
1 Eisagwg Sto bibl�o autì ja asqolhjoÔme me dÔo e�dh dunamik¸n susthm�twn. To pr¸-to e�nai ta sust mata diaforik¸n exis¸sewn pr¸th
 t�xh
 en¸ to deÔteroe�nai oi apeikon�sei
. Pr¸ta ja exet�soume sti
 diaforikè
 exis¸sei
 tashme�a isorrop�a
 kai thn eust�jei� tou
. H eust�jeia twn perissotèrwneid¸n shme�wn isorrop�a
 (twn uperbolik¸n shme�wn) kajor�zetai apì to gram-mikopoihmèno sÔsthma, to opo�o ja melet soume kai ja broÔme ti
 lÔsei
 tou.Sth sunèqeia ja sundèsoume ti
 lÔsei
 tou grammikopoihmènou sust mato
me autè
 tou arqikoÔ, mh grammikoÔ sust mato
 apì to opo�o pro lje, me thbo jeia twn jewrhm�twn Hartman – Grobman kai eustajoÔ
 pollaplìth-ta
. Ja doÔme ìti, sthn per�ptwsh twn mh uperbolik¸n shme�wn isorrop�a
,to grammikopoihmèno sÔsthma den mpore� na d¸sei plhrofor�e
 gia ta fainìm-ena gÔrw apì aut� ta shme�a kai aut  e�nai h per�ptwsh ìpou parousi�zontaioi diaklad¸sei
 (bifurcations). Ja melet soume tèssera e�dh diaklad¸sewn(diakl�dwsh s�gmato
 � kìmbou, upokr�simh diakl�dwsh, diakl�dwsh diq�la
kai diakl�dwsh Hopf). Ja melet soume en suntom�a ta ant�stoiqa fainìmenasta stajer� shme�a twn apeikon�sewn, dhlad  ta shme�a, ta ant�stoiqa twnshme�wn isorrop�a
, sthn per�ptwsh twn uperbolik¸n shme�wn me th bo jeiath
 grammikopo�hsh
 kai sthn per�ptwsh twn mh uperbolik¸n shme�wn me thjewr�a diaklad¸sewn.To deÔtero mèro
 tou bibl�ou e�nai afierwmèno sto q�o
. Ja d¸soume tonorismì tou qaotikoÔ anallo�wtou sunìlou kai sti
 dÔo peript¸sei
 dunamik¸nsusthm�twn. Ja melet soume dÔo monodi�state
 apeikon�sei
 pou emfan�zounq�o
, thn apeikìnish Renyi kai th logistik  apeikìnish. Sthn apeikìnish
Renyi ja eis�goume thn ènnoia th
 sumbolik 
 dunamik 
 kai th
 metatì-pish
 Bernoulli kai me th bo jei� tou
 ja apode�xoume thn Ôparxh q�ou
sthn apeikìnish aut . Sth logistik  apeikìnish ja melet soume kai �l-la fainìmena, ìpw
 to diplasiasmì periìdou. Ja melet soume ep�sh
 miadidi�stath qaotik  apeikìnish, to pètalo tou Smale. Qrhsimopoi¸nta
 sum-bolik  dunamik , ja de�xoume ìti to anallo�wto sÔnolì th
 e�nai qaotikì kaiepiplèon sÔnolo Cantor. To pètalo tou Smale emfan�zetai ìtan up�rqounoi legìmene
 omoklinikè
 kai eteroklinikè
 troqiè
 sta dunamik� sust mata,sthn per�ptwsh pou mia astaj 
 kai mia eustaj 
 pollaplìthta tèmnontaiegk�rsia. Ja qrhsimopoi soume to omoklinikì je¸rhma Mel’nikov gia naentop�soume thn Ôparxh egk�rsia
 tom 
, h opo�a ma
 eggu�tai thn Ôparxhpet�lou tou Smale kai sunep¸
 qaotik 
 dunamik 
 sthn perioq  sagmatikoÔshme�ou sta Qamiltonian� kai �lla dunamik� sust mata.Autì to bibl�o, me b�sh thn parap�nw Ôlh, d�nei mia genik  episkìphsh th
jewr�a
 twn dunamik¸n susthm�twn, en¸ embajÔnei perissìtero se orismèna1



jèmata th
 jewr�a
 aut 
. Gia peraitèrw melèth twn dunamik¸n susthm�twnprote�nontai ta bibl�a pou br�skontai sth bibliograf�a.2 Sust mata diaforik¸n exis¸sewn pr¸th
 t�-xh
2.1 Autìnoma kai mh autìnoma sust mataJa asqolhjoÔme me sust mata diaforik¸n exis¸sewn pr¸th
 t�xh
, th
 mor-f 

ẋi = fi(xj , t), i, j = 1, . . . , n. (1)Ta xi mpore� na e�nai suntetagmène
 ston Eukle�deio q¸ro Rn h mpore� na e�naisuntetagmène
 p�nw se mia auja�reth n�diastath epif�neia M . Ep�sh
, an ta

fi exart¸ntai �mesa apì to qrìno, tìte to sÔsthma lègetai mh autìnomo.Ant�jeta an oi exis¸sei
 (1) e�nai th
 morf 

ẋi = fi(xj), (2)dhlad  an to sÔsthma den exart�tai �mesa apì to qrìno, tìte onom�zetaiautìnomo.LÔsh tou parap�nw sust mato
 (1) e�nai h oikogèneia twn kampÔlwn, separametrik  morf  me par�metro to qrìno,

xi = xi(t;xj 0, t0). (3)H parap�nw lÔsh parousi�zetai grafik� sto q¸ro katast�sewn tou sust -mato
, o opo�o
 e�nai h n�di�stath epif�neia M kai o qrìno
 t ∈ R, dhlad o q¸ro
 M × R. Parathre�ste ìti h lÔsh exart�tai apì ti
 n + 1 arqikè
sunj ke
 xj 0, t0 kai apì thn par�metro t. Kat� to 19o ai¸na anaptÔqjhkanjewr mata gia sust mata sun jwn diaforik¸n exis¸sewn, ta opo�a eggu¸ntaiìti, an ta fi(xj , t) e�nai paragwg�sime
 sunart sei
 twn xj kai tou qrìnou, tìteapì k�je shme�o tou q¸rou katast�sewn (xj , t) pern�ei m�a kai mìno m�a lÔshtou sust mato
 diaforik¸n exis¸sewn (1), dhlad  se k�je arqik  sunj kh
(xj 0, t0) antistoiqe� m�a kai mìno m�a lÔsh. H lÔsh (3), gia sugkekrimène
arqikè
 sunj ke
 (xj 0, t0), parist�nei mia kampÔlh sto q¸ro katast�sewn
M ×R, pou onom�zetai troqi�. Lìgw th
 parap�nw monadikìthta
 th
 lÔsh
,oi troqiè
 ston q¸ro katast�sewn den tèmnontai metaxÔ tou
, oÔte kai m�atroqi� tèmnei ton eautì th
. Tètoia jewr mata Ôparxh
 kai monadikìthta
th
 lÔsh
 apode�qjhkan apì tou
 Cauchy, Picard k.a.2



Gia ta autìnoma sust mata th
 morf 
 (2) èqoume th lÔsh
xi(t) = xi(t − t0;xj 0) (4)O q¸ro
 katast�sewn se aut  thn per�ptwsh e�nai h n�di�stath epif�neia

M . To gegonì
 ìti ta xi exart¸ntai apì to t0 mìno mès
 tou sumplègmato

t− t0 shma�nei ìti, an gia thn �dia arqik  sunj kh xj 0 jewr soume k�poio di-aforetikì t′0, tìte h kampÔlh pou parist�nei mia sugkekrimènh lÔsh paramènhh �dia me aut  pou antistoiqe� sto t0, apl¸
 pern� apì ta di�fora shme�a xi sediaforetikì qrìno. Kai gia ta autìnoma sust mata up�rqoun ta ant�stoiqajewr mata Ôparxh
 kai monadikìthta
 th
 lÔsh
. Se aut  thn per�ptwsh, anta fi(xj) e�nai paragwg�sime
 sunart sei
 twn xj kai epiplèon up�rqei ènatoul�qiston i ∈ {1, . . . , n}, tètoio ¸ste fi(xj) 6= 0, tìte apì k�je shme�o xjpern� monadik  lÔsh twn (4).Ta shme�a gia ta opo�a isqÔei fi(xj) = 0 gia k�je i = 1, . . . , n onom�zontaishme�a isorrop�a
. Gia aut� ta shme�a isqÔei ìti ẋi = 0 kai an jewr soumeìti apoteloÔn arqikè
 sunj ke
 gia th lÔsh xj = xj 0, tìte xi(t) = xi 0 kai hlÔsh paramènei gia p�nta sto �dio shme�o th
 M .2.2 Shme�a isorrop�a
 kai grammikopo�hsh'Estw ìti

fi(xj) = 0 ∀ i = 1, . . . , n. (5)Oi exis¸sei
 (5) apoteloÔn algebrikì sÔsthma n exis¸sewn w
 pro
 ti

n metablhtè
 xj kai epidèqontai k�poie
 lÔsei
. 'Estw ep�sh
 ìti x

∗ =
{x∗

1, x
∗
2, . . . , x

∗
n} e�nai mia tètoia lÔsh. To shme�o x

∗ ∈ M e�nai èna shme�oisorrop�a
 kai, an jewrhje� w
 arqik  sunj kh, h troqi� tou apotele�taimìno apì autì to shme�o, dhlad  h troqi� paramènei sto shme�o autì gia k�jeqronik  stigm  t.Sth sunèqeia ja jewr soume mikrè
 diataraqè
 gÔrw apì to shme�o isor-rop�a
, dhlad 
xi = x∗

i + ξi . (6)Ja anptÔxoume to dex� mèlo
 th
 (4) se seir� Taylor kai ja krat soumetou
 grammikoÔ
 ìrou
 w
 pro
 ta ξi. O skopì
 kai h qrhsimìthta aut 
th
 mejìdou ja fane� afoÔ pr¸ta mil soume gia ti
 lÔsei
 tou grammikoÔsust mato
, gia ta uperbolik� shme�a isorrop�a
 kai ta jewr mata Hartman
– Grobman kai eustajoÔ
 pollaplìthta
.Antikajist¸nta
 ti
 (6) sto sÔsthma (4) kai anptÔssonta
 w
 pro
 ti
diataraqè
 ξi, afoÔ p�roume upìyh ìti sto shme�o isorrop�a
 x∗ isqÔoun oi3



(5), pa�rnoume
ξ̇ = Aξ + O(ξ2) (7)ìpou o A e�nai o p�naka
 me stoiqe�a
Aij =

∂fi

∂xj

∣
∣
∣
∣
x∗

.O p�naka
 autì
 parist�netai ep�sh
 w
 A = Df . AfoÔ o p�naka
 A e�naiupologismèno
 sto shme�o isorrop�a
, ja e�nai stajerì
 p�naka
.To prosarthmèno grammikì sÔsthma   to sÔsthma twn exis¸sewn metabol¸nsto shme�o isorrop�a
 x
∗ e�nai to grammikì sÔsthma me stajeroÔ
 sunte-lestè


