
OMOIOMORFH SUGKLISH

Estw {fn(x), n ∈ N} mia akoloujÐa sunart sewn orismènwn sto

di�sthma I = [a, b] (  (a, b]   [a, b)   (a, b) )

ORISMOS

H akoloujÐa sunast sewn sugklÐnei shmeiak� (point-wise convergence)
sthn sun�rthsh f (x) an

lim
n→∞

fn(x) = f (x)

m
∀ ε ∃N (ε, x) : n > N (ε, x)  |fn(x)− f (x)| < ε

Par�deigma 1

fn(x) = xn, |x | < 1 tìte lim
n→∞

fn(x) = 0 = f (x)

0.0 0.2 0.4 0.6 0.8 1.0

0.2

0.4

0.6

0.8

1.0



Par�deigma 1

fn(x) = xn, |x | < 1 tìte lim
n→∞

fn(x) = 0 = f (x)
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ParathroÔme ìti:

|x |n < ε ⇔ 1

ε
<

1

|x |n ⇔ ln

(
1

ε

)
< n ln

(
1

|x |

)
⇔ N (ε, x) =

ln
(
1
ε

)

ln
(

1
|x |

) < n

Opìte

∀ ε ∃N (ε, x) =
ln
(
1
ε

)

ln
(

1
|x |

) : n > N (ε, x)  |fn(x)− f (x)| < ε

ShmeÐwsh: sup
x∈I

N (ε, x) =∞



ORISMOS

H akoloujÐa sunast sewn sugklÐnei omoiìmorfa (uniform congergence)
sthn sun�rthsh f (x) an

lim
n→∞

fn(x) = f (x), omoiìmorfa

m
∀ ε ∀ x ∈ I ∃N (ε) : n > N (ε)  |fn(x)− f (x)| < ε

Par�deigma 2

fn(x) =
x

1 + n2x2
, 0 ≤ x ≤ 0 tìte lim

n→∞
fn(x) = 0 = f (x)
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Par�deigma 2

fn(x) =
x

1 + n2x2
, 0 ≤ x ≤ 0 tìte lim

n→∞
fn(x) = 0 = f (x)
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ParathroÔme ìti:

f ′n(x) =
1− n2x2

(1 + n2x2)2
 f ′n

(
1

n

)
= 0  max

x∈I
fn(x) = fn

(
1

n

)
=

1

2n

 N (ε, x) = N (ε) =
1

2ε

∀ ε ∃N (ε) =
1

2ε
: n > N (ε, x)  |fn(x)− f (x)| < ε



H akoloujÐa sunart sewn fn(x) omoiìmorfa sthn sun�rthsh f (x), h
f (x) eÐnai omoiìmorfa suneq c kai xn −→

n→∞
x . Tìte f (xn) −→

n→∞
f (x).

Krit rio m  omoiìmorfhc sÔgklishc

An h sun�rthsh f (x) eÐnai suneq c kai xn −→
n→∞

x0 tìte

an fn(xn) den sugklÐnei ⇒ h akoloujÐa {fn(x)}n∈N den sugklÐnei

omoiìmorfa



Par�deigma 3: Oi sunart seic fn(x) = nx(1− x)n en¸ sugklÐnoun

shmeiak� sto mhdèn gia x ∈ [0, 1]. Gia k�je x ∈ (0, 1) èqoume

fn+1(x)

fn(x)
=

n + 1

n
(1− x) =

(
1 +

1

n

)
(1− x)

Gia meg�la n ja èqoume:

(
1 +

1

n

)
(1− x) <

(
1− x

2

)

opìte
fn+1(x)

fn(x)
<
(
1− x

2

)
< 1

�ra lim
n→0

fn(x) = 0 = f (x) se k�je shmeÐo x . All� h akoloujÐa fn(x)

den sugklÐnei omoiìmorfa epeid  gia xn = 1/n kai gia meg�la n

fn

(
1

n

)
=

(
1− 1

n

)n

−→
n→∞

e−1  fn

(
1

n

)
>

1

2e
 |fn

(
1

n

)
−f
(
1

n

)
| > 1

2e



Prìtash 1

lim
n→∞

fn(x) = f (x), omoiìmorfa

m
Mn = sup

x∈I
|fn(x)− f (x)| →

n→∞
0

Prìtash 2 (Krit rio Cauchy)

lim
n→∞

fn(x) = f (x), omoiìmorfa

m
∀ ε ∀ x ∈ I ∃N (ε) : n > m > N (ε)  |fn(x)− fm(x)| < ε



Prìtash 3

lim
n→∞

fn(x) = f (x), omoiìmorfa

fn(x) eÐnai (omoiìmorfa) suneqeÐc sto anoiktì di�sthma (a, b)

