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t.m. X me katanom  FX (x ; θ)
Par�metroc θ: �gnwsth
θ → µ, σ2, p
DeÐgma {x1, . . . , xn}: gnwstì

EktÐmhsh paramètrou

1 Shmeiak  ektÐmhsh: θ̂

2 EktÐmhsh diast matoc: [θ1, θ2]

'Allo deÐgma → �lla dedomèna {x1, . . . , xn}
⇓

{x1, . . . , xn} sumbolÐzoun:
1. Parathr seic

2. t.m. {X1, . . . ,Xn} me katanom  FX (x ; θ)
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Shmeiak  EktÐmhsh

θ̂: ektim tria thc θ
θ̂ eÐnai sun�rthsh twn t.m. {x1, . . . , xn}

⇓
θ̂ eÐnai t.m., E(θ̂) ≡ µθ̂, Var(θ̂) ≡ σ2

θ̂

EktÐmhsh mèshc tim c (deigmatik  mèsh tim )

θ → µ x̄ =
1

n

n∑
i=1

xi

EktÐmhsh diaspor�c (deigmatik  diaspor�)

θ → σ2 s̃2 =
1

n

n∑
i=1

(xi − x̄)2

s2 =
1

n − 1

n∑
i=1

(xi − x̄)2 =
1

n − 1

(
n∑

i=1

x2
i − nx̄2

)
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Krit ria kal¸n ektimhtri¸n

1. AmerolhyÐa

θ̂ amerìlhpth: E(θ̂) = θ
alli¸c h merolhyÐa eÐnai b(θ̂) = E(θ̂)− θ

ParadeÐgmata

• H deigmatik  mèsh tim  x̄ eÐnai amerìlhpth: E(x̄) = µ

E(x̄) = E

(
1

n

n∑
i=1

xi

)
=

1

n

n∑
i=1

E(xi ) =
1

n

n∑
i=1

µ = µ

• H deigmatik  diaspor� s2 eÐnai amerìlhpth: E(s2) = σ2 ?
• H deigmatik  diaspor� s̃2 eÐnai merolhptik :

b(s̃2) = E(s̃2)− σ2 =
n − 1

n
σ2 − σ2 = −σ

2

n
Asumptwtik� (n→∞) h s̃2 eÐnai amerìlhpth
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Krit ria kal¸n ektimhtri¸n (sunèqeia)

2. Sunèpeia

θ̂ sunep c: P(|θ − θ̂| ≤ ε)→ 1 ìtan n→∞

ParadeÐgmata

• x̄ , s2, s̃2 eÐnai sunepeÐc

• H ektim tria thc µ: xd = (xmin + xmax)/2 den eÐnai sunep c

3. Apotelesmatikìthta

DÔo ektim triec θ̂1 kai θ̂2 thc θ:
θ̂1 eÐnai pio apotelesmatik  apì θ̂2 ìtan σ2

θ̂1
< σ2

θ̂2

Par�deigma

• x̄ eÐnai piì apotelesmatik  apì th xd giatÐ σ2
x̄ < σ2

xd
.
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4. Ep�rkeia

θ̂ eÐnai epark c ìtan qrhsimopoieÐ ìlh thn plhroforÐa apì to

deÐgma pou sqetÐzetai me th θ.

ParadeÐgmata

• x̄ , s2, s̃2 eÐnai eparkeÐc giatÐ qrhsimopoioÔn ìlec tic

parathr seic {x1, . . . , xn}
• xd den eÐnai epark c giatÐ qrhsimopoieÐ mìno xmin kai xmax.

Parathr seic

Mia kal  ektim tria prèpei na plhreÐ autèc tic idiìthtec.

Bèltisth ektim tria: amerìlhpth kai me thn el�qisth

diaspor�
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Upologismìc shmeiak c ektÐmhshc

Jèloume na ektim soume th θ par�metro katanom c F (x ; θ)
miac t.m. X apì ta anex�rthta dedomèna {x1, . . . , xn}.

Mèjodoc twn Rop¸n

1 EktimoÔme pr¸ta tic ropèc thc katanom c:

ροπή πρώτου βαθμού: µ ← x̄
ροπή δευτέρου βαθμού: σ2 ← s2

2 Apì th sqèsh thc θ me tic ropèc upologÐzoume thn ektÐmhsh

θ̂.

ParadeÐgmata

• Kanonik  katanom : par�metroi µ kai σ2 eÐnai oi Ðdiec ropèc

(�mesh ektÐmhsh).

• Omoiìmorfh katanom  sto [a, b]: par�metroi a kai b

upologÐzontai apì µ = a+b
2 kai σ2 = (b−a)2

12 (èmmesh ektÐmhsh).
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Par�deigma: 'Orio èntashc hlektrikoÔ reÔmatoc
asfalei¸n twn 40 ampèr

A/A xi (ampèr) x2
i

1 40.9 1672.8
2 40.3 1624.1
3 39.8 1584.0
4 40.1 1608.0
5 39.0 1521.0
6 41.4 1714.0
7 39.8 1584.0
8 41.5 1722.2
9 40.0 1600.0
10 40.6 1648.4
11 38.3 1466.9
12 39.0 1521.0
13 40.9 1672.8
14 39.1 1528.8
15 40.3 1624.1
16 39.3 1544.5
17 39.6 1568.2
18 38.4 1474.6
19 38.4 1474.6
20 40.7 1656.5
21 39.7 1576.1
22 38.9 1513.2
23 38.9 1513.2
24 40.6 1648.4
25 39.6 1568.2