ξ̇ = Aξ (8)pou pa�rnoume apì ti
 (7) parale�ponta
 tou
 ìrou
 an¸terh
 t�xh
. Parak�twja melet soume ti
 lÔsei
 grammik¸n susthm�twn th
 morf 
 (8).2.3 Grammik� sust mata me stajeroÔ
 suntelestè
.Ja melet soume sust mata th
 morf 
 (8),
ẋ = Ax (9)ìpou o p�naka
 A èqei stajer� stoiqe�a kai x ∈ Rn.Prin anafèroume poia e�nai h lÔsh tou parap�nw sust mato
, prèpei naor�soume thn ekjetik  sun�rthsh p�naka

eA = I + A +
1

2!
A

2 + . . . =

∞∑

k=0

1

k!
A

k (10)ìpou A
0 = I. ApodeiknÔetai ìti, an to mètro tou p�naka A e�nai fragmèno,tìte h parap�nw seir� sugkl�nei. Idiìthte
 th
 ekjetik 
 sun�rthsh
 e�nai oiparak�tw:

• Metasqhmatismì
 omoiìthta

ePAP

−1

= PAP
−1 (11)

• IsqÔei ìti
eA+B = eAeB (12)an kai mìno an oi p�nake
A kaiB antimetat�jentai, dhlad  anAB = BA4



• Me th bo jeia tou anaptÔgmato
 (10), apodeiknÔetai ìti
d

dt
eAt = AeAt (13)T¸ra mporoÔme na poÔme ìti h genik  lÔsh th
 (9) e�nai h

x(t) = eAt
x0 (14)ìpou x0 = (x10, x20, . . . , xn0) e�nai h arqik  sunj kh gia t = 0, dhlad  x(0) =

x0. Me b�sh thn idiìthta (13) e�nai polÔ eÔklolo na apode�xoume ìti h (14)e�nai h lÔsh th
 (9). Pragmatik�, èqoume
ẋ =

d

dt
(eAt

x0) =
d

dt
(eAt)x0 = AeAt

x0 = Ax.To z thma ìmw
 e�nai ìti den xèroume thn analutik  èkfrash th
 ekjetik 
sun�rthsh
 p�naka. H morf  th
 exart�tai apì ti
 idiotimè
 tou p�naka A poubr�sketai ston ekjèth.Apì th grammik  �lgebra gnwr�zoume ìti gia ta idiodianÔsmata tou p�naka
A isqÔei ìti

Ax = λx, λ ∈ C ⇒ (A − λI)x = 0. (15)Ikan  kai anagka�a sunj kh gia na èqei to grammikì sÔsthma (15) lÔsh x 6= 0e�nai h or�zousa twn suntelest¸n tou na isoÔtai me mhdèn,
|A − λI| = 0. (16)H parap�nw sqèsh d�nei mia algebrik  ex�swsh, poluwnumik  n�bajmoÔ an o

A e�nai n× n p�naka
 kai, sÔmfwna me th �lgebra, èqei n r�ze
, k�je mia apìti
 opo�e
 e�nai pragmatik    migadik . Oi migadikè
 r�ze
 emfan�zontai an�suzug  zeÔgh, mia kai o p�naka
 A e�nai pragmatikì
, dhlad  an up�rqei miamigadik  r�za, tìte up�rqei kai h suzug 
 th
. Ja xeqwr�soume loipìn ti
parak�tw peript¸sei
:
• Idiotimè
 pragmatikè
 me grammik� anex�rthta idiodianÔsmataAn oi idiotimè
 tou p�naka A e�nai diaforetikè
 metaxÔ tou
, tìte ta idio-dianÔsmata e�nai diaforetik� kai grammik� anex�rthta. An ìmw
 k�poiaidiotim  e�nai pollapl  me pollaplìthta k (algebrik  pollaplìthta),upojètoume ìti antistoiqoÔn se aut  k grammik� anex�rthta idiodianÔs-mata (gewmetrik  pollaplìthta). An loipìn h ex�swsh (16) èqei n5



pragmatikè
 r�ze
, tìte ta ant�stoiqa idiodianÔsmata e�nai pragmatik�kai br�skontai apì th sqèsh
(A− λI)x = 0ìpou èqoume antikatast sei to λ me thn ant�stoiqh idiotim . Apì thnparap�nw sqèsh br�skoume to idiodi�nusma th
 λ, an aut  e�nai apl ,  ta k grammik� anex�rthta idiodianÔsmata, an h r�za e�na pollaplìthta


k. Sqhmat�zoume ton n× n p�naka P pou èqei w
 st le
 ta n grammik�anex�rthta idiodianÔsmata pou antistoiqoÔn se ìle
 ti
 idiotimè
 tou
A. Tìte isqÔei ìti |P| 6= 0, mia kai oi st le
 tou p�naka autoÔ e�naigrammik� anex�rthte
, sunep¸
 up�rqei o p�naka
 P

−1 kai epiplèon ometasqhmatismì
 omoiìthta

P

−1
AP = D (17)diagwnopoie� ton p�naka, dhlad 

D =







λ1 0 . . . 0
0 λ2 . . . 0
. . . . . .
0 0 . . . λn







= diag (λ1, λ2, . . . , λn)en¸ A = PDP
−1. 'Omw
 to ekjetikì diag¸niou p�naka e�nai apl¸


eDt =







eλ1t 0 . . . 0
0 eλ2t . . . 0
. . . . . .
0 0 . . . eλnt







,opìte h lÔsh (14) se aut  thn per�ptwsh gr�fetai w

x(t) = eAt

x0 = ePDP
−1t

x0 = PeDt
P

−1
x0 

x(t) = P







eλ1t 0 . . . 0
0 eλ2t . . . 0
. . . . . .
0 0 . . . eλnt







P
−1

x0 (18)
6



• Idiotimè
 suzuge�
 migadikè
 me grammik� anex�rthta idiodianÔsmataAn oi idiotimè
 enì
 p�naka e�nai migadikè
, tìte up�rqoun ta migadik�suzug  zeÔgh idiotim¸n αk ± iβk, afoÔ o p�naka
 e�nai pragmatikì
.Epiplèon, ta ant�stoiqa idiodianÔsmata e�nai ta migadik� suzug  zeÔgh
uk± ivk. An qrhsimopoi soume w
 p�naka P ton p�naka pou èqei st le


P = (v1,u1,v2,u2, . . . ,vk,uk, . . .) ,tìte o metasqhmatismì
 omoiìthta
 tou A, dhlad  o p�naka
 P
−1

AP,g�netai
D = P

−1
AP =









α1 −β1 0 0 . . .
β1 α1 0 0 . . .
0 0 α2 −β2 . . .
0 0 β2 α2 . . .
. . . . . . . . . . . . . . .







 

D = diag

([
αk −βk

βk αk

])

.'Omw
 h ekjetik  sun�rthsh k�je block th
 morf 

[

αk −βk

βk αk

]

te�nai
exp

([
αk −βk

βk αk

]

t

)

= eαkt

[
cos βk − sin βk

sin βk cos βk

]

.Autì apodeiknÔetai w
 ex 
: IsqÔei ìti
(

α −β
β α

)2

t2 =

(
(α2 − β2) −2αβ

2αβ (α2 − β2)

)

t2.'Omw
 α2 − β2 = Re (α + iβ)2 kai 2αβ = Im (α + iβ)2, ètsi ¸ste
(

α −β
β α

)2

t2 =

(
Re (α + iβ)2 −Im (α + iβ)2

Im (α + iβ)2 Re (α + iβ)2

)

t2.Epagwgik� apodeiknÔetai ìti
(

α −β
β α

)n

tn =

(
Re (α + iβ)n −Im (α + iβ)n

Im (α + iβ)n Re (α + iβ)n

)

tn.7



Epomènw
 h seir� tou ekjetikoÔ gia autì to block gr�fetai










∞∑

n=0

1

n!
Re (α + iβ)ntn −

∞∑

n=0

1

n!
Im (α + iβ)ntn

∞∑

n=0

1

n!
Im (α + iβ)ntn

∞∑

n=0

1

n!
Re (α + iβ)ntn











=

=

(
Re e(α+iβ)t −Im e(α+iβ)t

Im e(α+iβ)t Re e(α+iβ)t

) , qrhsimopoi¸nta
 ton tÔpo tou Moivre,

(
eαt cos βt −eαt sin βt
eαt sinβt eαt cos βt

)kai h lÔsh tou sust mato
 ìtan o A èqei migadikè
 idiotimè
 gr�fetaiw

x = eAt

x0 = e(PDP−1)t
x0 = PeDt

P
−1

x0 
x = P diag

(

eαt

[
cos βt − sinβt
sin βt cos βt

])

P
−1

x0.An loipìn o p�naka
 A èqei k pragmatikè
 idiotimè
 λi, i = 1, k me
k grammik� anex�rthta idiodianÔsmta kai m zeÔgh suzug¸n migadik¸nidiotim¸n αj±iβj , j = 1,m me m zeÔgh suzug¸n migadik¸n kai grammik�anex�rthtwn idiodianusm�twn, tìte h lÔsh gr�fetai w
 ex 


x = P diag

(

eλit, eαj t

[
cos βjt − sin βjt
sin βjt cos βjt

])

P
−1

x0,ìpou kat� m ko
 th
 diagwn�ou tou p�naka th
 parap�nw èkfrash
 up-�rqoun k stoiqe�a th
 morf 
 eλit kai m blocks th
 morf 

eαjt

[
cos βjt − sin βjt
sinβjt cos βjt

]

.Parathr ste ìti prèpei na isqÔei h sqèsh k+2m = n, ìpou n h di�stashtou q¸rou katast�sewn. 8



3 Jewr�a diaklad¸sewnJewroÔme mia oikogèneia dunamik¸n susthm�twn me par�metro to µ,
ẋi = fi(xj , µ), i, j = 1, . . . , n. (19)A
 upojèsoume ìti gia µ = 0 to dunamikì sÔsthma

ẋi = fi(xj , 0)èqei èna shme�o isorrop�a
 x
∗ = {x∗

1, x
∗
2, . . . , x

∗
n}. To er¸thma e�nai an, kaj¸
all�zei h par�metro
 µ, to shme�o isorrop�a
 pou up�rqei gia µ = 0 diathre�taikai se �lla mèlh th
 oikogèneia
 dunamik¸n suthm�twn (19) gia µ 6= 0.Up�rqei èna je¸rhma, to je¸rhma peplegmènwn sunart sewn (implicit

function theorem), to opo�o lèei ìti ìtan èna sÔnolo sunart sewn fi(xj , µ)mhden�zetai gia k�poia tim  µ = µ0, dhlad 
fi(x

∗
j , 0) = 0,ìpw
 sumba�nei sto shme�o isorrop�a
 x

∗ gia µ = 0, kai epiplèon o p�naka

∂fi

∂xj

∣
∣
∣
∣
x∗den èqei mhdenikè
 idiotimè
 ( , isodÔnama, h or�zousa tou p�naka den e�naimhdèn) tìte h lÔsh aut  suneq�zetai me monadikì trìpo w
 pro
 µ. Dhlad up�rqei kampÔlh xi = xi(µ) gÔrw apì to µ = 0, sto anoiktì di�sthma µ ∈

(−µ0, µ0) tim¸n tou µ, tètoia ¸ste
fi(xj(µ), µ) = 0.Autì shma�nei ìti to shme�o isorrop�a
 suneq�zei na up�rqei gia k�poie
 suneqe�
timè
 tou µ se ìla ta mèlh th
 oikogèneia
 (19) gÔrw apì to µ = 0 kai e�naimonadikì.Ta uperbolik� shme�a isorropia
, sta opo�a isqÔei ìti

