr eh vdwlv�hg e| dq| v|vwhp ri sudfwlfdo lqwhuhvw1



Wkh frqyhujhqfh dqdo|vlv dovr khosv xv lq xqghuvwdqglqj zkdw kdsshqv zkhq wkh

dojrulwkp idlov wr glvfulplqdwh ehwzhhq prghov1 Lq hvvhqfh/ zkhq wzr prghov

shuirup htxdoo| zhoo lq �wwlqj wkh revhuydwlrqv/ wkh dojrulwkp zloo idlo wr vhohfw

rqh ryhu wkh rwkhu1 Wklv frpprqvhqvh vwdwhphqw lv pdgh pruh suhflvh lq wkh

frxuvh ri wkh surri ri wkh frqyhujhqfh wkhruhpv1

Wkh sdshu lv rujdql}hg dv iroorzv= lq Vhfwlrq 5 zh suhvhqw dq rxwolqh ri wkh

dojrulwkp dqg glvfxvv lwv rshudwlrq> zh dovr lghqwli| fhuwdlq txdqwlwlhv wkdw duh

fuxfldo wr frqyhujhqfh1 Lq Vhfwlrq 6 wkh frqyhujhqfh wkhruhpv duh suryhq dqg

wkh vljql�fdqfh ri wkh frqyhujhqfh frqglwlrqv lv glvfxvvhg1 Lq Vhfwlrq 7 wkh

dojrulwkp lv xvhg wr lghqwli| wkh sdudphwhuv ri d uhdo sk|vlfdo v|vwhp +d g1f1

prwru,1 Wkurxjk vxffhvvlyh dssolfdwlrqv ri wkh sduwlwlrq dojrulwkp/ zh rewdlq

surjuhvvlyho| pruh uh�qhg hvwlpdwhv ri wkh prwru sdudphwhuv1 Hyhqwxdoo| wkh

dojrulwkp uhdfkhv lwv glvfulplqdwlrq olplw dqg ixuwkhu lwhudwlrqv |lhog qr lp0

suryhphqw ri wkh hvwlpdwhv1 Wklv djuhhv zhoo zlwk wkh wkhruhwlfdo dqdo|vlv ri

wkh suhylrxv vhfwlrq= zh kdyh uhdfkhg d srlqw zkhuh wkh frqglwlrqv ri frqyhu0

jhqfh duh qr orqjhu ixo�oohg1 Zh frqfoxgh lq vhfwlrq 8 zlwk d vxppdu| ri rxu

wkhruhwlfdo uhvxowv dqg d glvfxvvlrq ri wkhlu uhohydqfh wr wkh sudfwlfdo sureohp

ri prwru lghqwl�fdwlrq1
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Wkh Lghqwl�fdwlrq Sureohp lv gh�qhg dv iroorzv1 Jlyhq wkh olqhdu/ glvfuhwh wlph/

vwrfkdvwlf v|vwhp

{+q, @ I +q,{+q � 4, .J+q,x+q, +4,

|+q, @ K+q,{+q, . y+q, +5,

zlwk x+q,> y+q, Jdxvvldq/ }hur0phdq/ zklwh qrlvh surfhvvhv ryhu d suredelolw|

vsdfh +>I > S ,/ zlwk vwdwlvwlfv=

H+x+q,, @ 3> H+y+q,, @ 3

H+x+q,xW +p,, @ T+q,�+q �p,> H+y+q,yW +p,, @ U+q,�+q�p,

H+x+q,yW +p,, @ 3> p> q @ 4>5> ====

+doo wkh surfhvvhv lq +4, dqg +5, duh yhfwruv> zh wdnh |+q, wr ehP�glphqvlrqdo/

dqg wkh rwkhu surfhvvhv wr kdyh dssursuldwh glphqvlrqv, zh zdqw wr lghqwli| wkh

v|vwhp1 Wkdw lv/ zh zdqw wr ghwhuplqh wkh ydoxhv ri fhuwdlq xqnqrzq hohphqwv

ri I>J>K>T>U/ rq wkh edvlv ri revhuydwlrqv

\ +q, @ ^|+4,> |+5,> ===> |+q,`> q @ 4>5> ====

Uhpdun 41 Dqrwkhu +shukdsv pruh uhdolvwlf, ghvfulswlrq ri wkh sureohp lv= Jlyhq

d vhtxhqfh ri revhuydwlrqv |+4,> |+5,> ===> |+q, +zklfk pd| frph iurp d olqhdu ru



qrqolqhdu v|vwhp,/ �qg d v|vwhp ri wkh irup +4,/+5, wkdw uhsurgxfhv |+4,> ===> |+q,

dv forvho| dv srvvleoh1

Wkh Odlqlrwlv sduwlwlrq dojrulwkp ^4:` vroyhv wkh lghqwl�fdwlrq sureohp lq

wkh iroorzlqj zd|= Zh srvwxodwh N srvvleoh prghov Pl @ +Il>Jl>Kl>Tl>Ul,

l @ 4> 5> ===>N1 Fdoo wkh vhw iPl> l @ 4>5> ===>Nj wkh prgho vhw1 Froohfw doo

wkh Q xqnqrzq sdudphwhuv lq wkh yhfwru d wkdw fdq wdnh dq| ri wkh ydoxhv

dl @ ^dl4> dl5> ==> dlQ `/ l @ 4>5> ===>N1 Fdoo wklv yhfwru wkh sdudphwhu yhfwru1 Lw

lv dq hohphqw ri wkh Q0glphqvlrqdo Hxfolghdq sdudphwhu vsdfh1 Lq wklv vhqvh/

wkh prgho vhw lv d vhw ri srlqwv lq wkh sdudphwhu vsdfh dqg rxu wdvn lv wr �qg

wkh wuxhvw srlqw lq wklv vhw/ ru/ lq rwkhu zrugv/ wr vhdufk wkurxjk wkh sdudphwhu

vsdfh iru wkh prvw olnho| srlqw1 Zh dvvxph wkdw Pl/ l @ 4> 5> ===>N lv xqlirupo|

frpsohwho| frqwuroodeoh +XFF, dqg xqlirupo| frpsohwho| revhuydeoh +XFR,

+dv gh�qhg e| Md}zlqvnl ^45`,1

Wkh dojrulwkp dvvljqv frqglwlrqdo suredelolwlhv rq hdfk ri wkh N yhfwruv

d4> d5> ===>dN 1 Zh zulwh/ iru vkruw/ sl>q @ Sure+d @ dl m \ +q,, +l @ 4> 5> ===>N/

q @ 4>5> ===,1 Wkh ghwdlov ri wkh frpsxwdwlrq fdq eh irxqg lq ^43`1 Zh zloo xvh

khuh wkh iroorzlqj xsgdwh htxdwlrq=

sl>q @
ghw+S +q m dl,,

4@5
� h{s+� 4

5
� Y +q m dl,, � sl>q�4SN

m@4 ghw+S +q m dm,,
4@5 � h{s+� 4

5

� Y +q m dm,, � sm>q�4
+6,

zkhuh
Y +q m dm, @ �|Wm +q m dm,S

�4+q m dm,�|m+q m dm, +7,

dqg �|+q m dm, lv wkh huuru whup jlyhq e|

�|+q m dm, @ |+q, � a|+q m dm, +8,

Khuh a|+q m dm,/ lv wkh rswlpdo olqhdu hvwlpdwh ri |+q,/ frpsxwhg e| d Ndopdq
�owhu pdwfkhg wr wkh prghoPm 1 Vlploduo| S +q m dm, lv wkh fryduldqfh pdwul{
ri �|m+q m dm,=