⇓

f (x) eÐnai (omoiìmorfa) suneq c sto anoiktì di�sthma (a, b)

Aut  h prìtash shmaÐnei ìti ta sÔmbola lim
x→x0

kai lim
n→∞

enall�ssontai

gia suneqeÐc sunart seic, pou sugklinoun omoiìmorfa:

lim
x→x0

(
lim
n→∞

fn(x)
)
= lim

x→x0
f (x) = f (x0) = lim

n→∞
fn(x0) = lim

n→∞

(
lim
x→x0

fn(x)

)



Prìtash 4:

lim
n→∞

fn(x) = f (x), omoiìmorfa

kai fn(x) suneqeÐc sunart seic gia x ∈ [a, b]

⇓

Fn(x) =

x∫

a

fn(t) dt −→
n→∞

F (x) =

x∫

a

f (t) dt omoiìmorfa

H Prìtash 4 shmaÐnei ìti ta sÔmbola lim kai
∫
enall�ssontai gia

suneqeÐc sunart seic, pou sugklinoun omoiìmorfa:

lim
n→∞




b∫

a

fn(t) dt


 =

b∫

a

(
lim
n→∞

fn(t)
)
dt



Prìtash 5

fn(x) paragwgÐsimec sunart seic me suneqeÐc parag¸gouc sto
di�sthma (a, b)
fn(x) sugklÐnoun omoiìmorfa sthn sun�rthsh f (x)
f ′n(x) sugklÐnoun omoiìmorfa

⇓

lim
n→∞

dfn(x)

dx
= f ′(x) =

d
(
lim
n→∞

fn(x)
)

dx

To parap�nw sumpèrasma shmaÐnei ìti ta sÔmbola lim kai
d

dx
enall�ssontai gia suneqeÐc sunart seic, pou sugklinoun omoiìmorfa.



Prìtash 1

lim
n→∞

fn(x) = f (x), omoiìmorfa

m
Mn = sup

x∈I
|fn(x)− f (x)| →

n→∞
0

Apìdeixh.

lim
n→∞

fn(x) = f (x), omoiìmorfa

m

∀ ε ∀ x ∈ I ∃N
( ε
2

)
: n > N

( ε
2

)
 |fn(x)− f (x)| < ε

2

 Mn = sup
x∈I
|fn(x)− f (x)| ≤ ε

2
< ε  lim

n→
Mn = 0

To antÐstrofo apodeiknÔetai wc ex c:

Mn = sup
x∈I
|fn(x)− f (x)| →

n→∞
0

m
∀ ε ∃N (ε) : n > N (ε)  Mn < ε  |fn(x)− f (x)| < ε

⇒ lim
n→∞

fn(x) = f (x), omoiìmorfa



Par�deigma 4: Gia k�je x

fn(x) =
sin (n x + x)

n
 |fn(x)| ≤

1

n
= Mn

 lim
n→∞

fn(x) = 0, omoiìmorfa
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Prìtash 2 (Krit rio Cauchy)

lim
n→∞

fn(x) = f (x), omoiìmorfa

m
∀ ε ∀ x ∈ I ∃N (ε) : n > m > N (ε)  |fn(x)− fm(x)| < ε

Apìdeixh.