Re(λi) 6= 0 ∀ i = 1, . . . , nèqoun profan¸
 or�zousa di�forh tou mhdenì
, kai epomènw
 suneq�zontai memonadikì trìpo. Epiplèon kai ta shme�a isorrop�a
 pou èqoun Re(λi) = 0 giak�poio i all� isqÔei ìti Im(λi) 6= 0, suneq�zontai me monadikì trìpo. Tètoiaper�ptwsh e�nai to kèntro ston R2. 'Omw
 h eust�jei� tou mpore� na all�xeidrastik� kai na dhmiourghje� apì autì èna
 oriakì
 kÔklo
, ìpw
 ja doÔme9



parak�tw. Ant�jeta, shme�a isorrop�a
 gia ta opo�a isqÔei ìti Re(λi) 6= 0
∀ i ìqi mìno suneq�zontai me monadikì trìpo, all� epiplèon kai h eust�-jei� tou
 diathre�tai, kaj¸
 o qarakt ra
 twn idiotim¸n (an dhlad  isqÔeiìti Re(λi) < 0   ant�jeta Re(λi) > 0) diathre�tai gia mia anoikt  perioq tim¸n th
 paramètrou µ gÔrw apì to mhdèn kai ep�sh
 to mh grammikì kai toant�stoiqo grammikopoihmèno sÔsthma e�nai topologik� suzug .Shme�a isorrop�a
 loipìn twn opo�wn o p�naka
 A tou grammikopoihmènousust mato


ξ̇ = Aξèqei mhdenikè
 idiotimè
 gia k�poia tim  th
 paramètrou µ = µ0, mpore� na mhsuneq�zontai me monadikì trìpo w
 pro
 thn par�metro µ. Tètoia shme�a mpo-re� na exafan�zontai   na emfan�zontai gia k�poia tim  th
 paramètrou   sthjèsh tou
 mpore� na emfan�zontai dÔo, tr�a   perissìtera shme�a isorrop�a
.Shem�o isorrop�a
 gia to opo�o up�rqei i tètoio ¸ste Re(λi) = 0 (ìpw
 tokèntro), mpore� na all�zei eust�jeia kaj¸
 metab�lletai to µ apì thn tim 
µ = 0 kai na sumba�noun nèa fainìmena, ìpw
 h emf�nish oriakoÔ kÔklou.Ta mh uperbolik� shme�a isorrop�a
 onom�zontai shme�a diakl�dwsh
 kai hmorf  twn troqi¸n sto q¸ro katast�sewn twn mel¸n th
 oikogèneia
 pouantistoiqoÔn se mikrì µ e�nai tele�w
 diaforetik  apì aut  tou mèlou
 th
oikogèneia
 gia µ = 0.3.1 E�dh diaklad¸sewnJa melet soume k�poie
 monoparametrikè
 oikogèneie
 dunamik¸n susthm�twnpou apoteloÔn antipros¸pou
 genik¸n kathgori¸n susthm�twn ta opo�a em-fan�zoun aut¸n twn eid¸n diaklad¸sei
, sto ep�pedo R2.

• Diakl�dwsh s�gmato
 � kìmbouJewroÔme thn oikogèneia twn dunamik¸n susthm�twn ston R2

ẋ = µ − x2,
ẏ = −y.Ta shme�a isorrop�a
 br�skontai w
 ex 


f1(x, y) = µ − x2 = 0 ⇒ x = ±√
µ

f2(x, y) = −y = 0 ⇒ y = 0�ra gia µ < 0 ta mèlh th
 oikogèneia
 den èqoun kanèna shme�o isor-rop�a
, gia µ = 0 up�rqei èna shme�o isorrop�a
, to (x, y) = (0, 0), kai10
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Sq ma 2: To di�gramma diakl�dwsh
 s�gmato
 � kìmbougia µ > 0 up�rqoun dÔo shme�a isorrop�a
, to (x, y) = (
√

µ, 0) kai to
(x, y) = (−√

µ, 0).O p�naka
 tou grammikopoihmènou sust mato
 e�nai gia µ = 0

Df |0 =

(
0 0
0 −1

)en¸ gia µ > 0 e�nai ant�stoiqa gia ta dÔo shme�a isorrop�a

Df |√µ =

(
−2

√
µ 0

0 −1

)kai
Df |(−√

µ) =

(
2
√

µ 0
0 −1

)

.Gia µ 6= 0, to pr¸to apì ta parap�nw shme�a, afoÔ o p�naka
 èqei dÔopragmatikè
, arnhtikè
 idiotimè
, e�nai eustaj 
 kìmbo
, en¸ to deÔtero,ìpou o p�naka
 èqei dÔo pragmatikè
 eterìshme
 idiotimè
, e�nai s�g-ma. ParathroÔme ìti ta shme�a isorrop�a
 aut� e�nai uperbolik� shme�aisorrop�a
 kai suneq�zontai, kai aut� kai h eust�jei� tou
, me monadikì12



trìpo k�tw apì metabolè
 tou µ. Ant�jeta, gia µ = 0 o p�naka
 tougrammikopoihmènou sust mato
 èqei mhdenik  idiotim  kai to shme�o isor-rop�a
 (x, y) = (0, 0) e�nai shme�o diakl�dwsh
. H diakl�dwsh autoÔ toue�dou
 onom�zetai diakl�dwsh s�gmato
 � kìmbou kai oi troqiè
 stonq¸ro katast�sewn, kaj¸
 metab�lletai to µ, fa�nontai sto Sq ma 1.Sto sq ma autì parathroÔme ìti, gia arnhtikè
 timè
 tou µ den up�r-qoun shme�a isorrop�a
, en¸ gia µ = 0 emfan�zetai to shme�o isorrop�a
sto (0, 0) pou e�nai mh uperbolikì kai apotele� to shme�o diakl�dwsh
.Sto tr�to sq ma, pou antistoiqe� sthn tim  µ = 1, blèpoume èna s�gmasto shme�o (−1, 0) kai èna kìmbo sto (1, 0).To di�gramma diakl�dwsh
, dhlad  to di�gramma th
 suntetagmènh
 xtwn shme�wn isorrop�a
 sunart sei th
 paramètrou µ, d�netai sto Sq ma2, ìpou me suneq  gramm  parist�netai h jèsh tou eustajoÔ
 shme�ouisorrop�a
 (kìmbo
) kai me diakekommènh aut  tou astajoÔ
 (s�gma).Dhlad  h suneq 
 gramm  e�nai h grafik  par�stash th
 sun�rthsh

x =

√
µ kai h diakekommènh th
 x = −√

µ.
• Upokr�simh diakl�dwshH antiproswpeutik  oiogèneia susthm�twn, sta opo�a emfan�zetai aut h diakl�dwsh d�netai apì to sÔsthma

ẋ = µx − x2,
ẏ = −y.Ta shme�a isorrop�a
 tou sust mato
 autoÔ e�nai ta

f1(x, y) = µx − x2 = 0 ⇒ x = 0 kai x = µ
f2(x, y) = −y = 0 ⇒ y = 0 kai y = 0�ra, gia jetikè
   arnhtikè
 timè
 tou µ, to parap�nw sÔsthma èqeidÔo shme�a isorrop�a
, ta shme�a (x, y) = (0, 0) kai (x, y) = (µ, 0),ektì
 �pì thn per�ptwsh µ = 0, gia thn opo�a up�rqei mìno to shme�o

(x, y) = (0, 0).O p�naka
 tou grammikopoihmènou sust mato
 sto shme�o (0, 0) e�nai
Df |0 =

(
µ 0
0 −1

)

,sunep¸
 to shme�o sutì gia µ < 0 e�nai eustaj 
 kìmbo
, en¸ gia µ > 0e�nai s�gma. 13
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Sq ma 4: To di�gramma th
 upokr�simh
 diakl�dwsh
Sto shme�o (x, y) = (µ, 0), o p�naka
 e�nai
Df |µ =

(
−µ 0
0 −1

)kai to shme�o autì gia µ < 0 e�nai s�gma kai gia µ > 0 e�nai eustaj 
kìmbo
. Gia µ = 0 o p�naka
 tou grammikopoihmènou sust mato
 stomonadikì shme�o isorrop�a
 (0, 0) e�nai o
Df =

(
0 0
0 −1

)kai to shme�o isorrop�a
 e�nai mh uperbolikì, afoÔ o p�naka
 èqei mh-denik  idiotim . Parathr ste ìti kat� th diakl�dwsh pou sumba�nei gia
µ = 0 ta dÔo shme�a isorrop�a
 antall�ssoun thn eust�jei� tou
. Oitroqiè
 sto q¸ro katast�sewn gia thn per�ptwsh aut  d�nontai stoSq ma 3 kai to di�gramma diakl�dwsh
 sto Sq ma 4, ìpou p�li ta eu-staj  shme�a isorrop�a
 sqedi�sthkan me suneq  gramm  kai ta astaj me diakekommènh. 15



• Diakl�dwsh diq�la
H oikogèneia susthm�twn pou e�nai ekprìswpo
 th
 diakl�dwsh
 diq�la

(pitchfork) e�nai h

ẋ = µx − x3,
ẏ = −y.Ta shme�a isorrop�a
 e�nai ta

f1(x, y) = µx − x3 = 0 ⇒ x = 0 kai x = ±√
µ

f2(x, y) = −y = 0 ⇒ y = 0 kai y = 0�ra, gia µ < 0, to parap�nw sÔsthma èqei èna mìno shme�o isorrop�a
,to (x, y) = (0, 0), en¸ gia µ > 0 up�rqoun epiplèon �lla dÔo shme�a, ta
(x, y) = (

√
µ, 0) kai (x, y) = (−√

µ, 0).H eust�jeia twn shme�wn isorrop�a
 br�sketai apì ton p�naka tou gram-mikopoihmènou sust mato
, o opo�o
 e�nai
Df =

(
µ − 3x2 0

0 −1

)ìpou antikajistoÔme to x me thn ant�stoiqh tim  tou shme�ou isorrop�a
.'Etsi, o p�naka
 autì
 sto shme�o (x, y) = (0, 0) e�nai
Df =

(
µ 0
0 −1

)

,dhlad  to shme�o autì gia µ < 0 e�nai eustaj 
 kìmbo
 en¸ gia µ > 0e�nai s�gma. Idia�tera gia µ = 0 o p�naka
 g�netai
Df =

(
0 0
0 −1

)

,kai to shme�o isorrop�a
 e�nai mh uperbolikì. O p�naka
 kai sta dÔoshme�a (x, y) = (±√
µ, 0) e�nai

Df =

(
−2µ 0

0 −1

)

,sunep¸
 ta shme�a aut� e�nai eustaje�
 kìmboi. Sto Sq ma 5 fa�nontaioi troqiè
 sto q¸ro katast�sewn. Gia µ < 0 to monadikì shme�o (0, 0)e�nai eustaj 
 kìmbo
, en¸ gia µ = 0 e�nai mh uperbolikì shme�o. Giath jetik  tim  µ = 1 to shme�o autì ègine s�gma, en¸ ta shme�a (±1, 0)e�nai eustaje�
 kìmboi. To di�gramma diakl�dwsh
 d�netai sto Sq ma6. 16



���� ���� ��� ���

��

��

�

�
y

x

� < 0

�� ���� �� ���� ��� � ��� �

��
����
��

����

���
�

���
�

x

y

� = 0

�� �� � �

��

��

�

�

x

y

� > 0Sq ma 5: H diakl�dwsh diq�la
17



����� ���� ����
�

�����

����

����

x

Sq ma 6: To di�gramma th
 diakl�dwsh
 diq�la

• Diakl�dwsh HopfO teleuta�o
 tÔpo
 diakl�dwsh
 pou ja melet soume e�nai h diakl�dwsh