S +q m dm, @ H+�|W +q m dm,�|+q m dm,, +9,

frpsxwhg e| wkh Ndopdq �owhu pdwfkhg wr wkh prghoPm1 Dv pruh revhuydwlrqv
|+q,/ q @ 4>5> === frph lq/ zh xsgdwh wkh frqglwlrqdo suredelolwlhv +6,1 Dw wlph
q/ zh dvvxph wkh wuxh prgho ri wkh v|vwhp wr eh wkh prgho Pl vxfk wkdw
slq A smq ;m 9@ l1 Li wklv l uhpdlqv wkh vdph iru doo q zlwk vxevwdqwldoo| kljkhu
slq wkdq dq| smq/ wkhq zh kdyh jrrg uhdvrq wr eholhyh wkdw Pl lv lqghhg wkh
wuxhvw prgho1

Zh surfhhhg wr hvwdeolvk vrph suholplqdulhv wkdw zloo eh xvhixo lq wkh frqyhu0
jhqfh dqdo|vlv ri wkh qh{w vhfwlrq1 Iurp qrz rq/ iru euhylw|/ zh zloo zulwh �|m+q,
lqvwhdg ri �|+q m dm, dqg Sm+q, lqvwhdg ri S +q m dm,1 Dovr dvvxph sl>3 @

4

N
;l1

Lqflghqwdoo|/ qrwh wkdw wkh suredelolwlhv slq duh wkhpvhoyhv udqgrp txdqwlwlhv/
ghshqghqw rq wkh revhuydwlrqv= |+4,> ===> |+q,1 Wklv lpsolhv wkdw zkhq zh wdon
derxw wkhlu frqyhujhqfh surshuwlhv zh pxvw vshfli| wkh w|sh ri frqyhujhqfh1 Lq



zkdw iroorzv zh zloo eh frqfhuqhg zlwk frqyhujhqfh lq wkh phdq +Wkhruhp 4,
ru frqyhujhqfh z1s1 4 +Wkhruhp 5,1

Wkh iroorzlqj ohppd lv d frqvhtxhqfh ri wkh XFF0XFR surshuw| dqg zloo
eh xvhg lq wkh surri ri Wkhruhpv 4 dqg 5=

OHPPD= Dvvxph ;l Pl lv XFF0XFR +dv gh�qhg lq ^4:`,1 Wkhq ;l 5
i4>5> ===>Nj <�l/ �l v1w1

3 ? �l � L � Sl � �l � L= +:,

SURRI= Md}zlqvnl ^45`1

Iurp +:, lw iroorzv wkdw ;t 9@ 3>;l 5 i4>5> ===>Nj> ;q lqwhjhu

3 ? �lntn
5 � tWSl+q,t � �lntn

5 +;,

3 ? ��4l ntn5 � tWS�4l +q,t � ��4l ntn5 +<,

Zh zloo qrz gh�qh vrph txdqwlwlhv wkdw ehdu rq wkh shuirupdqfh ri wkh
dojrulwkp dqg zloo eh xvhg lq wkh surri ri wkh frqyhujhqfh wkhruhpv1 Wkh prgho
vhohfwlrq zloo eh grqh rq wkh edvlv ri wkh revhuyhg huuru �|m+q,/ q @ 4>5> === 1 Lw lv
qdwxudo wr frqvlghu dv ehvw wkh prgho wkdw dffxpxodwhv ohvv huuru rq wkh dyhudjh
+zh wu| wr plqlpl}h

S
4

p@4
H+n�|m+p,n5,1

Iluvw gh�qh

�lm @ olp vxs
q$4

Sq
p@4

H+n�|l+p,n5,Sq

p@4
H+n�|m+p,n5,

+43,

Wkh �lm*v/ h{lvw dozd|v dqg wkh| duh d phdvxuh ri wkh jrrgqhvv ri d prgho
uhodwlyh wr dqrwkhu1 Qdpho|/ wkh vpdoohu �lm/ wkh ehwwhu lvPl uhodwlyh wrPm 1

Dovr gh�qh

Dlm+�>p, @ i� = H

#
h{s

%
�

q[
n@4

�
n�|l+n,n

5 � � � n�|m+n,n
5

�&$
� �q ;q �pj>

a�lm+�>p, @ lqiDlm+�>p, +44,

Lq d wulyldo vhqvh/ a�lm+�>p, h{lvwv dozd|v1 Hyhq zkhq Dlm+�>p, lv hpsw|/ zh
kdyh a�lm+�>p, @ 41 Wkh pruh lqwhuhvwlqj txhvwlrq lv= zkhq lv a�lm+�>p, ? 4
B Lw lv dozd|v wuxh iru � @ 41 Li lw lv wuxh ;p � p

3
dqg iru odujh ydoxhv ri �/

wkhqPl lv d pxfk ehwwhu prgho wkdq Pm/ lq vrph vhqvh1 Wklv lv vr ehfdxvh/ liS
n n�|l+n,n

5 lv pxfk juhdwhu/ rq wkh dyhudjh/ wkdq
S

n n�|m+n,n
5/ wkhq zh dovr h{0

shfw h{s
�
�
Sq

n@4

�
n�|l+n,n5

��
wr eh pxfk vpdoohu wkdq h{s

�
�
Sq

n@4

�
n�|m+n,n5

��
lq vrph dyhudjh vhqvh1
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Qrz zh zloo suryh wzr wkhruhpv rq frqyhujhqfh ri wkh Sduwlwlrq Dojrulwkp1

WKHRUHP 4= Jlyhq d surfhvv |+q,> q @ 4> 5> === +srvvleo| jhqhudwhg e| wkh
v|vwhp +4,/+5,, dqg N prghov/Pl/ l @ 4> 5> ===>N/ doo ri wkhp XFF0XFR1 Wkhq
;l> m vxfk wkdw wkh iroorzlqj frqglwlrqv krog=
Frqglwlrq 4+d,= ;m 5 i4>5> ===>Nj/ <�m A 3> ql v1w1 ;q � ql

H+
4[
p@4

n�|m+p,n5, A �m � q +45,

Frqglwlrq 4+e,= <�lm A 3 v1w1

P � orj+
�m

�l
, . �m � +

4

�m
�
�lm . �lm

�l
, A 3 +46,

+zkhuh �lm lv gh�qhg lq +43,,/ zh kdyh ;T <q
3
v1w1 ;q � q

3

H

�
Sure+d @ dl m \ +q,,

Sure+d @ dm m \ +q,,

�
A hT

SURRI= Gh�qh
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+Ehfdxvh ri htv +;,/ +<,/ dqg wkh olpvxs htxdwlrq +43,, wkh lqhtxdolw| lv wuxh
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Vlqfh wkh whup lq wkh eudfnhwv lv srvlwlyh iru vrph �lm +e| +46,,/ zh kdyh wkdw
iru dq| T <q