SÔnolo 995.1 39629
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Upojètoume kanonik  katanom :

par�metroi µ kai σ2

EktÐmhsh mèshc tim c:

x̄ =
1

25

25∑
i=1

xi =
1

25
995.1 = 39.80

Gia s2, upologÐzoume pr¸ta to

�jroisma tetrag¸nwn
25∑
i=1

x2
i = 39629

EktÐmhsh diaspor�c:

s2 =
1

25− 1

(
25∑
i=1

x2
i − 25 · x̄2

)

=
1

24
(39629− 25 · 39.802) = 0.854

Upojètoume omoiìmorfh

katanom  sto [a, b]:
par�metroi a kai b
EktÐmhsh twn a kai b:

x̄ = a+b
2

s2 = (b−a)2

12

⇒

â = x̄ −
√

3s

b̂ = x̄ +
√

3s
⇒

â = 38.20

b̂ = 41.40
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Mèjodoc MegÐsthc Pijanof�neiac

DÐnontai anex�rthta {x1, . . . , xn}, xi ∼ F (x ; θ)
→ poia eÐnai h pio pijan  tim  gia th θ?
f (xi ; θ)   P(X = xi ; θ) gia k�poia tim  X = xi

Sun�rthsh pijanof�neiac (πιθανότητα να παρατηρήσουμε

{x1, . . . , xn} σ΄ ένα τυχαίο δείγμα)

L(x1, . . . , xn; θ) = f (x1; θ) · · · f (xn; θ)

'An L(x1, . . . , xn; θ1) > L(x1, . . . , xn; θ2) tìte θ1 pio alhjofan c

apì θ2

H �piì alhjofan s� tim  thc θ: aut  pou megistopoieÐ th

L(x1, . . . , xn; θ)   log L(x1, . . . , xn; θ).
Ektim tria megÐsthc pijanof�neiac θ̂ dÐnetai apì thn exÐswsh

∂ log L(x1, . . . , xn; θ)

∂θ
= 0.
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Mèjodoc MegÐsthc Pijanof�neiac (sunèqeia)

Jèloume na ektim soume θ1, . . . , θm
Sun�rthsh pijanìfaneiac: L(x1, . . . , xn; θ1, . . . , θm)
Ektim triec megÐsthc pijanof�neiac θ̂1, . . . , θ̂m dÐnontai apì

∂ log L(x1, . . . , xn; θ1, . . . , θm)

∂θj
= 0 j = 1, . . . ,m.

Parathr seic

H mèjodoc megÐsthc pijanof�neiac mporeÐ na efarmosjeÐ

gia opoiod pote θ an xèroume thn katanom  FX (x ; θ).

H mèjodoc twn rop¸n den efarmìzetai an h θ de mporeÐ na

upologisjeÐ apì tic ropèc.

H ektim tria megÐsthc pijanof�neiac eÐnai amerìlhpth

(asumptwtik�), sunep c, apotelesmatik  ki epark c.
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EktÐmhsh paramètrwn kanonik c katanom c

{x1, . . . , xn} apì kanonik  katanom  N(µ, σ2) kai σ2 gnwst 

fX (x ;µ) ≡ f (x) =
1√
2πσ

e
−(x−µ)2

2σ2 ektÐmhsh tou µ?

sun�rthsh pijanìfaneiac

L(x1, . . . , xn;µ) =

(
1

2πσ2

)n/2

exp

[
− 1

2σ2

n∑
i=1

(xi − µ)2

]

log L(x1, . . . , xn;µ) = −n

2
log 2π − n

2
log(σ2)− 1

2σ2

n∑
i=1

(xi − µ)2

Ektim tria megÐsthc pijanof�neiac µ̂

∂ log L

∂µ
= 0 ⇒ 1

σ2

n∑
i=1

(xi − µ) = 0 ⇒ µ̂ =
1

n

n∑
i=1

xi = x̄
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Kai h diaspor� σ2 �gnwsth

∂ log L

∂µ
= 0 ⇒ 1

σ2

n∑
i=1

(xi − µ) = 0

∂ log L

∂σ2
= 0 ⇒ − n

2σ2
+

1

σ4

n∑
i=1

(xi − µ)2 = 0

H epÐlush dÐnei gia µ, µ̂ = x̄ , kai gia σ2

σ̂2 =
1

n

n∑
i=1

(xi − µ̂)2 =
1

n

n∑
i=1

(xi − x̄)2 = s̃2
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'Askhsh

Metr jhkan oi qrìnoi (se èth kai dekadikì tou ètouc) di�rkeiac

mpatari¸n autokin tou miac etaireÐac.

1.2 3.0 6.3 10.1 5.2 2.4 7.1

Upojètoume ìti h di�rkeia thc mpatarÐac T akoloujeÐ ekjetik 

katanom 

fT (t) =
1

λ
exp−t/λ

Na upologisjeÐ h ektÐmhsh mègisthc pijanof�neiac thc mèshc

di�rkeiac λ thc mpatarÐac.
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