Hopf. Aut  h diakl�dwsh emfan�zetai ìtan gia µ = 0 to grammikopoih-mèno sÔsthma tou shme�ou isorrop�a
 antistoiqe� se kèntro. 'Opw
anafèrame prohgoumènw
, èna tètoio shme�o isorrop�a
 suneq�zetai kaigia µ 6= 0 me monadikì trìpo, ìmw
 all�zei to e�do
 th
 eust�jei�
 toukaj¸
 pern�me apì thn tim  µ = 0 kai emfan�zetai èna
 oriakì
 kÔk-lo
. Oriakì kÔklo onom�zoume m�a periodik  troqi�, dhlad  mia kleist kampÔlh sto q¸ro katast�sewn, sthn opo�a te�noun ìle
 oi geitonikè
troqiè
 tou sust mato
. An autì sumba�nei kaj¸
 t → ∞, o oriakì
kÔklo
 e�nai eustaj 
, en¸ an sumba�nei gia t → −∞, tìte e�nai asta-j 
.H oikogèneia susthm�twn pou e�nai ekprìswpo
 th
 diakl�dwsh
 Hopfe�nai h
ẋ = −y + x(µ − x2 − y2),
ẏ = x + y(µ − x2 − y2).To monadikì shme�o isorrop�a
 e�nai to (0, 0). Pragmatik�, pollaplasi�-zonta
 thn pr¸th ex�swsh ep� −y, th deÔterh ep� x kai prosjètonta
18
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x2 + y2 = 0,me monadik  lÔsh to shme�o (0, 0). 'O p�naka
 tou grammikopoihmènousust mato
 tou shme�ou autoÔ e�nai

Df =

(
µ −1
1 µ

)

.Oi idiotimè
 tou p�naka autoÔ, ìpw
 gnwr�zoume apì th grammik  jewr�a,e�nai µ ± i kai to shme�o isorrop�a
 gia µ < 0 e�nai eustaj 
 est�a, gia19



µ = 0 e�nai kèntro, en¸ gia µ > 0 e�nai astaj 
 est�a. Gia µ 6= 0 toshme�o isorrop�a
 k�je mèlou
 th
 oikogèneia
 e�nai uperbolikì kai hgrammik  eust�jeia diathre�tai kai sto mh grammikì sÔsthma, sÔmfwname to je¸rhma Hartman – Grobman. Ant�jeta, gia µ = 0 to shme�oe�nai mh uperbolikì kai to je¸rhma autì den isqÔei. Sth sugkekrimè-nh per�ptwsh, to shme�o isorrop�a
 tou mh grammikoÔ sust mato
 gia
µ = 0 e�nai eustaj 
 est�a. 'Omw
, kaj¸
 pern�me apì to µ = 0 poue�nai to shme�o diakl�dwsh
, dhmiourge�tai èna
 oriakì
 kÔklo
 pou u-p�rqei gia ìla ta mèlh th
 oikogèneia
 gia µ = 0. Autì mpore� kane�
 nato dei eÔkola, an metabe� se polikè
 suntetagmène
. Pragmatik�, pol-laplasi�zonta
 thn pr¸th ex�swsh ep� x, th deÔterh ep� y kai prosjè-tonta
 kat� mèlh, pa�rnoume

xẋ + yẏ = (x2 + y2)(µ − x2 − y2), 
ṙ = r(µ − r2),ìpou r2 = x2 + y2. Sunep¸
 gia ton kÔklo r2 = µ isqÔei ṙ = 0 kaiautì
 apotele� anallo�wto sÔnolo tou sust mato
.Sto Sq ma 7 fa�nontai oi troqiè
 sto q¸ro katast�sewn. Gia µ ≤ 0to shme�o (0, 0) e�nai eustaj 
 est�a, en¸ gia µ > 0 to shme�o ègineastaj 
 est�a kai emfan�sthke o eustaj 
 oriakì
 kÔklo
.

20



4 Apeikon�sei
Sto kef�laio autì ja melet soume monodi�state
 kai didi�state
 apeikon�sei
th
 morf 

xn+1 = f(xn),oi opo�e
 or�zontai mèsw mia
 sun�rthsh


f : R → Rkai ep�sh
 th
 morf 

xn+1 = f1(xn), yn+1 = f2(yn)pou or�zontai mèsw mia
 sun�rthsh


f = (f1, f2), f : R2 → R2.Parak�tw ja sumbol�zoume to di�nusma (xn, yn) w
 x̄n. Ep�sh
 ja apait -soume h sun�rthsh f na e�nai toul�qisto suneq 
.W
 montèlo monodi�stath
 apeikìnish
 ja analÔsoume th sumperifor� th
logistik 
 apeikìnish
 kai w
 montèlo didi�stath
 apeikìnish
 ja melet -soume thn apeikìnish Poincaré sust mato
 dÔo pr¸th
 t�xew
 diaforik¸nexis¸sewn pou exart¸ntai periodik� apì to qrìno.Jewr¸nta
 èna shme�o x ∈ R   x̄ ∈ R2, or�zoume w
 pro
 ta emprì
troqi� tou shme�ou autoÔ k�tw apì thn apeikìnish ta shme�a pou apoteloÔnto parak�tw sÔnolo
O+ =

{
x, f(x), f2(x), . . . , fn(x), . . .

}kai ant�stoiqa gia to x̄. To sÔmbolo fn(x) shma�nei n forè
 efarmog  th
sun�rthsh
 f , dhlad 
fn(x) = f(f(. . . (f(x)) . . .)

︸ ︷︷ ︸

n−forè
 = f ◦ f ◦ f . . . ◦ f(x)
︸ ︷︷ ︸

n−forè
An h sun�rthsh f e�nai antistrèyimh, (dhlad  an e�nai amfimonìtimh kai ep�)tìte ∀x ∈ R (  ∀x̄ ∈ R2) up�rqei monadik  proeikìna th
 f , f−1(x) ∈ R(ant�stoiqa, f−1(x̄) ∈ R2). Tìte or�zoume kai thn pro
 ta p�sw troqi� th
 fw

O− =

{
x, f−1(x), f−2(x), . . . , f−n(x), . . .

}kai ant�stoiqa gia to x̄. To sÔmbolo f−n(x) dhl¸nei thn n�forè
 efarmog the ant�strofh
 sun�rthsh
 f−1. 21



Stajerì shme�o th
 apeikìnish
 onom�zetai èna shme�o x0 gia to opo�oisqÔei
f(x0) = x0,dhlad  h eikìna tou k�tw apì thn apeikìnish e�nai o �dio
 o eautì
 tou (an-t�stoiqa, f(x̄0) = x̄0 ∈ R2).Periodikì shme�o th
 apeikìnish
 onom�zetai èna shme�o x0 gia to opo�oisqÔei

fn(x0) = x0 gia k�poio n ∈ NO el�qisto
 fusikì
 n gia ton opo�o isqÔei autì onom�zetai per�odo
 touperiodikoÔ shme�ou.'Ena stajerì shme�o m�a
 apeikìnish
 onom�zetai eustajè
 ìtan gia k�je
ε > 0 up�rqei δ > 0 tètoio ¸ste, ìtan |x − x0| < δ ⇒ |fn(x) − x0| < ε giak�je fusikì n. Autì shma�nei ìti up�rqei δ geitoni� tou stajeroÔ shme�oupou k�je troqi� th
 paramènei ìso kont� jèloume sto stajerì shme�o gia�peiro qrìno. (To sÔmbolo | | shma�nei apìluth tim  gia x ∈ R, en¸ shma�neithn Eukle�dia metrik  gia x ∈ R2.) Se èna eustajè
 stajerì shme�o oi troqiè
e�te plhsi�zoun asumptwtik� se autì opìte lègetai asumptwtik� eustajè
,e�te paramènoun gÔrw apì autì gia �peire
 efarmogè
 th
 sun�rthsh
. 'Enastajerì shme�o pou den e�nai eustajè
 onom�zetai astajè
.H eust�jeia enì
 stajeroÔ shme�ou mpore� na melethje� kai me th grammik jewr�a. ProkÔptei ìti an |f ′(x0)| < 1 ìpou f ′(x0) sumbol�zei thn par�gwgoth
 f sto shme�o x0 tìte to stajerì shme�o e�nai eustajè
. An |f ′(x0)| > 1tìte autì e�nai astajè
 (H grammik  jewr�a den mpore� na apofanje� gia thneust�jeia   thn ast�jeia tou stajeroÔ shme�ou an |f ′(x)| = 1). Ant�stoiqagia to x̄0 ∈ R2 h eust�jeia tou stajeroÔ shme�ou mpore� na kajoriste� apìth grammik  jewr�a kai sugkekrimèna apì ton Iakwbianì p�naka

J =






∂f1

∂x
∂f1

∂y

∂f2

∂x
∂f2

∂y




An oi idiotimè
 tou J èqoun mètro mikrìtero th
 mon�da
, tìte to stajerìshme�o e�nai eustajè
. An èstw kai m�a idiotim  èqei mètro megalÔtero th
mon�da
 tìte to stajerì shme�o e�nai astajè
. Ta �dia akrib¸
 isqÔoun kaigia periodik� shme�a peridou n, mìno pou se aut  thn per�ptwsh de melet�meth sun�rthsh f(x0) all� thn fn(x0).Epiplèon up�rqei èna p�ra polÔ qr simo ergale�o gia na melethjoÔn k�poie
apeikon�sie
 me th bo jeia �llwn apeikon�sewn pou èqoun parìmoia sumper-ifor�. Pa�rnoume dÔo apeikon�sei
 f : V → V kai g : W → W . 'Estw ìtiup�rqei m�a sun�rthsh h : V → W h opo�a èqei ti
 parak�tw idiìthte
:22



• e�nai 1 − 1 (amfimonìtimh kai ep�) �ra antistrèyimh
• e�nai suneq 
 kai h ant�strofh th
 h−1 e�nai suneq 

• h ◦ f = g ◦ h  me �llo trìpo grafik� mporoÔme na poÔme ìti to di�gramma tou sq mato
4 antimetat�jetai

Sq ma 8: Oi apeikon�sei
 f kai g e�nai topologik� suzuge�
An up�rqei h h me ti
 parap�nw idiìthte
 tìte lème ìti oi dÔo sunart sei

f kai g e�nai topologik� suzuge�
. Lìgw th
 tr�th
 idiìthta
 h h apeikon�zeitroqiè
 th
 f se troqiè
 th
 g. Epiplèon ìti idiìthte
 èqoun oi troqiè
 th
 fpou sqet�zontai me thn apìstash, ti
 �die
 idiìthte
 èqoun kai oi troqiè th
 g,epeid  h h e�nai suneq 
 sun�rthsh. Idiìthte
 pou or�zontai me th bo jeia th
apìstash
 kai twn anoiqt¸n kai kleist¸n sunìlwn onom�zontai topologikè
kai diathroÔntai k�tw apì th sunèqeia. Oi idiìthte
 tou q�ou
 pouja or�soume parak�tw e�nai topologikè
 idiìthte
.5 Metrik  topolog�aMporoÔme se èna sÔnolo na or�soume thn ènnoia th
 metrik 
, dhlad  thnènnoia th
 apìstash
. Aut  e�nai m�a apeikìnish apì èna zeug�ri shme�wn tousunìlou ston R+, d : V × V → R+ me ti
 ex 
 idiìthte
:

• d(x, y) = 0 ⇔ x = y 23



• d(x, y) = d(y, x) (summetrik  idiìthta)
• d(x, z) + d(z, y) ≥ d(x, y) (trigwnik  anisìthta)Me b�sh ti
 tre�
 parap�nw idiìthte
 apodeiknÔetai ìti d(x, y) ≥ 0, dhlad ìti h eikìna tou d an kei ston R+.H pr¸th metrik  pou èqei breje� e�nai h Eukle�dia metrik  ston Rn, d :