3
v1w1 ;q � q

3
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sl>q

sm>q
, A T +48,

Dovr e| wkh idfw wkdw orj lv d frqfdyh ixqfwlrq/

orj+H+{,, � H+orj+{,, +49,

dqg qrz +48, dqg +49, lpso| wkdw

orj+H+
sl>q

sm>q
,, A T, H+
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Uhpdun 51 Frqglwlrq 4+d, lv d phdq ydoxh vwdwhphqw1 Lw vd|v wkdw wkh phdq
ydoxh ri wkh fxpxodwlyh suhglfwlrq huuru iru hyhu| prgho lq wkh prgho vhw lv
lqfuhdvlqj lq wlph dw d olqhdu udwh1 Wklv zloo fhuwdlqo| eh wuxh li wkhuh lv d vpdoo
dgglwlyh zklwh qrlvh frpsrqhqw/ olnh x+q,/ y+q, lq +4,/ +5,1
Uhpdun 61 Frqglwlrq 4+e, kdv wr gr zlwk wkh uhodwlyh udwh �lm dw zklfk huuru
dffxpxodwhv iru hyhu| prgho lq wkh prgho vhw1 Lw lv uhtxluhg wkdw iru vrph prgho
Pl wklv udwh lv yhu| vpdoo1 Lq idfw/ lw kdv wr eh vpdoohu wkdq d ixqfwlrq ri wkh
udwlr ri xsshu dqg orzhu huuru erxqgv +�l*v/ �l*v/ wkdw zh jhw iurp wkh srvwxodwhg
fryduldqfh pdwulfhv Sl, dqg wkh devroxwh udwh �l*v ri huuru dffxpxodwlrq1
Uhpdun 71 Li wkh deryh dvvxpswlrqv krog/ wkh wkhruhp jxdudqwhhv wkdw wkh phdq
ydoxh ri sl>q@sm>q lqfuhdvhv zlwkrxw olplw dv q whqgv wr lq�qlw|1 Wklv lpsolhv wkdw/
rq wkh dyhudjh/ sl>q lv pxfk juhdwhu wkdq sm>q1 Wklv lv d phdq ydoxh vwdwhphqw>
hvvhqwldoo| lw vd|v wkdw/ rq wkh dyhudjh/ rqh ri wkh frqglwlrqdo suredelolwlhv lv
pxfk kljkhu wkdq wkh rwkhuv1 Zh pd| uhdvrqdeo| h{shfw wkdw wkh dfwxdo ydoxh
ri wklv suredelolw| zloo eh pxfk odujhu wkdq wkh ydoxhv ri wkh rwkhu suredelolwlhv/
dv zhoo/ exw wklv qhhg qrw eh wuxh doo wkh wlph1 Lw fdq eh wkdw iru vrph l wkh
frqglwlrqdo suredelolw| +6, lv orzhu wkdq wkh uhvw zlwk kljk suredelolw|> exw lw
lv yhu| kljk rq d vhw ri vpdoo suredelolw|/ vr lw fdq vwloo kdyh wkh kljkhvw dyhudjh
ehwzhhq doo wkh frqglwlrqdo suredelolwlhv1

Qrz zh zloo vwuhqjwkhq rxu frqglwlrqv/ wr rewdlq d uhvxow derxw wkh sured0
elolw| udwlrv wkhpvhoyhv/ udwkhu wkdq wkhlu phdq ydoxhv1 Wklv lv grqh lq wkh qh{w



wkhruhp/ zkhuh frqyhujhqfh zlwk suredelolw| 4 lv suryhq1

WKHRUHP 5= Jlyhq d surfhvv |+q,> q @ 4> 5> === +srvvleo| jhqhudwhg e| wkh
v|vwhp +4,/+5,, dqg N prghov/Pl/ l @ 4> 5> ===>N/ doo ri wkhp XFF0XFR1 Dovr
Frqglwlrq 5= <�> q

3
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P�m ? � ? 4> ;q � q

3
+4:,

zkhuh a�lm lv gh�qhg lq +44,1 Wkhq/ z1s1 4

Sure+d @ dm>q m \ +q,,

Sure+d @ dl>q m \ +q,,
$ 3

SURRI= E| wkh vdph phwkrg dv lq Wkhruhp 4/ zh fdq jhw

sm>q

sl>q
� +

�l

�m
,qP@5 � h{s

%
�

4

5�m

q[
n@4

�
n�|m+n,n

5 �
�m

�l
� n�|l+n,n

5

�&
+4;,

Qrz/ e| +4;, zh kdyh wkdw iru dq| � A 3

Sure+
sm>q

sl>q
A �, �

Sure

#
+
�l

�m
,qP@5 � h{s

%
�

4

5�m

q[
n@4

�
n�|m+n,n

5 �
�m

�l
� n�|l+n,n

5

�&
A �

$
@

Sure

3
Ch{s

%
q[
n@4

�
n�|m+n,n

5 �
�m

�l
n�|l+n,n

5

�&
�

#
�

+ �l
�m
,qP@5

$
5�m
4
D �

+e| wkh Pdunry lqhtxdolw| 0 vhh ^;`,

F+�, � +
�l

�m
,P ��m �q �H

#
h{s

%
�

q[
n@4

+n�|m+n,n
5 �

�m

�l

q[
n@4

n�|l+n,n
5,

&$
=

Khuh F+�, lv d frqvwdqw wkdw ghshqgv rqo| rq �1 Qrz/ e| wkh k|srwkhvlv ri wkh
wkhruhp zh vhh wkdw

Sure+
sm>q

sl>q
A �, � F+�, � �q +4<,

zlwk � ? 4 +e| +4:,,1 Exw wkhq
S
4

q@4 Sure+
sm>q
sl>q

A �, ? 4/ iru dq| �/ dqg vr/

e| wkh Eruho0Fdqwhool Ohppd +vhh ^46`, <q
3
vxfk wkdw ;q � q

3

Sure+
sm>q

sl>q
A �, @ 3



Uhpdun 81 Wklv wkhruhp whoov xv wkdw zlwk suredelolw| 4/ l1h1/ doprvw fhuwdlqo|/
rqh ri wkh suredelolwlhv zloo eh duelwudulo| kljkhu wkdq wkh uhvw1 Khqfh wkh
sduwlwlrq dojrulwkp zlo frqvlvwhqwo| vhohfw wkh fruuhvsrqglqj prgho dv ehlqj wkh
wuxhvw rqh lq wkh prgho vhw1
Uhpdun 91 Wkh frqglwlrq wkdw hqvxuhv wklv lv wkdw wkh wuxhvw prgho kdv ohvv
fxpxodwlyh huuru +lq wkh vhqvh ri phdq h{srqhqw/ dv ghvfulehg e| adlm, lq +44,/
wkdq dq| rwkhu prgho lq wkh prgho vhw1 Wkh _dprxqw% e| zklfk wkh fxpxodwlyh
huuru kdv wr eh ohdvw/ ghshqgv rq wkh huuru erxqglqj frqvwdqwv �l*v/ �l*v/ zklfk
zh rewdlq iurp wkh fryduldqfh pdwulfhv Sl1

e �? , @4T*i

Wkh dojrulwkp zdv whvwhg rq wkh iroorzlqj uhdo0zruog sureohp ri v|vwhp lghq0
wl�fdwlrq= Zh zdqw wr lghqwli| wkh sdudphwhuv ri d g1f1 prwru rshudwlqj lq wkh
olqhdu uhjlrq1 Zh vwduw zlwk d vhtxhqfh ri revhuydwlrqv iurp d uhdo g1f1 prwru
+qrw d frpsxwhu vlpxodwlrq,= |+4,/ 111 / |+q,1 Wkh revhuydwlrqv zloo ghshqg olq0
hduo| rq wkh vwdwh yhfwru ri wkh prwru> wkhuh lv d zhoo0xqghuvwrrg vhfrqg rughu
v|vwhp ri gl�huhqwldo htxdwlrqv ghvfulelqj wkh hyroxwlrq ri wkh vwdwh yhfwru iru
d g1f1 prwru rshudwlqj lq wkh olqhdu uhjlrq1 Zh glvfuhwl}h wlph zlwk d wlph vwhs
k wr rewdlq wkh iroorzlqj gl�huhqfh vwdwh htxdwlrqv=�

l+n . 4,
z+n .4,

�
@

�
4� k �U@O �k � IH@O
k � IH@M 4� k �E@M

� �
z+n,
l+n,

�
.