lim
n→∞

fn(x) = f (x), omoiìmorfa ⇒ fn(x) ikanopoieÐ to Krit rio Cauchy

Estw lim
n→∞

fn(x) = f (x), omoiìmorfa, autì shmaÐnei ìti

∀ ε ∀ x ∈ I ∃N
(
ε
2

)
: n > N

( ε
2

)
 |fn(x)− f (x)| < ε

2
kai m > N

( ε
2

)
 |fm(x)− f (x)| < ε

2

opìte

|fn(x)− fm(x)| = |(fn(x)− f (x)) + (f (x)− fm(x))| ≤

≤ |fn(x)− f (x)|+ |f (x)− fm(x)| < ε

epomènwc

∀ ε ∀ x ∈ I ∃N (ε) : n > m > N (ε)  |fn(x)− fm(x)| < ε

Epomènwc apodeÐxame omoiìmorfh sÔgklish ⇒ Krit rio Cauchy.
Gia to antÐstrofo èstw ìti isqÔei to parap�nw, autì shmaÐnei ìti gia

k�je x stajerì h akoloujÐa fn(x) eÐnai mia akoloujÐa Cauchy �ra

sugklÐnei se k�je shmeÐo se mia sun�rthsh f (x), dhlad 

lim
k→∞

fm+k(x) = f (x)

∀ ε ∀ x ∈ I ∃N
( ε
2

)
: m > N

( ε
2

)
kai k ≥ 0 |fm(x)− fm+k(x)| <

ε

2

�ra

lim
k→∞

|fm(x)− fm+k(x)| = |fm(x)− f (x)| ≤ ε

2
< ε

kai h akoloujÐa fn(x) sugklÐnei omoiìmorfa.



Prìtash 3

lim
n→∞

fn(x) = f (x), omoiìmorfa

fn(x) eÐnai (omoiìmorfa) suneqeÐc sto anoiktì di�sthma (a, b)

⇓

f (x) eÐnai (omoiìmorfa) suneq c sto anoiktì di�sthma (a, b)

Apìdeixh.

� lim
n→∞

fn(x) = f (x), omoiìmorfa  

∀ ε > 0 ∀ h ∃ n0 : |fn0(x)− f (x)| < ε

3
kai |fn0(x + h)− f (x + h)| < ε

3

� fn0(x) eÐnai (omoiìmorfa) suneq c sto anoiktì di�sthma (a, b)  

∃ δ(ε) > 0 : |h| < δ(ε)  |fn0(x + h)− fn0(x)| <
ε

3

Opìte

∀ ε > 0 ∃ δ(ε) > 0 : |h| < δ(ε)  

|f (x + h)− f (x)| ≤ |f (x+h)−fn0(x+h)|+|fn0(x + h)− fn0(x)|+|fn0(x)−f (x)| < ε

Ara h sun�rthsh f (x) eÐnai suneq c sto (a, b)

Aut  h prìtash shmaÐnei ìti ta sÔmbola lim
x→x0

kai lim
n→∞

enall�ssontai

gia suneqeÐc sunart seic, pou sugklinoun omoiìmorfa:

lim
x→x0

(
lim
n→∞

fn(x)
)
= lim

x→x0
f (x) = f (x0) = lim

n→∞
fn(x0) = lim

n→∞

(
lim
x→x0

fn(x)

)



Prìtash 4:

lim
n→∞

fn(x) = f (x), omoiìmorfa

kai fn(x) suneqeÐc sunart seic gia x ∈ [a, b]

⇓

Fn(x) =

x∫

a

fn(t) dt −→
n→∞

F (x) =

x∫

a

f (t) dt omoiìmorfa

Apìdeixh.

lim
n→∞

fn(x) = f (x), omoiìmorfa

m

∀ ε > 0 ∀ t ∈ I ∃N
(

ε

2(b − a)

)
:

n > N

(
ε

2(b − a)

)
 |fn(t)− f (t)| < ε

2(b − a)

⇓

|Fn(x)− F (x)| =
∣∣∣∣
x∫
a
(fn(t)− f (t))dt

∣∣∣∣ ≤

≤
x∫
a
|fn(t)− f (t)| dt ≤ ε(x−a)

2(b−a) < ε

Ara h akoloujÐa Fn(x) sugklÐnei omoiìmorfa se k�poia sun�rthsh

F (x)