Rn × Rn → R+, h opo�a or�zetai w
 ex 
:
d(x̄, ȳ) =

√

(x1 − y1)2 + ... + (xn − yn)2ìpou x̄ = (x1, x2, ..., xn) kai ȳ = (y1, y2, ..., yn). H parap�nw sun�rthsh èqeiti
 idiìthte
 th
 metrik 
.Me th bo jeia th
 metrik 
 mporoÔme na or�soume sfairikè
 perioqè
 enì
shme�ou x ∈ V . Sfairik  perioq  tou x me akt�na ε > 0 onom�zetai tosÔnolo B(x, ε) = {y ∈ V : d(x, y) < ε}. 'Ena shme�o x enì
 sunìlou
A ⊂ V lègetai eswterikì an up�rqei ε > 0 tètoio ¸ste B(x, ε) ⊂ A. 'EnasÔnolo A ⊂ V lègetai anoiktì an k�je shme�o tou x ∈ A e�nai eswterikì toushme�o. To sumpl rwma K enì
 anoiktoÔ sunìlou A w
 pro
 to sÔnolo V(K = CA = V \ A) e�nai kleistì sÔnolo.'Ena shme�o x enì
 sunìlou A lègetai memonwmèno shme�o tou A an up�rqei
ε tètoio ¸ste B(x, ε) ∩ A = {x}. 'Ena anoiktì sÔnolo den èqei memonwmènashme�a, en¸ èna kleistì sunolo mpore� na èqei. 'Ena shme�o x ∈ V lègetaishme�o suss¸reush
 tou sunìlou A an ∀ε > 0 ∃B(x, ε) : B(x, ε)\{x}∩A 6=
∅. Autì shma�nei ìti se k�je perioq  enì
 shme�ou suss¸reush
 tou sunìlou
A, ìso mikr  kai an e�nai, mporoÔme na broÔme èna �llo stoiqe�o pou naan kei sto A. IsodÔnama an broÔme m�a akolouj�a, diaforetik¸n metaxÔ tou
shme�wn tou A, h opo�a na sugkl�nei se èna shme�o x, tìte autì e�nai shme�osuss¸reush
 tou sunìlou A. To �dio to shme�o suss¸reush
 mpore� naan kei   na mhn an kei sto sÔnolo. To sÔnolo twn shme�wn suss¸reush-
 qarakthr�zetai me A′. Kleistìthta enì
 sunìlou onom�zetai to sÔnolo
Cl(A) = A ∪ A′. H kleistìthta enì
 sunìlou e�nai kleistì sÔnolo. 'EnasÔnolo e�nai kleistì an kai mìno an perièqei ìla ta shme�a suss¸reush
 tou,Autì
 e�nai èna
 enallaktikì
 trìpo
 gia na blèpoume èna kleistì sÔnolo.'Ena shme�o x tou sunìlou V onom�zetai sunoriakì shme�o enì
 sunìlou Aan ∀ε > 0 B(x, ε)∩A 6= ∅ kai B(x, ε)∩CA 6= ∅. 'Ena sunoriakì shme�o èinaie�te shme�o suss¸reush
 tou A, e�te shme�o suss¸reush
 tou sumplhr¸mato
tou A, e�te kai twn dÔo.H peperasmènh tom  anoikt¸n sunìlwn e�nai anoiktì sÔnolo kai h �peirhènwsh anoikt¸n sunìlwn e�nai anoiktì sÔnolo. Apì thn �llh pleur�, h24



peperasmènh ènwsh kleist¸n sunìlwn e�nai kleistì sÔnolo kai h �peirh tom kleist¸n sunìlwn e�nai kleistì sÔnolo.Mia basik  idiìthta pou ja qrhsimopoi soume gia na apode�xoume ìti hlogistik  apeikìnish èqei qaotikì anallo�wto sÔnolo e�nai to je¸rhma toukibwtismoÔ. 'Estw ìti èqoume mia akolouj�a In = [an, bn] kleist¸n diasth-m�twn tou R me ti
 parak�tw idiìthte

• In+1 ⊂ In ∀n

• limn→∞ |an − bn| = 0Tìte ∩∞
n=0In = {x0}, dhlad  h �peirh tom  tou
 e�nai mh ken  kai m�listae�nai èna kai monadikì stoiqe�o tou R.Tèlo
 an èqoume èna uposÔnolo A tou V tìte, lìgw th
 metrik 
 sto V ,èqoume metrik  kai sto A, h opo�a lème ìti ep�getai apì to V . H apìstashshme�wn tou A e�nai �dia me thn apìstash tou
 sto V kai ta anoikt� sÔnolasto A or�zontai w
: A ∩ B, ìpou B èna tuqa�o anoiktì sÔnolo tou V .'Ena sÔnolo A lègetai fragmèno ìtan h apìstash dÔo opoiond pote shme�-wn tou e�nai p�nta mikrìterh apì èna stajerì arijmì, dhlad  d(x, y) <

M ∀x, y ∈ A. 'Ena sÔnolo pou e�nai kleistì kai fragmèno ston Rn e�naisumpagè
 kai antistrìfw
.'Ena sÔnolo A ⊂ V lègetai puknì sto V ìtan Cl(A) = V , dhlad  ìla tashme�a tou V pou den an koun sto A e�nai shme�a suss¸reush
 tou A. 'Enaqarakthristikì par�deigma puknoÔ sunìlou sto R e�nai to sÔnolo twn rht¸narijm¸n Q. K�je pragmatikì
 arijmì
, e�te e�nai rhtì
, e�te e�nai �rrhto
e�nai shme�o suss¸reush
 twn rht¸n, dhl�d  se k�je geitoni� enì
 arijmoÔmporoÔme p�nta na broÔme èna rhtì.Idiìthte
 tom¸n, en¸sewn kai sunart sewn pou ja qreia-stoÔn parak�tw
• A ∩ (B ∪ D) = (A ∪ B) ∩ (A ∪ D)

• A ∩ (B ∪ D) = (A ∩ B) ∪ (A ∩ D)

• A ⊂ B ⇒ f(A) ⊂ f(B)

• D ⊂ E ⇒ f−1(D) ⊂ f−1(E)

• A ⊂ f−1(f(A))

• f(f−1(D)) ⊂ D

• f(A ∩ B) ⊂ f(A) ∩ f(B) 25



• f(A ∪ B) = f(A) ∪ f(B)

• f−1(D ∩ E) = f−1(D) ∩ f−1(E)

• f−1(D ∪ E) = f−1(D) ∪ f−1(E)An h sun�rthsh f e�nai antistrèyimh tìte oi idiìthte
 (5-7) metatrèpontaise isìthte
. En gènei, e�te h sun�rthsh f : X → Y e�nai antistrèyimh,e�te ìqi, or�zoume w
 ant�strofh eikìna enì
 sunìlou A ⊂ Y to sÔnolo
f−1(A) = {x : x ∈ X, f(x) ∈ A}Ask sei


• Na apodeiqjoÔn oi idiìthte
 (3-8) mia
 sun�rthsh

• Na apodeiqje� apì ti
 trei
 idiìthte
 orismoÔ mia
 metrik 
 ìti d(x, y) ≥

0.
• Na apodeiqje� ìti h eukle�dia metrik  èqei ti
 tre�
 idiìthte
 th
 metri-k 
.
• Na apodeiqje� ìti h kleistìthta enì
 sunìlou e�nai kleistì sÔnolo.
• Na apodeiqje� ìti x ∈ A′ ⇔ ∃ akolouj�a xn ∈ A h opo�a na te�nei sto

x.
• Na apodeiqje� me th bo jeia th
 akolouj�a
 anoikt¸n sunìlwn (− 1

n
, 1

n
)tou R ìti h �peirh tom  anoikt¸n sunìlwn den e�nai p�nta anoiktì sÔno-lo.

• Na apodeiqje� me th bo jeia th
 akolouj�a
 kleist¸n sunìlwn [ 1
n
, 1− 1

n
]ìti h �peirh ènwsh kleist¸n sunìlwn den e�nai p�nta kleistì sÔnolo.

• Na apodeiqje� ìti oi rhto� e�nai pukno� sto R.6 Qaotikì anallo�wto sÔnolo, qaotikì
 elku-st 
 kai sÔnola Cantor'Otan èqoume m�a apeikìnish sto Rn (h se èna sÔnolo V efodiasmèno memetrik ) tìte autì pou ma
 endiafèrei e�nai oi troqiè
 k�je shme�ou tou kaikur�w
 h asumptwtik  tou sumperifor�, dhlad  pou p�ei to shme�o Ôstera apì�peire
 epanal yei
 th
 apeikìnish
. An p.q. èqoume èna asumtwtik� eustajè

26



stajerì   periodikì shme�o, tìte ìla ta shme�a mia
 anoikt 
 periq 
 gÔrwtou te�noun sto stajerì   peridikì shme�o. Ektì
 apì stajer�   periodik�shme�a up�rqoun kai �lla sÔnola pio per�ploka ta op�a èlkoun mia anoikt perioq  gÔrw tou
. Tètoia sÔnola e�nai ta qaotik� anallo�wta sÔnola poue�nai kai elktik�, dhlad  oi qaotiko� elkustè
 (chaotic attractors).Ja or�soume pr¸ta thn ènnoia tou anallo�wtou sunìlou. 'Ena sÔnolo
S onom�zetai anallo�wto sÔnolo mia
 apeikìnish
 f e�n f(S) = S. An hapeikìnish e�nai antistrèyimh tìte to anallo�wto sÔnolo mporèi na oriste�w
: S = {x : fn(x) ∈ S ∀n ∈ Z}, dhlad  oi eikìne
 kai oi ant�strofe
eikìne
 k�je shme�ou tou S paramènoun gia p�nta p�nw sto S.'Ena sumpagè
 anallo�wto sÔnolo onom�zetai qaotikì ìtan:

• H apeikìnish f èqei èna puknì sÔnolo periodik¸n troqi¸n p�nw se autìto sÔnolo.
• H apeikìnish f e�nai topologik� metabatik  p�nw se autì to sÔnolo
• H apeikìnish f èqei eua�sjhth ex�rthsh apì ti
 arqikè
 sunj ke
 p�nwse autì to sÔnoloSqetik� prìsfata èqei deiqje� ìti h tr�th idiìthta mpore� na deiqje� ìtanisqÔoun oi dÔo pr¸te
.Mia apeikìnish lègetai topologik� metabatik  se èna anallo�wto sÔnolo

S an gia k�je du�da anoikt¸n perioq¸n U, V tou sunìlou S up�rqei k�poio
fusikì
 arijmì
 n tètoio
 ¸ste fn(U) ∩ V 6= ∅. Autì shma�nei ìti ìle
 oianoiktè
 perioqè
 tou sunìlou S k�pote ja tmhjoÔn k�tw apì thn apeikìnishkai ìla ta shme�a tou q¸rou ja èrjoun ìso kont� jèloume. Pollè
 forè
 autìanafèretai kai w
 idiìthta mixing, dhlad  oi anoiktè
 perioqè
 tou sunìlou
S anameignÔontai.Mia apeikìnish f èqei eua�sjhth ex�rthsh apì ti
 arqikè
 sunj ke
 p�nwse èna anallo�wto sÔnolo S an up�rqei r > 0 tètoio ¸ste gia k�je shme�o
x ∈ S kai gia k�je δ > 0 up�rqei y ∈ S gia to opo�o isqÔei d(x, y) < δ kaiep�sh
 isqÔei ìti

d(fn(x), fn(y)) > rgia k�poio n. Autì shma�nei ìti ìso mikr  perioq  kai na jewr soume gÔrwapì èna tuqa�o shme�o x tou sunìlou S p�nta ja broÔme èna �llo shme�oaut 
 th
 perioq 
 tou opo�ou k�poia eikìna k�tw apì thn apeikìnish f jabreje� se apìstash megalÔterh apì èna stajerì arijmì r apì thn ant�stoiqheikìna tou x met� apì peperasmène
 efarmogè
 th
 apeikìnish
.Tèlo
 ja anafèroume ti
 idiìthte
 enì
 sunìlou Cantor mia kai poll� apìta qaotik� anallo�wta sÔnola pou e�nai gnwst� e�nai sÔnola Cantor. 'EnasÔnolo S, uposÔnolo enì
 sunìlou V , e�nai sÔnolo Cantor sto V an27