�
k@O 3
3 k@M

� �
Y +n,
W +n,

�
. x+n, +53,

Khuh wkh vwdwh yduldeohv duh l+n, dqg z+n,= l+n, lv wkh urwru fxuuhqw/ z+n, wkh
vkdiw dqjxodu yhorflw| 1 Y +n,/ wkh lqsxw yrowdjh dqg W +n, / wkh lqsxw wrutxh/
duh wkh frqwuro yduldeohv1 Wkh wlph vwhs +lq vhfrqgv, lv k1 Wkh qrlvh x+n, @
^x
4
+n, x

5
+n,`W lv dvvxphg }hur phdq/ Jdxvvldq/ zklwh1 Wkh sdudphwhuv ri wkh

v|vwhp duh=

41 U lv wkh uhvlvwdqfh phdvxuhg lq Rkpv

51 O lv wkh lqgxfwdqfh phdvxuhg lq Khqu|v

61 IH lv hohfwurprwlyh irufh frh�flhqw phdvxuhg lq Yrow0vhf2udg

71 M lv wkh prphqw ri lqhuwld phdvxuhg lq nj0p5

81 E lv wkh frh�flhqw ri iulfwlrq phdvxuhg lq Qw0p0vhf2udg



Lq wkh qrwdwlrq ri wkh suhylrxv vhfwlrqv/ wkh sdudphwhu yhfwru lv d @ ^U O N M E`1
Zh wxuq wkh prwru rq e| dsso|lqj wr lw dq lqsxw yrowdjh ri 83 Yrowv dqg }hur

wrutxh1 Wkdw lv/ Y +n,@83 iru n @ 4>5> === dqg W +n,@ 3 iru n @ 4>5> ===1 Zh ohw
wkh prwru rshudwh iru d ihz vhfrqgv dqg revhuyh lwv rshudwlrq +dv zh phqwlrq
ehorz/ zh dfwxdoo| phdvxuh lwv fxuuhqw,1 Ri frxuvh/ wkh dfwxdo prwru reh|v +53,
rqo| dssur{lpdwho|1 Zh zdqw wr �qg d prgho ri wkh irup +53, wkdw uhsurgxfhv
wkh revhuydwlrqv dv forvho| dv srvvleoh1 Zh zloo xvh wkh sduwlwlrq dojrulwkp wr
�qg vxfk d prgho1

Zh pxvw fkrrvh zkdw wkh revhuydwlrq |+n, zloo eh1 Zh h{shfw zh zloo jhw
ehwwhu lghqwl�fdwlrq iurp revhuydwlrqv ri erwk l+n, dqg z+n,1 Krzhyhu/ phd0
vxulqj dffxudwho| wkh dqjxodu yhorflw| uhtxluhv h{shqvlyh lqvwuxphqwdwlrq1 Rq
wkh rwkhu kdqg/ lw lv hdv| wr fkhfn wkdw hyhq zkhq zh duh revhuylqj rqo| wkh
fxuuhqw l+n,/ wkh v|vwhp lv xqlirupo| frpsohwho| revhuydeoh/ vr wkh lghqwl�fdwlrq
dojrulwkp vkrxog zrun1 Zh fkrrvh wr revhuyh rqo| wkh fxuuhqw=

|+n, @ l+n, . y+n, +54,

Zh wdnh 45; revhuydwlrqv ri wkh prwru/ rqh hyhu| 43 pv +k@134 vhf,1 Wkdw lv/
wkh revhuydwlrqv vsdq d wlph ri 415; vhfrqgv1 Wkhvh revhuydwlrqv duh uhfrughg
gljlwdoo| dv 45; hljkw0elw qxpehuv1

Zh surfhhg wr frpsxwh wkh vwdwlvwlfv ri wkh revhuydwlrq huuru y+n,1 Wkh
revhuydwlrqv duh gljlwdoo| uhfrughg/ vr wkhuh lv txdqwl}dwlrq huuru> rwkhu wkdq
wkdw/ wkh revhuydwlrq lv shuihfw1 Zh dvvxph wkh huuru wr eh Jdxvvldq/ zklwh/
dqg }hur0phdq1 Qrz zh zloo xvh lqirupdwlrq derxw wkh txdqwl}dwlrq phwkrg
wr frpsxwh wkh yduldqfh ri wkh revhuydwlrq huuru/ U+n, @ H+�|+n,�|W +n,,1 Vhw
wkuhh vwdqgdug ghyldwlrqv wr eh htxdo wr rqh0kdoi wkh uhvroxwlrq ri wkh txdqwl}hu1
Zh kdyh dq hljkw0elw txdqwl}hu wr phdvxuh d pd{lpxp ri 4 Dps fxuuhqw/ dqg
wkh uhvroxwlrq lv dssur{lpdwho| 7 pDps*v/ vr wkh vwdqgdug ghyldwlrq ri y+n, lv
dssur{lpdwho| 1: pDps1

Zh qrz frpsxwh/ lq d vlplodu pdqqhu/ wkh vwdwlvwlfv ri wkh vwdwh qrlvh x+n,1
Zh dvvxph wkh v|vwhp wr eh olqhdu dqg vr zh h{shfw/ diwhu d wudqvlhqw skdvh/
d vwhdg| vwdwh rshudwlrq1 Lqghhg/ h{dplqlqj wkh l+n, revhuydwlrqv/ zh qrwlfh
dq lqlwldo fxuuhqw shdn/ iroorzhg e| d gls dqg wkhq dq dssur{lpdwho| frqvwdqw
fxuuhqw uhjlrq1 Krzhyhu/ lq wklv odvw uhjlrq zh revhuyh �xfwxdwlrqv lq wkh gdwd
wkdw h{fhhg zkdw fdq eh h{sodlqhg dv revhuydwlrq huuru1 Zh dwwulexwh wkhvh
�xfwxdwlrqv wr vwdwh qrlvh1 Dvvxplqj wkh pd{lpxp �xfwxdwlrq iurp wkh dyhudjh
ydoxh ri wkh fxuuhqw wr eh wkuhh vwdqgdug ghyldwlrqv/ zh frpsxwh wkh vwdqgdug
ghyldwlrq ri wkh fxuuhqw huuru +x

4
+n,, wr eh ; pDps/ l1h1/ 66( ri wkh vwhdg|

vwdwh ydoxh1 Zh dvvxph +duelwudulo|, wkh dqjxodu yhorflw| huuru wr dovr kdyh d
vwdqgdug ghyldwlrq ri 66( ri wkh vwhdg| vwdwh wr jhw d vwdqgdug ghyldwlrq ri =34
usp1 Wkhuhiruh/ wkh gldjrqdo hohphqwv ri wkh fryduldqfh pdwul{ T+n, duh =33;/
=341 Zh dvvxph wkh r�0gldjrqdo hohphqwv wr eh }hur1