H Prìtash 4 shmaÐnei ìti ta sÔmbola lim kai
∫
enall�ssontai gia

suneqeÐc sunart seic, pou sugklinoun omoiìmorfa:

lim
n→∞




b∫

a

fn(t) dt


 =

b∫

a

(
lim
n→∞

fn(t)
)
dt



Par�deigma 5: Gia k�je x ∈ [0, 1] h akoloujÐa fn(x) = nxe−nx
2

sugklÐnei shmeiak� sto 0 all� den sugklÐnei omoiìmorfa. Gia meg�la

n kai x ∈ (0, 1)

fn+1(x)

fn(x)
=

(
1 +

1

n

)
e−x

2
< ex

2/2e−x
2
= e−x

2/2 < 1  lim
n→∞

fn(x) = 0, shmeiak�

All�

fn

(
1√
2n

)
=

√
n

2e
→

n→∞
∞

 h akoloujÐa den sugklÐnei omoiìmorfa. ParathroÔme ìti:

1∫

0

fn(x) dx =

1∫

0

nxe−nx
2
dx =

1− e−n

2
−→
n→∞

1

2

All�
1∫

0

(
lim
n→∞

fn(x)
)
dx = 0 6= lim

n→∞




1∫

0

fn(x) dx


 =

1

2



Par�deigma 6: An fn(x) =
n + sin x

3n + cos2 x
, na apodeiqjeÐ ìti

lim
n→∞

1∫

0

fn(x) dx = 1

Apod. H akoloujÐa fn(x) sugklÐnei omoiìmorfa sto 1
3 diìti (Prìtash

1): ∣∣∣∣
n + sin x

3n + cos2 x
− 1

3

∣∣∣∣ =
∣∣∣∣
3 sin x − cos2 x

9n + 3 cos2 x

∣∣∣∣ ≤
4

9n
→ 0

epomènwc apì thn prìtash 4 èqoume:

lim
n→∞

1∫

0

fn(x) dx = 1



Prìtash 5

fn(x) paragwgÐsimec sunart seic me suneqeÐc parag¸gouc sto
di�sthma (a, b)
fn(x) sugklÐnoun omoiìmorfa sthn sun�rthsh f (x)
f ′n(x) sugklÐnoun omoiìmorfa

⇓

lim
n→∞

dfn(x)

dx
= f ′(x) =

d
(
lim
n→∞

fn(x)
)

dx

Apìdeixh.

f ′n(x) sugklÐnei omoiìmorfa ⇔ up�rqei sun�rthsh φ(x) tètoia ¸ste:

lim
n→∞

f ′n(x) = φ(x)

Apì thn Prìtash 4, èqoume ìti:

fn(x)− fn(x0) =

x∫

x0

f ′n(t) dt −→
x∫

x0

φ(t) dt omoiìmorfa

dhlad 

∀ ε ∀ x ∈ I ∃N1 (ε) : n > N1 (ε)  

∣∣∣∣∣∣
fn(x)− fn(x0)−

x∫

x0

φ(t) dt

∣∣∣∣∣∣
<
ε

2

Epeid  h akoloujÐa fn(x) sugklÐnei omoiìmorfa sthn sun�rthsh f (x)

∀ ε ∃N2 (ε) : n > N2 (ε)  |fn(x)−f (x)| <
ε

4
kai |fn(x0)−f (x0)| <

ε

4

Opìte gi� èna n > max {N1(ε), N2(ε)} èqoume:
∣∣∣∣∣f (x)− f (x0)−

x∫
x0

φ(t) dt

∣∣∣∣∣ =

=

∣∣∣∣∣f (x)− fn(x)− (f (x0)− fn(x0)) + fn(x)− fn(x0)−
x∫
x0

φ(t) dt

∣∣∣∣∣ ≤

≤ |f (x)− fn(x)|+ |f (x0)− fn(x0)|+
∣∣∣∣∣fn(x)− fn(x0)−

x∫
x0

φ(t) dt

∣∣∣∣∣ < ε

dhlad 



∀ ε > 0  ;

∣∣∣∣∣∣
f (x)− f (x0)−

x∫

x0

φ(t) dt

∣∣∣∣∣∣
< ε



⇒ f (x) = f (x0)+

x∫

x0

φ(t) dt

⇓

f ′(x) = φ(x)  d

dx

(
lim
n→∞

fn(x)
)
= lim

n→∞

(
dfn(x)

dx

)

To parap�nw sumpèrasma shmaÐnei ìti ta sÔmbola lim kai
d

dx
enall�ssontai gia suneqeÐc sunart seic, pou sugklinoun omoiìmorfa.