• E�nai kleistì sthn topolog�a tou V .
• E�nai poujen� puknì sto V .
• E�nai tèleio.'Ena sÔnolo S lègetai poujen� puknì sto V an gia k�je perioq  k�jeshme�ou x ∈ V mpore� na breje� p�nta upoperioq  th
 pou na e�nai xènh me to S.'Ena sÔnolo S lègetai tèleio an k�je shme�o tou x e�nai shme�o suss¸reush
tou S, dhlad  èna tèleio sÔnolo den èqei memonwmèna shme�a.7 H logistik  apeikìnishH logistik  apeikìnish èqei dÔo stajer� shme�a pou br�skontai apì th sqèshorismoÔ twn stajer¸n shme�wn apeikìnish


f(x) = x ⇒ Rx(1 − x) = x.LÔnonta
 thn parap�nw sqèsh w
 pro
 x br�skoume ta shme�a x0 = 0 kai
x1 = R−1

R
. H grammik  eust�jeia twn stajer¸n shme�wn d�netai apì thnapìluth tim  th
 parag¸gou th
 sun�rthsh
 upologismènh
 sto ant�stoiqostajerì shme�o. An |f ′(x)| < 1 sto x0 h sto x1 tìte to shme�o e�nai grammik�eustajè
 kai eustajè
 gia th mh grammik  sun�rthsh. Eukol� upolog�zetaiìti |f ′(x0)| < 1 gia −1 < R < 1 kai |f ′(x1)| < 1 gia 1 < R < 3. Epomènw
 tomhdèn e�nai eustajè
 stajerì shme�o gia −1 < R < 1 kai gia R > 1 g�netaiastajè
 en¸ to x1 e�nai eustajè
 stajerì shme�o gia 1 < R < 3 kai gia R > 3g�netai astajè
 stajerì shme�o. Gia R = 3 emfan�zetai èna periodikì shme�operiìdou dÔo to opo�o apotele� lÔsh th
 ex�swsh
 orismoÔ enì
 periodikoÔshme�ou me per�odo dÔo, dhlad 

f(f(x)) = x.Autì e�nai eustajè
 gia k�poio di�sthma tim¸n tou R, dhlad  to (3, R2) kaimet� g�netai astajè
. Gia R = R2 dhmiourge�tai èna periodikì shme�o periìdou
22 k.t.l. Genik¸
 gia R = Rn dhmiourge�tai èna eustajè
 periodikì shme�operiìdou 2n to opo�o gia R = Rn+1 g�netai astajè
 kai gia to �dio Rn+1dhmiourge�tai èna eustajè
 periodikì shme�o periìdou 2n+1. Autì to sen�riopou emfan�zetai kai sti
 apeikon�sei
 kai sti
 diaforikè
 exis¸sei
 onom�ze-tai sen�rio diplasiasmoÔ th
 periìdou kai odhge� se qaotik� fainìmena giamegalÔtere
 timè
 th
 paramètrou pr�gma pou ja melet soume sto epìmenokef�laio. Gia R = R∞ = 3.5699456... èqoun emfaniste� ìla ta periodik�28



shme�a periìdou 2n ∀n kai èqoun g�nei ìla astaj . 'Ena mètro sÔgklish
 twntim¸n th
 paramètrou Rn sto R∞ e�nai o arijmì

δ = lim

n→∞

Rn − Rn−1

Rn+1 − Rnton opo�o o Feigenbaum br ke arijmhtik� ìti e�nai δ = 4.669202.... O arijmì

δ onom�sthke kai pagkìsmia stajer� giat� isqÔei gia mia meg�lh oikogèneiamonodi�statwn apeikon�sewn pou èqoun èna mègisto. Autè
 emfan�zoun tosen�rio diplasiasmoÔ periìdou kai èqei breje� kai jewrhtik� apì tou
 Feigen-
baum, Coullet, Collet, Eckmann k.a. Parìla aut� akìma paramènoun anap�n-thta erwt mata kai ep�sh
 eqoun melethje� arijmhtik� didi�state
 apeikon�sei
pou emfan�zoun to sen�rio diplasiasmoÔ periìdou kai den èqoun tou
 �diou
pagkìsmiou
 arijmoÔ
.Gia R∞ < R < 4 l�ga pr�gmata èqoun apodeiqje�. Up�rqei to je¸rhmatou Sharkovskii pou isqÔei genik� gia monodi�state
 apeikon�sei
 kai katat�-sei ta periodik� shme�a me k�poia di�taxh (diaforetik  aut  twn fusik¸narijm¸n). ApodeiknÔei ìti an m�a monodi�stath apeikìnish f(x) èqei peri-odik� shme�a periìdou n tìte èqei kai periodik� shme�a periìdou k ìpou n ⊲ k(ìpou to ⊲ qrhsimopoie�tai gia na dhl¸sei to megalÔtero se aut  th di�taxh).To je¸rhma tou Sharkovskii apotele� gen�keush tou jewr mato
 twn Lie kai
Yorke ìti se m�a monodi�stath apeikìnish an up�rqei h per�odo
 tr�a up�r-qoun ìle
 oi �lle
 per�odoi mia kai sth di�taxh tou Sharkovskii 3 ⊲ n ∀n.Epiplèon gia k�poie
 apì autè
 ti
 timè
 R∞ < R < 4 èqei apodeiqje� ìtita perissìtera shme�a x èqoun troqiè
 pou e�nai puknè
 sto di�sthma [0, 1].Autì e�nai isodÔnamo me thn idiìthta th
 topologik 
 metabatikìthta
 poue�nai mia apì ti
 apait sei
 gia na up�rqei q�o
, all� den e�nai isodÔnamh meqaì
 par� mìno me ergodikìthta.Gia R = 4 èqoume th logistik  apeikìnish f(x) = 4x(1− x). An k�noumeton metasqhmatismì x = h(ϕ) = sin2 ϕ tìte pa�rnoume

xn+1 = 4xn(1 − xn) ⇒ sin2 ϕn+1 = sin2 2ϕn. (20)Epomènw
 mia kai h h e�nai suneq 
 sun�rthsh up�rqei m�a hmisuzug�a metaxÔth
 apeikìnish
 Renyi ̺ : S1 → S1, ìpou ̺ e�nai h parak�tw apeikìnish
ϕn+1 = 2ϕn mod 1,kai th
 logistik 
 apeikìnish
 gia R = 4, dhlad 
h ◦ ̺ (ϕ) = f ◦ h(ϕ)29
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Sq ma 9: H logistik� apeikìnish gia R = 4.5(sqèsh (20) ). Epomènw
 troqiè
 th
 ̺ apeikon�zontai se troqiè
 th
 f kai oitopologikè
 idiìthte
 th
 ̺ metafèrontai se �die
 topologikè
 idiìthte
 th

f . ApodeiknÔetai me sumbolik  dunamik  ìti to S1 e�nai qaotikì anallo�wtosÔnolo th
 apeikìnish
 tou Renyi, �ra, exait�a
 th
 topologik 
 hmisuzug�a
to [0, 1] e�nai qaotikì analo�wto sÔnolo th
 logistik 
 apeikìnish
 gia R = 4.8 To qaotikì anallo�wto Cantor sÔnolo th
logistik 
 apeikìnish
 gia R > 4Ja melet soume sth sunèqeia ekten¸
 th dunamik  twn mel¸n th
 oikogèneia
th
 logistik 
 apeikìnish
 gia R > 4. 'Otan R > 4 tìte h logistik  apeikìn-ish pou gia k�je R èqei mègisto sto x = 1/2 pa�rnei thn tim  se autì to x
f(1/2) = R1/2(1 − 1/2) = R/4 > 1 kai g�netai th
 morf 
 pou fa�netai stosq ma 2.ParathroÔme ìti gia x ∈ [0, xa] ∪ [xb, 1] = S1 to f(x) br�sketai mèsasto di�sthma [0, 1], en¸ gia x ∈ [0, 1] \ S1 to f(x) g�netai megalÔtero tou 1.To di�sthma S1 apotele�tai apì thn ènwsh dÔo xènwn metaxÔ tou
 kleist¸n30



diasthm�twn twn I1 = [0, xa] kai I2 = [xb, 1]. Epiplèon h logistik  sun�rthshe�nai monotìnw
 aÔxousa sto I1 kai monotìnw
 fj�nousa sto di�sthma I2.Amèsw
 fa�netai ìti to S1 mpore� an oriste� kai w
 to sÔnolo
S1 = I ∩ f−1(I) = I1 ∪ I2Or�zoume w
 S2 to sÔnolo S2 = I∩f−1(I)∩f−2(I) = (I1∪I2)∩f−1(S1).IsqÔei ìti

I1 ∩ f−1(S1) = I1 ∩ f−1(I1 ∪ I2) = (I1 ∩ f−1(I1))∪ (I1 ∩ f−1(I2)) = I11 ∪ I12H teleuta�a isìthta isqÔei giat� h logistik  sun�rthsh e�nai monìtonh sto
I1, epomènw
 o periorismì
 th
 se autì to di�sthma e�nai 1�1 kai h tom tou me ti
 dÔo proeikìne
 e�nai dÔo kleist� sÔnola xèna metaxÔ tou
 pou taonom�zoume I11 kai I12. Br�skontai kai ta dÔo mèsa sto I1 kai èqoun ti
parak�tw idiìthte
:

f(I11) = I1 kai f(I12) = I2

I11 = {x|x ∈ I1 kai f(x) ∈ I1}kai
I12 = {x|x ∈ I1 kai f(x) ∈ I2}Akrib¸
 ant�stoiqe
 idiìthte
 isqÔoun gia thn tom  tou I2 me to sÔnolo

f−1(S1) kai epomènw
 pa�rnoume telik� ìti
S2 =

⋃

i0i1

Ii0i1ìpou i0, i1 ∈ {1, 2}. Dhlad  to S2 apotele�tai apì thn ènwsh 22 xènwn metaxÔtou
 kleist¸n sunìlwn me ti
 ex 
 idiìthte

f(Ii0i1) = Ii1

Ii0i1 = {x|x ∈ Ii0 kai f(x) ∈ Ii1}Epagwgik� or�zoume to sÔnolo Sn w

Sn = ∩n

k=0f
−k(I) = I∩f−1(I)∩n

k=2f
−k(I) = (I1∪I2)∩n

k=2f
−(k−1)(f−1(I)) =

= (I1 ∪ I2) ∩n−1
k=1 f−k(I1 ∪ I2) = ∩n−1

k=0f
−k(I1 ∪ I2)Upojètoume ìti autì apotele�tai apì thn ènwsh 2n xènwn metaxÔ tou
kleist¸n sunìlwn