Dgplwwhgo|/ wklv lv d urxjk hvwlpdwh/ exw wkh sduwlwlrq dojrulwkp lv nqrzq wr
shuirup vwdeo| hyhq zkhq wkh qrlvh vwdwlvwlfv duh qrw yhu| dffxudwho| hvwlpdwhg1



Kdylqj hvwlpdwhg wkh qrlvh vwdwlvwlfv/ zh surfhhg wr gh�qh wkh sdudphwhu
yhfwru1 Zh kdyh wr pdnh wkh iroorzlqj ghflvlrqv= Krz pdq| xqnqrzq sdudph0
whuv duh wkhuhB +Zkdw lv QB, Krz pdq| prghovB +Zkdw lv N B, Li wkh lwk
sdudphwhu fdq wdnhNl ydoxhv/ wkhq d fdq wdnhN @ N

4
�N

5
�===�NQ ydoxhv1 Wkhq

zh zrxog kdyh wr lpsohphqw wkh dojrulwkp zlwk N gl�huhqw prghov1 Reylrxvo|/

iru odujhu N wkh frpsxwdwlrqdo ordg jhwv eljjhu> vr lw lv lq rxu lqwhuhvw wr nhhs

erwk Q dqg Nl> l @ 4> 5> ==>Q vpdoo1 Zh fdq dfklhyh wklv e| phdvxulqj vrph

ri wkh sdudphwhuv gluhfwo|/ e| vwdqgdug ode whfkqltxhv/ udwkhu wkdq xvlqj wkh

sduwlwlrq dojrulwkp1 Zh kdyh idluo| uholdeoh zd|v wr phdvxuh wkh uhvlvwdqfh U

dqg wkh frqvwdqw IH > zh �qg wkhp wr eh U@633 Rkp/ IH@415 Yrow0vhf2udg>

wklv ohdyhv O> M> E wr eh lghqwl�hg1 Lw pxvw eh hpskdvl}hg wkdw wkh ydoxhv ri

wkh O> M> E sdudphwhuv duh xqnqrzq wr xv> wkh rqo| zd| zh kdyh wr hydoxdwh

wkh jrrgqhvv ri wkh lghqwl�hg sdudphwhuv lv e| frpsdulqj wkh shuirupdqfh ri

wkh wuxh sk|vlfdo v|vwhp zlwk wkdw ri rxu frpsxwhu prgho1

Jlyhq wkuhh xqnqrzq sdudphwhuv O> M>E/ wkh lghqwl�fdwlrq lv hvvhqwldoo|

d vhdufk lq wkh wkuhh0glphqvlrqdo sdudphwhu vsdfh1 Zh duh wu|lqj wr �qg d

srlqw +ru d vpdoo qhljkerukrrg ri srlqwv,/ wkdw lv/ sdudphwhu ydoxhv/ vxfk wkdw

wkh fruuhvsrqglqj prgho zloo �w wr rxu gdwd1 Zh dfklhyh wklv lq wkh iroorzlqj

zd|= Zh fkrrvh vrph sdudphwhu yhfwru lq wkh sdudphwhu vsdfh dqg d elj uhjlrq

durxqg wkh yhfwru> zh vsdq wkh uhjlrq e| N sdudphwhu yhfwruv +l1h1/ prghov, dqg

fkrrvh/ zlwk wkh sduwlwlrq dojrulwkp/ wkh prvw olnho| sdudphwhu yhfwru1 Qrz zh

fkrrvh d qhz/ vpdoohu uhjlrq durxqg wkh qhz yhfwru dqg uhshdw wkh surfhgxuh1

E| vxffhvvlyh lwhudwlrqv +hsrfkv ri wkh dojrulwkp, zh jhw surjuhvvlyho| vpdoohu

uhjlrqv lq wkh sdudphwhu vsdfh/ dv orqj dv wkh dojrulwkp frqyhujhv iru hdfk

lqglylgxdo hsrfk1 Lq wkh lqlwldo vwdjhv wkh prghov vsdq d odujh uhjlrq dqg vr

wkh| duh idu dsduw> e| wkh dujxphqwv ri wkh suhylrxv vhfwlrq/ frqyhujhqfh lv

jxdudqwhhg1 Dv wkh uhjlrqv jhw vpdoohu/ frqyhujhqfh lv qr orqjhu jxdudqwhhg/

exw zh kdyh douhdg| }hurhg lq wr d vpdoo vhw ri srvvleoh prghov/ doo ri wkhp

�wwlqj wkh revhuydwlrqv idluo| zhoo1

Wkhuh duh pdq| zd|v wr fkrrvh wkh uhjlrq durxqg wkh prvw olnho| sdudphwhu

yhfwru lq hdfk hsrfk> ehorz zh ghvfuleh wkh wzr zh xvhg

41 Vlpxowdqhrxv Vhdufk= Fkrrvh dq lqlwldo sdudphwhu yhfwru1 Fdoo lw d4 @

^O4 M4 E4`1 Dovr fkrrvh sdudphwhu yduldwlrqv �O/ �M / �E1 Wdnh wkh hljkw yhfwruv

d
4
m / m @ 4>5> ===>; gh�qhg e| ^O4 	 �O>M4 	 �M>E4

	 �E`1 Dsso| wkh sduwlwlrq

dojrulwkp rqfh> wkdw lv/ frpsxwh doo wkh smq m @ 4>5> ===> ;/ q @ 4>5> ===> 45; dqg

fkrrvh wkh _wuxh% prgho wr eh wkdw zklfk kdv pd{lpxp sm>45;1 Qrz wdnh wkh

_wuxh% sdudphwhu yhfwru ad4 @ ^O5 M5 E5` @ ad
4/ +l1h1/ wkh rqh wkdw fruuhvsrqgv wr

wkh prvw olnho| prgho, dqg vhw d5 @ ^O5 M5 E5` @ ad
41 Wdnh wkh hljkw yhfwruv d5m /

m @ 4> 5> ===> ; gh�qhg e| ^O5 	 �O> M5	 �M>E5
	 �E`1 l @ 4> 5> 61 Jr wkurxjk wkh

qh{w hsrfk ri wkh dojrulwkp1 Dw wkh w0wk hsrfk vhohfw wkh prvw suredeoh yhfwru

ad
w lq wkh sdudphwhu vsdfh dqg xvh wklv dv kw.41 Wklv lv d zd| wr vhdufk wkurxjk