Sn = ∪i0i1...in−1
Ii0i1...in−131



me ti
 ex 
 idiìthte

f(Ii0i1...in−1

) = Ii1...in−1

Ii0i1...in−1
= {x|fk(x) ∈ Iik}

Ii1i2...in−1
∩ Sn = Ii1i2...in−11 ∪ Ii1i2...in−12Prèpei loipìn na apode�xoume ìti kai to Sn+1 èqei ti
 �die
 idiìthte
 (qrhsi-mopoioÔme thn apodeiktik  diadikas�a th
 epagwgh
). E�nai fanerì apì tonorismì twn Sn ìti Sn+1 ⊂ Sn. Epomènw
 to Sn+1 prokÔptei apì thn tom tou me to Sn, dhlad  apì thn tom  tou me kajèna apì ta kleist� sÔnola

Ii0i1...in−1
. 'Ara

Ii0i1...in−1
∩ Sn+1 = Ii0i1in−1

∩ (I1 ∪ I2) ∩ f−1(Sn). Mia kai to Ii0i1...in−1
èqei thn pr¸th idiìthta pou anafèrame parap�nw kaih logistik  sun�rthsh e�nai monìtonh sto Ii0 ìpou i0 ∈ 1, 2 isqÔei Ii0 ∩

f−1(f(Ii0i1...in−1
)) = Ii0i1...in−1

= f−1(Ii1...in−1
) ∩ Ii0 . Epomènw


Ii0i1...in−1
∩ Sn+1 = (I1 ∩ Ii0i1in−1

∩ f−1(Sn)) ∪ (I2 ∩ Ii0i1in−1
∩ f−1(Sn) =

= f−1(Sn ∩ Ii1i2...in−1
) ∩ Ii0 = f−1(Ii1i2...in−11) ∩ f−1(Ii1i2...in−12) ∩ Ii0

= ∪inIi0i1...inOi parap�nw pr�xei
 ìqi mìno apodeiknÔoun ìti to Sn+1 apotele�tai apì 2n+1xèna metaxÔ tou
 kleist� diast mata all� kai thn teleuta�a apì ti
 tre�
idiìthte
 aut¸n twn kleist¸n sunìlwn. Epiplèon h teleuta�a isìthta de�qneiìti f(Ii0i1...in) = Ii1...in . Tèlo
 mia kai ìtan x ∈ Ii0i1...in isqÔei h teleuta�aisìthta kai ep�sh
 isqÔei ìti f(x) ∈ Ii1...in, to Ii0i1...in e�nai to sÔnolo
Ii0i1...in = {x|x ∈ Ii0, f(x) ∈ Ii1...in} = {x|x ∈ Ii0 , f

k(x) ∈ Iik1 ≤ k ≤ n}apì to ìti to Ii0i1...in−1
èqei ti
 idiìthte
 pou upojèsame.Or�zoume me ton parap�nw trìpo to analo�wto sÔnolo

S =

∞⋂

n=0

Sn.To sÔnolo autì e�nai anallo�wto giat� f(S) = f(∩∞
k=0Sk) = f(∩∞

k=1Sk) =
∩∞

k=1f(Sk) = ∩∞
k=1Sk−1 == ∩∞

k=0Sk = S.ApodeiknÔetai ep�sh
 ìti ta diast mata Ii0i1...in èqoun m ko
 λ−n ìpou
λ > 1. 32



Prìtash: To anallo�wto sÔnolo S e�nai sÔnolo Cantor.Apìdeixh: To S e�nai kleistì sÔnolo, mia kai apotele�tai apì thn �peirhtom  �peirwn kleist¸n sunìlwn. Epiplèon e�nai olik� mh sunektikì. A
 upo-jèsoume ìti èqoume dÔo tuqa�a shme�a a, b tou sunìlou S. Aut� ja apèqounapìstash l. Gia k�je di�sthma [a, b] m kou
 l up�rqei p�nta èna di�sthma th
morf 
 Ii0i1...in , gia to opo�o isqÔei λ−n < l. Epomènw
 metaxÔ twn dÔo aut¸nshme�wn tou sunìlou S ja up�rqei p�nta èna toul�qiston anoiktì di�sthmapou den ja an kei sto S. Tèlo
 to sÔnolo S e�nai tèleio. A
 upojèsoumeìti èqoume èna stoiqe�o p tou S. Autì ja an kei se èna kleistì di�sthma
Ii0i1...in . Sto epìmeno b ma th
 logistik 
 apeikìnish
, ja an kei se èna apìta diast mata Ii0i1...in1   Ii0i1...in2. Dialègoume èna qn pou sump�ptei me è-na apì ta akra�a shme�a eke�nou apì ta parap�nw dÔo diast mata sto opo�oden an kei to p. W
 akra�o shme�o sunep¸
 to qn an kei sto S, kai epiplèon
qn 6= p. Epanalamb�nonta
 aut  thn eklog  se k�je b ma n th
 apeikìnish
,sqhmat�zoume mia akolouj�a shme�wn qn 6= p gia thn opo�a isqÔei

|qn − p| ≤ λ−n.Epomènw
 èqoume sqhmat�sei mia akolouj�a shme�wn di�forwn tou p, h opo�asugkl�nei sto tuqìn shme�o p ∈ S. 'Ara k�je shme�o tou S e�nai oriakì shme�otou sunìlou kai sunep¸
 to S e�nai tèleio. Sunep¸
 to S e�nai sÔnolo Cantor.9 Sumbolik  dunamik Or�zoume w
 Ii0i1...in... to sÔnolo Ii0i1...in... =
∞⋂

n=0

Ii0i1...in pou e�nai h �peirhtom  twn kleist¸n diasthm�twn Ii0i1...in ta opo�a, sÔmfwna me thn kataskeu tou
 to èna e�nai uposÔnolo tou prohgoÔmenou, dhlad  Ii0i1...inin+1
⊂ Ii0i1...in.Epiplèon, apodeiknÔetai ìti to m ko
 tou
 mikra�nei ekjetik�, dhlad  L(Ii0i1...in) =

λn ìpou λ < 1. SÔmfwna me to je¸rhma tou kibwtismoÔ, up�rqei mìno ènastoiqe�o tou diast mato
 [0, 1] to opo�o an kei sthn �peirh tom  twn Ii0i1...in.Dhlad  h �peirh tom  den e�nai ken  kai perièqei mìno èna stoiqe�o. Epomènw
up�rqei m�a amfimonìtimh kai ep� apeikìnish h metaxÔ tou sunìlou S kai twn�peirwn akolouji¸n dÔo sumbìlwn. Qarakthr�zoume to sÔnolo twn �peir-wn akolouji¸n dÔo sumbìlwn me Σ, dhlad  Σ = {.i0i1...in... : ik ∈ {1, 2}}.
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Or�zoume sto sÔnolo Σ th metrik 
d(s, t) =

∞∑

k=0

δ(sk, tk)

3kìpou s = .s0s1...sk... kai t = t0t1...tk... kai δ(sk, tk) = 0 ìtan sk = tk kai
δ(sk, tk) = 1 ìtan sk 6= tk. EÔkola apodeiknÔetai ìti to d(s, t) e�nai metrik .Ep�sh
 or�zoume sto sÔnolo Σ m�a apeikìnish, h opo�a onom�zetai Bernoulli
shift kai or�zetai w
 ex 
: σ(.s0s1...sk...) = .s1...sk..., h opo�a onom�zetai kaimetatìpish th
 upodiastol 
. ApodeiknÔetai ìti h logistik  apeikìnish sto
S ìpou jewroÔme th sun jh Eukle�dia metrik  e�nai topologik� suzug 
 meto Bernoulli shift sto sÔnolo Σ efodiasmèno me thn parap�nw metrik . 'Hdhde�xame ìti h h e�nai 1-1. Ja de�xoume ep�sh
 ìti e�nai kai suneq 
 epomènw
e�nai èna
 omoiomorfismì
 apì to sÔnolo S sto sÔnolo Σ.Apìdeixh: Gia k�poio tuqa�o ε > 0 up�rqei p�nta èna n ∈ N tètoio ¸ste
1
3n < ε. Pa�rnoume dÔo stoiqe�a x, y ∈ S gia ta opo�a isqÔei x, y ∈ Ii0i1...in.Tìte |x − y| < λn. Epiplèon isqÔei ìti h(x) = .i0i1...inin+1... kai h(y) =
.i0i1...ini′n+1.... 'Ara

d(h(x), h(y)) =

∞∑

k=n+1

δ(ik, i′k)

3k
≤

∞∑

k=n+1

1

3k
=

1

2

1

3k
< ε.'Ara h h e�nai suneq 
. Epiplèon apeikon�zei èna kleistì kai fragmèno (sumpagè
)sÔnolo (uposÔnolo tou [0, 1]) se èna kleistì kai fragmèno sÔnolo, mia kai

d(s, s′) =

∞∑

l=0

δ(sl, s
′
l)

3l
≤

∞∑

l=0

1

3l
=

1

2kai sunep¸
 kai h h−1 e�nai suneq 
.Tèlo
 ja prèpei na de�xoume ìti h ◦ f = σ ◦ h. SÔmfwna me thn pr¸thidiìthta twn kleist¸n diasthm�twn Ii0i1...in h eikìna tou e�nai to Ii1i2...in kaiepomènw
 h eikìna th
 �peirh
 tom 
 tou
 x = Ii0i1...in... e�nai h Ii1...in.... Efar-mìzonta
 se aut  thn h pa�rnoume to stoiqe�o tou Σ h(f(x)) = .i1i2...in....Gia to deÔtero mèro
 th
 isìthta
 th
 topologik 
 suzug�a
 efarmìzonta
thn h sto x pa�rnoume to stoiqe�o tou Σ h(x) = .i0i1...in... kai k�tw apì thnapeikìnish σ autì g�netai σ(h(x)) = .i1...in.... Epomènw
 apode�xame kai ìti
h(f(x)) = σ(h(x)).Prìtash: To sÔnolo Σ e�nai èna qaotikì anallo�wto sÔnolo th
 apeikìn-ish
 σ. 34



Apìdeixh: H apeikìnish σ èqei èna puknì sÔnolo periodik¸n troqi¸n. K�jestoiqe�o s tou sunìlou pou apotele�tai apì èna epanalambanìmeno block nsumbìlwn s = .s0s1...sn−1s0s1...sn−1 e�nai mia periodik  troqi� periìdou n.Pr�gmati σn(s) = .s0s1...sn−1s0.... Epiplèon osod pote kont� se èna tuqa�ostoiqe�o tou Σ mporoÔme na broÔme mia tètoia periodik  troqi�. A
 upojè-soume ìti èqoume èna tuqa�o stoiqe�o tou Σ to t = .t0t1...tn... kai èna tuqa�o εìso mikrì jèloume. P�nta up�rqei èna k tètoio wste 1/3k < ε. Dialègoumem�a periodik  troqi� tètoia ¸ste na sumfwnei sta pr¸ta k yhf�a me to t,dhlad  na e�nai t′ = .t0t1...tkt0t1...tk.... Aut  h periodik  troqi� br�sketai εkont� sto t. Autì sumba�nei giat�
d(t, t′) =

∞∑

l=k+1

δ(tl, t
′
l)

3l
≤

∞∑

l=k+1

1

3l
=

1

2

1

3k
≤ εEp�sh
 h apeikìnish σ e�nai topologik� metabatik . Pa�rnoume dÔo tuqa�e
sfairikè
 perioqè
 me kèntra ta stoiqe�a s = .s0s1...sn... kai s′ = .s′0s

′
1...s

′
n...kai akt�ne
 ε kai δ ant�stoiqa.Up�rqoun p�nta dÔo fusiko� n kai k tètoioi ¸ste

1/3n < ε kai 1/3k < δ. Apì thn ε sfairik  perioq  tou s dialègoume ènastoiqe�o s′′ = .s0s1...sns′0s
′
1...s