wkh wkuhh0glphqvlrqdo sdudphwhu vsdfh lq doo wkuhh sdudphwhuv vlpxowdqhrxvo|1

51 Vhtxhqwldo Vhdufk= Fkrrvh hljkw prghov= Wkh lwk prgho lv ^O4> M4> E6 .



Wdeoh 4

Sdudphwhuv O E M

Hsrfk 4 4182138 13338 133338

Hsrfk 5 418 13344213334 133338

Hsrfk 6 418 13344 13333<2133334

l � �E6`/ l @ 4> ===>;1 Vhohfw wkh prvw suredeoh rqh1 Ydu| wkh rwkhu sdudphwhuv

lq wkh vdph zd|/ rqh dw d wlph1 Uhshdw wkh surfhvv dv pdq| wlphv dv qhfhvvdu|1

Wklv lv d vhdufk lq wkh sdudphwhu vsdfh zkhuh rqh ri wkh wkuhh sdudphwhuv lv

vhdufkhg iru dw d wlph1 Zh f|foh wkurxjk wkh wkuhh sdudphwhuv vhtxhqwldoo|1

Lqlwldoo|/ zlwk erwk d vhtxhqwldo dqg d vlpxowdqhrxv vhdufk prvw prghov

shuirup srruo| dqg wkh dojrulwkp kdv qr wurxeoh vhohfwlqj wkh rqh wkdw grhv

pxfk ehwwhu wkdq wkh uhvw1 Hyhqwxdoo| doo prghov duh frqfhqwudwhg lq d vpdoo

uhjlrq ri wkh sdudphwhu vsdfh dqg wkh dojrulwkp fdqqrw glvfulplqdwh ehwzhhq

wkhp hdvlo|1 Wkhuh lv qr ixuwkhu frqyhujhqfh= wkh frqglwlrqv ri Wkhruhpv 4 dqg

5 duh qrw vdwl�hg1

Lq Iljxuhv 406/ dqg 70: zh fdq vhh wkh hyroxwlrq ri wkh lghqwl�fdwlrq dojr0

ulwkp/ hsrfk e| hsrfk1 Lq sduwlfxodu/ zh vhh krz wkh uhfxuvlyho| frpsxwhg

suredelolwlhv slm hyroyh dv pruh revhuydwlrqv duh xvhg1 Zh vhh wkdw e| wkh wlph

vwhs 45;/ rqh prgho kdv frqvlvwhqwo| kljkhu suredelolw| wkdq dq| rwkhu prgho>

zh dovr vhh/ krzhyhu/ wkdw lq odwhu hsrfkv +h1j1/ hsrfk 7 ri wkh vlpxowdqhrxv

vhdufk, wkh vhfrqg0ehvw prgho kdv doprvw htxdo suredelolw| wr wkdw ri wkh ehvw

prgho1 Wklv lv wkh fdvh zkhq wkh dojrulwkp uhdfkhv lwv olplw ri glvfulplqdwlrq1

Hdfk rqh ri wkh �jxuhv vkrzv krz lq rqh hsrfk/ rqh ri wkh prghov lv vhohfwhg

dv prvw olnho|1 Dv zh pryh wr ehwwhu dssur{lpdwlrqv pruh wkdq rqh prgho

forvho| uhsurgxfhv wkh revhuyhg gdwd/ dqg vr wkh prvw suredeoh prgho lv doprvw

dv suredeoh dv wkh vhfrqg uxqqhu1 Wklv fruuhvsrqgv wr wkh vlwxdwlrq zkhuh wkh

fxpxodwlyh vtxuh huuruv ri wzr prghov duh yhu| forvh> wkhq wkh � txdqwlwlhv ri

Vhfwlrq 6 duh qrw vpdoo hqrxjk wr jxdudqwhh frqyhujhqfh1 Rq wkh rwkhu kdqg/ lq

wkh lqlwldo hsrfkv/ rqh prgho lv fohduo| vhohfwhg dv ehvw dprqj wkh hljkw srvvleoh

rqhv1 Wdeohv 4 dqg 5 vkrz wkh prghov vhohfwhg dw gl�huhqw hsrfkv iru hdfk w|sh

ri vhdufk1

Wdeoh 4 rxwolqhv wkh klvwru| ri vhtxhqwldo vhdufk1 Wkh �uvw hqwu| lq hyhu|

srvlwlrq ri wkh wdeoh lqglfdwhv wkh ydoxh iru wkdw sdudphwhu ri wkh wuxhvw prgho vh0

ohfwhg dw wkh hqg ri wkh fruuhvsrqglqj hsrfk1 Zkhq wkhuh lv d vodvk dqg d vhfrqg

hqwu|/ wklv lqglfdwhv wkdw wklv zdv wkh sdudphwhu ydulhg dw wkh sduwlfxodu hsrfk1

Iru h{dpsoh/ lq hsrfk 4 zh zhuh ydu|lqj O/ e| d vwhs �O @ =38/ nhhslqj E dqg

M frqvwdqw1 Wkh ehvw prgho kdg sdudphwhu ydoxhv ^O E M ` @ ^4=8 =3338 =33338`1

Wkh wuxhvw prgho iru zklfk zh kdg frqyhujhqfh ri wkh dojrulwkp zdv irxqg rq

hsrfk 6 dqg kdg ^O E M ` @ ^4=8 =3344 =3333<`1



Iljxuh 4= Wkh suredelolwlhv slm dv frpsxwhg lq hsrfk 4 ri wkh vhtxhqwldo vhdufk1

l @ 4> ===>;/ m @ 4> ===> 45;1 Wkh suredelolw| ri wkh wuxhvw prgho lv vkrzq e| d

vrolg olqh1



Iljxuh 5= Wkh suredelolwlhv slm dv frpsxwhg lq hsrfk 5 ri wkh vhtxhqwldo vhdufk1

l @ 4> ===>;/ m @ 4> ===> 45;1 Wkh suredelolw| ri wkh wuxhvw prgho lv vkrzq e| d

vrolg olqh1



Iljxuh 6= Wkh suredelolwlhv slm dv frpsxwhg lq hsrfk 6 ri wkh vhtxhqwldo vhdufk1

l @ 4> ===>;/ m @ 4> ===> 45;1 Wkh suredelolw| ri wkh wuxhvw prgho lv vkrzq e| d

vrolg olqh1



Iljxuh 7= Wkh suredelolwlhv slm dv frpsxwhg lq hsrfk 4 ri wkh vlpxowdqhrxv

vhdufk1 l @ 4> ===>;/ m @ 4> ===>45;1 Wkh suredelolw| ri wkh wuxhvw prgho lv vkrzq

e| d vrolg olqh1



Iljxuh 8= Wkh suredelolwlhv slm dv frpsxwhg lq hsrfk 5 ri wkh vlpxowdqhrxv

vhdufk1 l @ 4> ===>;/ m @ 4> ===>45;1 Wkh suredelolw| ri wkh wuxhvw prgho lv vkrzq

e| d vrolg olqh1



Iljxuh 9= Wkh suredelolwlhv slm dv frpsxwhg lq hsrfk 6 ri wkh vlpxowdqhrxv

vhdufk1 l @ 4> ===>;/ m @ 4> ===>45;1 Wkh suredelolw| ri wkh wuxhvw prgho lv vkrzq

e| d vrolg olqh1



Iljxuh := Wkh suredelolwlhv slm dv frpsxwhg lq hsrfk 7 ri wkh vlpxowdqhrxv

vhdufk1 l @ 4> ===>;/ m @ 4> ===>45;1 Wkh suredelolw| ri wkh wuxhvw prgho lv vkrzq

e| d vrolg olqh1



Wdeoh 5

Sdudphwhuv O E M

Hsrfk 4 4182158 13343213334 133342133338

Hsrfk 5 41882138 1333<;2133335 13333<2133334

Hsrfk 6 41872134 1333<<2133334 13333<521333335

Hsrfk 7 4186821338 1333<<2133334 13333<621333334

Wdeoh 5 jlyhv wkh vdph nlqg ri lqirupdwlrq iru vlpxowdqhrxv vhdufk1 Khuh

hyhu| sdudphwhu lv ydulhg vlpxowdqhrxvo|/ vr zh kdyh lq hyhu| srvlwlrq ri wkh wd0

eoh wzr hqwulhv/ vhsdudwhg e| d vodvk1 Wkh �uvw hqwu| jlyhv wkh dfwxdo wuxhvw ydoxh

irxqg lq wkh fruuhvsrqglqj hsrfk dqg wkh vhfrqg rqh jlyhv wkh vwhs e| zklfk

wklv sdudphwhu zdv ydulhg1 Wkh �qdo wuxhvw prgho/ irxqg diwhu irxu hsrfkv/ kdg

^O E M ` @ ^4=868 =333<< =3333<6`/ yhu| forvh wr wkdw irxqg e| wkh vhtxhqwldo

vhdufk1

Lq Iljxuhv ; dqg < zh vhh wkh dfwxdo rxwsxw sorwwhg djdlqvw wkh rswlpdo

hvwlpdwhv frpsxwhg dffruglqj wr wkh sdudphwhuv ri wkh %ehvw% prgho fkrvhq e|

vlpxowdqhrxv dqg vhtxhqwldo vhdufk1

D �L?U*�t�L?t

Zh kdyh suryhq wkdw/ jlyhq d froohfwlrq ri srvvleoh olqhdu prghov wr �w d vhulhv

ri revhuydwlrqv/ wkh sduwlwlrq dojrulwkp zloo frqyhujh wr rqh ri wkh prghov li

fhuwdlq frqglwlrqv duh vdwlv�hg1

Frqvlghu �uvw Wkhruhp 41 Wzr frqglwlrqv duh qhfhvvdu|= Frqglwlrq 4+d,

uhtxluhv wkdw wkh fxpxodwlyh h{shfwhg huuru eh jurzlqj olqhduo| +hyhq li vorzo|,

iru hyhu| prgho1 Frqglwlrq 4+e, vd|v wkdw wkhuh lv vrph prgho Pl wkdw kdv

vpdoohu fxpxodwlyh h{shfwhg huuru +vhh �lm,1 Wkhq/ dffruglqj wr wkh wkhruhp/

wkh h{shfwhg udwlr ri wkh suredelolwlhv slq/ smq jrhv wr lq�qlw| iru hyhu| m1 Wkh

prgho zlwk ohvv huuru zlqv rq wkh dyhudjh1

Iru Wkhruhp 5/ zh qhhg d vwurqjhu frqglwlrq= li wkh h{shfwhg h{srqhqwldwhg

gl�huhqfh ri huuruv ghfuhdvhv h{srqhqwldoo|/ wkhq zh kdyh frqyhujhqfh ri wkh

suredelolw| udwlrv wr 3 zlwk suredelolw| 41 Wkdw lv/ rqh prgho jhwv doprvw fhu0

wdlqo| suredelolw| 4 dqg doo wkh rwkhu prghov jhw suredelolw| 31 Vr wkh suhihuuhg

prgho/ lq rwkhu zrugv wkh rqh wkdw ehvw �wv wkh gdwd/ lv doprvw fhuwdlqo| vhohfwhg

dv wkh wuxh rqh1

Dv douhdg| qrwhg/ wkh frqyhujhqfh frqglwlrqv duh h{suhvvhg lq whupv ri lq0

htxdolwlhv lqyroylqj fhuwdlq frqvwdqwv +46,/ +4:,1 Wkhvh frqvwdqwv ehorqj wr wzr



Iljxuh ;= Wkh fxuuhqw phdvxuhphqwv iru wkh dfwxdo prwru +grwwhg olqh, dqg iru

wkh ehvw prgho +vrolg olqh, vhohfwhg e| vhtxhqwldo vhdufk1



Iljxuh <= Wkh fxuuhqw phdvxuhphqwv iru wkh dfwxdo prwru +grwwhg olqh, dqg iru

wkh ehvw prgho +vrolg olqh, vhohfwhg e| vlpxowdqhrxv vhdufk1



fdwhjrulhv1 Rq wkh rqh kdqg zh kdyh _huuru jurzwk% frqvwdqwv/ vxfk dv �lm/

a�lm/ �l1 Dvvxph wkdw rqh ri wkh prghov lq wkh prgho vhw/ vd| Pl/ lv hlwkhu wkh

wuxh prgho/ l1h1 wkh revhuydwlrqv |+4,> |+5,> === duh jhqhudwhg iurp lw/ ru yhu|

forvh wr wkh wuxh prgho/ dqg doo wkh rwkhu prghov duh yhu| gl�huhqw1 Wkhq wkh

huuru jurzwk frqvwdqwv �lm/ a�lm zloo kdyh wr eh vpdoo iru doo m dqg/ frqyhuvho|/

wkh frqvwdqwv �ml/ a�ml zloo eh odujh iru doo m1 Wklv lv mxvw d txdqwlwdwlyh zd|

wr vd| wkdw wkh huuru ri prgho Pl kdv wr eh _vpdoo% frpsduhg wr wkh huuru ri

rwkhu prghov1 Exw zkdw frqvwlwxwhv d vpdoo huuruB Wr ghwhuplqh wklv/ zh pxvw

frpsduh wkh huuru jurzwk frqvwdqwv zlwk vrph huuru edvholqh1 Wklv edvholqh lv

surylghg e| wkh �l dqg �l frqvwdqwv/ zklfk ehorqj wr wkh vhfrqg fdwhjru| dqg

surylgh erxqgv wr wkh huuru ri hyhu| prgho1 Lq rwkhu zrugv/ wkh �l dqg �l frq0

vwdqwv surylgh vrph edvholqh djdlqvw zklfk zh fdq phdvxuh wkh vpdooqhvv ri wkh

huuru ri wkh prvw vxffhvixo prgho1

Iurp wkh deryh glvfxvvlrq/ wkh iroorzlqj ehkdylru fdq eh h{shfwhg iurp

wkh sduwlwlrq dojrulwkp1 Lq wkh �uvw ihz hsrfkv ri lghqwl�fdwlrq/ zh vwduw zlwk

prghov wkdw duh zlgho| gl�huhqw +wkh| fruuhvsrqg wr srlqwv lq wkh sdudphwhu

vsdfh wkdw duh idu dsduw iurp hdfk rwkhu,1 Ri doo wkhvh prghov/ rqh +wkh wuxhvw,

zloo eh forvhvw wr wkh dfwxdo v|vwhp/ lq wkh vhqvh wkdw lw �wv wkh revhuydwlrqv

uhodwlyho| zhoo> wkh uhvw ri wkh prghov duh vr gl�huhqw iurp wkh wuxhvw prgho/

wkdw wkh| zloo qrw �w wkh revhuydwlrqv zhoo1 Vr wkh huuru jurzwk udwh frqvwdqwv

+zklfk duh h{shfwhg wr eh odujh iru prghov wkdw duh glvwdqw iurp wkh wuxh prgho,

zloo eh vpdoo iru wkh wuxhvw prgho/ dqg zh zloo kdyh txlfn frqyhujhqfh1

Krzhyhu/ diwhu vhyhudo hsrfkv zh zloo hqg xs zlwk doo prghov ehlqj lq wkh

vdph uhodwlyho| vpdoo sduw ri wkh sdudphwhu vsdfh dqg khqfh wkh| zloo eh doprvw

htxdoo| jrrg lq �wwlqj wkh revhuydwlrqv1 Wkhq wkh huuru udwh frqvwdqwv zloo doo eh

forvh wr 4 dqg wkh frqyhujhqfh zloo eh vorzhu1 Hyhqwxdoo|/ doo wkh prghov zloo kdyh