′
k.... Autì br�sketai sthn ε sfairik  perioq tou s B(s, ε) = {s′′ ∈ Σ : d(s, s′′) < ε} giat�

d(s, s′′) =
∞∑

l=n+1

δ(sl, s
′′
l )

3l
≤

∞∑

l=n+1

1

3l
=

1

2

1

3n
≤ ε.To s̄σn(s′′) = .s′0s

′
1...s

′
k... br�sketai sth δ perioq  tou s′, epeid 

d(s′, s̄) =

∞∑

l=k+1

δ(s′l, s̄l)

3l
≤

∞∑

l=k+1

1

3l
=

1

2

1

3n
≤ δ.Epomènw
 up�rqei stoiqe�o tou B(s, ε) (to s′′) tou opo�ou h n + 1 eikìnabr�sketai mèsa sto B(s′, δ) kai h apeikìnish σ e�nai topologik� metabatik .Tèlo
 h apeikìnish σ èqei eua�sjhth ex�rthsh apì ti
 arqikè
 sunj ke
.JewroÔme èna tuqa�o shme�o s = .s0s1s2 . . . snsn+1 . . . kai èna ε > 0 ìso mikrìepijumoÔme. Up�rqei p�nta èna n tètoio ¸ste 1/3n < ε. Apì th sfairik perioq  B(s, ε) dialègoume to stoiqe�o tou Σ, s′ = .s0s1s2 . . . sns′n+1 . . . giato opo�o isqÔei s′n+1 6= sn+1. To s′ br�sketai sth sfairik  perioq  tou s giat�

d(s, s′) =
∞∑

l=n+1

δ(sl, s
′
l)

3l
≤

∞∑

l=n+1

1

3l
=

1

2

1

3n
≤ ε.35



Met� apì n+1 efarmogè
 th
 apeikìnish
, eqoume ìti σn+1(s) = s̄ = .sn+1 . . .kai σn+1(s′) = s̃′ = .s′n+1 . . .. 'Ara isqÔei ìti
d(σn+1(s), σn+1(s′)) =

∞∑

l=0

δ(s̄l, s̃
′
l)

3l
≥ 1.'Ara up�rqei r = 1 tètoio ¸ste, gia tuqa�o s up�rqei perioq  tou, ìso mikr epijumoÔme, pou perièqei èna toul�qisto shme�o s′ to opo�o met� apì n + 1efarmogè
 th
 apeikìnish
 apomakrÔnetai se apìstash megalÔterh tou r.10 Fractals (Morfoklasmatik� SÔnola)Ja melet soume analutikè
 sunart sei
 sto migadikì ep�pedo C w
 dunamik�sust mata th
 morf 
 zn+1 = f(zn). H troqi� enì
 shme�ou or�zetai ìpw
kai sthn pragmatik  per�ptwsh w
 to sÔnolo

{z0, f(z0), f
2(z0), . . . , f

n(z0), . . .}ìpou
fn(z0) = f ◦ f ◦ . . . f(z0)

︸ ︷︷ ︸

n−forè
Stajerì shme�o, ìpw
 kai sthn pragmatik  per�ptwsh, e�nai to shme�o z = agia to opo�o isqÔei
f(a) = a.Ta �dia isqÔoun kai gia ta periodik� shme�a th
 f . 'Ena shme�o z0 e�nai periodikìshme�o periìdou n an isqÔei ìti

fn(z0) = z0kai n e�nai o mikrìtero
 fusikì
 arijmì
 gia ton opo�o isqÔei h parap�nwsqèsh.'Estw èna stajerì shme�o a = f(a). An |f ′(a)| < 1 tìte up�rqei anoikt perioq  akt�na
 r, |z0 − a| < r, gia thn opo�a isqÔei
lim

n→∞
fn(z0) = a.Autì apodeiknÔetai w
 ex 
. Up�rqei èna
 pragmatikì
 arijmì
 β, mikrìtero
th
 mon�da
, tètoio
 ¸ste |f ′(a)| < β. Mia kai to f ′(a) e�nai to ìrio th
sun�rthsh


f(z0) − f(a)

z − a
,36



up�rqei anoikt  perioq  tou a, |z0 − a| < r tètoia ¸ste
∣
∣
∣
∣

f(z0) − f(a)

z − a
− f ′(a)

∣
∣
∣
∣
< β − |f ′(a)|mia kai o β − |f ′(a)| e�nai èna
 arijmì
 megalÔtero
 tou mhdenì
.Qrhsimopoi¸nta
 ti
 sqèsei


|x| − |y| ≤ ||x| − |y|| ≤ |x − y|èqoume
∣
∣
∣
∣

∣
∣
∣
∣

f(z0) − f(a)

z0 − a

∣
∣
∣
∣
− |f ′(a)|

∣
∣
∣
∣
< β − |f ′(a)| 

∣
∣
∣
∣

f(z0) − f(a)

z0 − a

∣
∣
∣
∣
< βkai epomènw


|f(z0) − f(a)| < β|z0 − a|gia k�je z0 tètoio ¸ste |z0 − a| < r. Sunep¸

|f(z0) − a| < βr < r,afoÔ f(a) = a. 'Ara

∣
∣f2(z0) − a

∣
∣ < β |f(z0) − a| < β2|z0 − a|,kai epagwgik�

|fn(z0) − a| < βn|z0 − a|.AfoÔ β < 1, h akolouj�a sto dex� mèlo
 th
 parap�nw anisìthta
 te�nei stomhdèn kai epomènw

lim

n→∞
(fn(z0) − a) = 0 

lim
n→∞

fn(z0) = a.'Ena tètoio stajerì shme�o a me f ′(a) < 1 e�nai eustajè
 stajerì shme�o.To sÔnolo
B =

{

z|z ∈ C : lim
n→∞

fn(z) = a
}

.onom�zetai perioq  èlxh
 tou eustajoÔ
 stajeroÔ shme�ou.37



'Ena aplì par�deigma perioq 
 èlxh
 d�netai apì thn apeikìnish f(z) = z2.To z = 0 e�nai stajerì shme�o, afoÔ z2 = z, kai m�lista eustajè
, afoÔ
f ′(z)|z=0 = 2z|z=0 = 0 < 1.Gia ìla ta shme�a pou br�skontai mèsa ston anoiktì d�sko |z| < 1 isqÔei ìti

|fn(z)| = |z|2n

,�ra
lim

n→∞
fn(z) = 0.'Omw
 gia |z| ≥ 1 isqÔei ìti

|fn(z)| = |z|2n ≥ 1,�ra h perioq  èlxh
 e�nai o anoiktì
 d�sko
 |z| < 1. Gia |z| = 1 èqoume
|fn(z)| = 1 gia k�je n kai gia |z| > 1, |fn(z)| = |z|2n → ∞.Ja asqolhjoÔme t¸ra genik� me ti
 apeikon�sei
 th
 morf 
 f(z) = z2 +cìpou c migadikì
 arijmì
. Ja apode�xoume ìti mporoÔme na diakr�noume dÔoperioqè
 tou migadikoÔ epipèdou. H m�a e�nai to sÔnolo twn arqik¸n sun-jhk¸n twn opo�wn oi troqiè
 paramènoun p�nta se mia fragmènh perioq  toumigadikoÔ epipèdou, dhlad  e�nai shme�a twn opo�wn h troqi� e�nai fragmènh,en¸ h �llh e�nai to sÔnolo twn shme�wn pou h troqi� tou
 phga�nei sto �peiro.To sÔnoro twn dÔo aut¸n perioq¸n e�nai en gènei èna fractal.Je¸rhma: Or�zoume

rc =
1

2
+

√

1

4
+ |c| > 1 .Tìte gia |z0| > rc isqÔei ìti fn(z0) → ∞ kaj¸
 n → ∞.Apìdeixh: Apì thn trigwnik  anisothta isqÔei ìti

|z2 + c| ≥ |z|2 − |c|.O pragmatikì
 arijmì
 rc e�nai r�za th
 ex�swsh
 x2 − |c| = x, dhlad  isqÔeiìti r2
c − |c| = rc. 'Estw èna shme�o |z0| > rc. Tìte |z0| ≥ rc + ε ìpou ε èna
mh mhdenikì
 jetikì
 pragmatikì
 arijmì
. Tìte isqÔei ìti

|z2
0 | − |c| ≥ (1 + ε)|z0|.38



Pragmatik�,
|z0|2 − |c|

|z0|
= |z0| −

|c|
|z0|

≥ (rc + ε) − |c|
rc + ε

=

=
(rc + ε)2 − |c|

rc + ε
=

r2
c + 2rcε + ε2 − |c|

rc + ε
=

=
(r2

c − |c|) + 2rcε + ε2

rc + ε
=

rc + rcε + rcε + ε2

rc + ε
≥

≥ rc + rcε + ε + ε2

rc + ε
= 1 + ε,ìpou l�bame upìyh ìti rc > 1. Epomènw


|f(z0)| ≥ |z2
0 | − |c| ≥ (1 + ε)|z0|kai epagwgik�

|fn(z0)| ≥ (1 + ε)n|z0|.Mia kai isqÔei ìti 1 + ε > 1, h akolouj�a (1 + ε)n te�nei sto �peiro kai kat�sunèpeia |fn(z0)| → ∞.'Opw
 anafèrame, or�zoume to sÔnolo
Ec = {z0 ∈ C |fn(z0) → ∞ kaj¸
 n → ∞} ,dhlad  to sÔnolo Ec apotele�tai apì ìla ta shme�a tou migadikoÔ epipèdou,twn opo�wn h troqi� phga�nei sto �peiro. SÔmfwna me thn prohgoÔmen-h apìdeixh, ta shme�a gia opo�a isqÔei ìti |z0| < rc apoteloÔn uposÔnolotou Ec. To sumpl rwma tou Ec e�nai to sÔnolo Kc, dhlad  to sÔnolo pouapotele�tai apì shme�a twn opo�wn h troqi� paramènei fragmènh.Ja apode�xoume sth sunèqeia ti
 parak�tw idiìthte
 gia ta sÔnola Ec kai

Kc:
• (a) {z0 ∈ C | |z0| > rc} ⊂ Ec, Kc ⊆ {z0 ∈ C | |z0| ≤ rc}.
• (b) To Ec e�nai anoiktì kai to Kc kleistì sÔnolo.
• (g) Ec 6= C, Kc 6= ∅.
• (d) Ta sÔnola Ec kai Kc e�nai anallo�wta k�tw apì th dr�sh th
sun�sthsh
 f = z2 + c.
• (e) Ta Ec kai Kc e�nai summetrik� k�tw apì strof  gÔrw apì to 0.39



• (z) To Ec e�nai sunektikì kai to Kc e�nai apl� sunektikì.A
 or�soume pr¸ta ti
 ènnoie
 tou sunektikoÔ kai tou apl� sunektikoÔsunìlou. 'Ena sÔnolo lègetai sunektikì an den mporoÔn na brejoÔn dÔoanoiktè
 perioqè
 tou A kai B, gia ti
 opo�e
 na isqÔei
A ∪ B = X kai A ∩ B = ∅.Dhlad  èna sunektikì sÔnolo den mpore� na apotele�tai apì dÔo xèna metaxÔtou
 anoikt� sÔnola. 'Ena sÔnolo X lègetai apl� sunektikì an opoiad potekleist  kampÔlh tou sunìlou mpore� na surriknwje� me suneq  trìpo seshme�o, an konta
 p�nta kat� th di�rkeia th
 paramìrfwsh
 sto sÔnolo X.An to sÔnolo X èqei trÔpe
, autì den e�nai dunatì kai to X den e�nai apl�sunektikì. 'Ena sunektikì sÔnolo mpore� na mhn e�nai apl� sunektikì.
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