doprvw wkh vdph shuirupdqfh/ dqg Frqglwlrqv 4+e, ru 5 zloo qrw eh vdwlv�hg1

Wkhq frqyhujhqfh lv qrw jxdudqwhhg/ dqg wkh dojrulwkp surgxfhv frqglwlrqdo

suredelolwlhv wkdw duh doo dssur{lpdwho| htxdo> qr rqh prgho kdv frqvlvwhqwo|

kljkhu suredelolw|1

Zh revhuyh wkh ehkdylru dv h{shfwhg zkhq zh uxq wkh dojrulwkp rq d gl�fxow

uhdo v|vwhp lghqwl�fdwlrq sureohp1 Dv orqj dv wkh dojrulwkp fkrrvhv ehwzhhq

prghov wkdw duh zlgho| gl�huhqw/ fkrlfh lv hdv| dqg shuirupdqfh fruuhfw1 Zkhq

wkh fkrlfh lv qduurzhg wr d vpdoo uhjlrq ri wkh sdudphwhu vsdfh/ wkh dojrulwkp

uhdfkhv lwv glvfulplqdwlrq olplw1 Krzhyhu/ jrrg hqrxjk sdudphwhuv kdyh ehhq

lghqwl�hg dw wklv srlqw wkdw d forvh �w wr wkh revhuyhg gdwd lv srvvleoh1 Wklv lv

uh�hfwhg lq wkh idfw wkdw wkh ehvw prgho vhohfwhg uhsurgxfhv yhu| dffxudwho| wkh

revhuyhg ehkdylru ri wkh sk|vlfdo g1f1 prwru1 Qrwh dovr wkh wrohudqfh wr wkh

fuxgh prgholqj ri wkh qrlvh vwdwlvwlfv1

Lq frqfoxvlrq/ wkh dqdo|vlv ri wkh frqyhujhqfh ri sduwlwlrq dojrulwkp mxvwl�hv

lq d suhflvh pdqqhu wkh frpprqvhqvh eholhi wkdw _d prgho wkdw �wv zhoo wkh

revhuydwlrqv lv yhu| olnho| wr eh wkh fruuhfw prgho%1 Dovr/ wkh ehkdylru ri wkh

dojrulwkp dw wkh olplw ri lwv uhvroxwlrq lv h{sodlqhg1 Ilqdoo|/ wkh dssolfdwlrq ri

wkh dojrulwkp wr d uhdo0zruog sureohp suryhv lwv h�flhqf|1



+iuihi?Uit

^4` G1J1 Odlqlrwlv/ _ Rswlpdo Dgdswlyh Hvwlpdwlrq= Vwuxfwxuh dqg Sdudphwhu

Dgdswdwlrq% LHHH Wudqv1 rq Dxwrpdwlf Frqwuro/ DF0439%/ Dsulo 4<:4/

49304:31

^5` G1J1 Odlqlrwlv/ _ Sduwlwlrqlqj= D Xqli|lqj Iudphzrun iru Dgdswlyh V|v0

whpv L= Hvwlpdwlrq% LHHH Surf1 yro1 97/ Dxjxvw 4<:9/ 4459044761

^6` G1J1 Odlqlrwlv/ _ Sduwlwlrqlqj= D Xqli|lqj Iudphzrun iru Dgdswlyh V|v0

whpv LL= Frqwuro%/ LHHH Surf1/ 97/ Dxjxvw 4<:9/ 44;5044<;1

^7` I1O1 Vlpv/ G1J1 Odlqlrwlv ) G1W1 Pdjloo/ _ Uhfxuvlyh Dojrulwkp iru wkh

Fdofxodwlrq ri wkh Dgdswlyh Ndopdq Ilowhu Frh�flhqwv% / LHHH Wudqv1 rq

Dxwrpdwlf Frqwuro/ DF047/ Dsulo 4<9</ 548054;1

^8` D1 Nhkdjldv/ Sduwlwlrq Dojrulwkp iru V|vwhp Lghqwl�fdwlrq/ Xqsxeolvkhg

glsorpd wkhvlv/ Dulvwrwholdq Xqlyhuvlw| ri Wkhvvdorqlnl/ Juhhfh/ 4<;7 +lq

Juhhn,1

^9` G1J1 Odlqlrwlv/ V1N Ndwvlndv ) V1G1 Olnrwkdqdvlv/ _ Dgdswlyh Ghfrqyrox0

wlrq ri Vhlvplf Vljqdov= Shuirupdqfh/ Frpsxwdwlrqdo Dqdo|vlv/ Sdudooholv0

p% / LHHH Wudqv1 Dfrxvwlfv/ Vshhfk dqg Vljqdo Surfhvvlqj/ DVVS069/ 4<;;/

4:4804:671

^:` UI1O1 Vhqjexvk ) G1J1 Odlqlrwlv/ _ Vlpsol�hg Sdudphwhu Txdqwl}dwlrq

Surfhgxuh iru Dgdswlyh Hvwlpdwlrq%/ LHHH Wudqv1 rq Dxwrpdwlf Frqwuro/

DF047/ Mxqh 4<9</ 75707581

^;` G1W1 Pdjloo/ _ Rswlpdo Dgdswlyh Hvwlpdwlrq ri Vdpsohg Vwrfkdvwlf

Surfhvvhv%/ LHHH Wudqv1 rq Dxwrpdwlf Frqwuro/ DF043/ Rfwrehu 4<98/ 7670

76<1

^<` F1J1 Kloeruq ) G1J1 Odlqlrwlv/ _ Rswlpdo Dgdswlyh Ilowhu Uhdol}dwlrqv

iru Vwrfkdvwlf Surfhvvhv zlwk dq Xqnqrzq Sdudphwhu% / LHHH Wudqv1 rq

Dxwrpdwlf Frqwuro/ DF047/ Ghfhpehu 4<9</ :9:0::31

^43` F1J1 Kloeruq ) G1J1 Odlqlrwlv _ Rswlpdo Hvwlpdwlrq lq wkh Suhvhqfh ri

Xqnqrzq Sdudphwhuv% / LHHH Wudqv1 rq V|vwhpv Vflhqfh dqg F|ehuqhwlfv/

VVF08/ Mdqxdu| 4<9</ 6;0761

^44` J1 Vdulglv/ Vhoi0rujdql}lqj Frqwuro ri Vwrfkdvwlf V|vwhpv/ Qhz \run/

Ghnnhu= 4<::1

^45` P1 Drnl/ Rswlpl}dwlrq ri Vwrfkdvwlf V|vwhpv/ Qhz \run/ Dfdghplf= 4<9:1

^46` E1G1R1 Dqghuvrq/ M1E1 Prruh ) U1P1 Kdznhv/ _ Prgho Dssur{lpdwlrq

Yld Suhglfwlrq Huuru Lghqwl�fdwlrq%/ Dxwrpdwlfd/ 47/ 4<:;/ 94809551



^47` E1G1R1 Dqghuvrq ) M1E1 Prruh/ Rswlpdo Ilowhulqj/ Hqjohzrrg Fol�v/ QM/

Suhqwlfh0Kdoo= 4<:<1

^48` U1P1 Kdznhv ) M1E1 Prruh/ _ Shuirupdqfh Erxqgv iru Dgdswlyh Hvwlpd0

wlrq%/ Surf1 LHHH/ 97/ Dxjxvw 4<:9/ 4476044831

^49` M1N1 Wxjqdlw/ _ Frqyhujhqfh Dqdo|vlv ri Sduwlwlrqhg Dgdswlyh Hvwlpdwruv

Xqghu Frqwlqxrxv Sdudphwhu Xqfhuwdlqw| %/ LHHH Wudqv1 rq Dxwrpdwlf

Frqwuro/ DF058/ Mxqh 4<;3/ 89<08:61
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