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Abstract—In this paper, a novel technique for the approximation
of three-dimensional (3-D) antenna radiation patterns is presented.
The proposed method combines the two principal cuts in order to
acquire an adequate estimate of the 3-D antenna radiation solid.
The absolute error from the theoretical solution is analyzed along
with other statistical measures for various types of antenna struc-
tures, namely omni-directional and directive arrays. The perfor-
mance of the method is compared against other existing extrapo-
lation algorithms. The proposed technique exhibits low approxi-
mation errors and is easily integrated into 3-D radio propagation
planning tools (such as ray-tracing algorithms).

Index Terms—Antenna radiation patterns, approximation
methods, prediction methods, radio propagation.

I. INTRODUCTION

THE complexity of modern wireless network design has
led operators to focus on new ways and means by which

wireless services will evolve and overcome difficulties related
to signal propagation inside buildings and dense urban envi-
ronments. Accurate propagation prediction is needed in such
cases, in order to provide high-quality services with max-
imum availability. High-resolution prediction techniques [full
three-dimensional (3-D)] are generally preferred, implementing
deterministic models for signal propagation, since classical em-
pirical models have been proved deficient in accuracy, when
used in dense environments where most of the traffic is situated.

Prediction accuracy in deterministic planning tools depends
mainly on building/terrain modeling and on the constitutive
parameters of building-materials. Moreover, most antenna man-
ufacturers provide information only about the two principal
radiation cuts (azimuth/elevation) of the antenna used in the
simulation. Since the 3-D pattern is apparently needed, an esti-
mate of the radiation solid is extrapolated from the horizontal
and vertical patterns. The overall degradation in accuracy of
the predicted signal strength depends on the reconstruction
algorithm being employed.

The most evident way of approximating the 3-D radiation
pattern from its two principal cuts, is probably by summing
the available samples for each azimuth and elevation angle (as-
suming decibel values). This classic method is still used in many
planning tools, when 3-D capabilities are required, and will
be thoroughly examined in Sections II–VII for the purpose of
comparison. The main advantage besides the simplicity of the
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method is the fact that normalized omni-directional patterns (as
defined in IEEE Std.145-1993) are perfectly reconstructed, be-
cause of their inherent axial symmetry. In that case, the radiation
solid is given simply by rotating the elevation pattern for all az-
imuth angles.

Early work on the subject has been also reported in [1], where
a variation of the traditional elliptical-fit algorithm has been
used for reconstruction from two planar patterns. In the case of
omni antennas, predefined textbook equations are used to model
the elevation pattern, since the elliptical-fit algorithm cannot ad-
equately reconstruct this type of patterns. The application of the
method is therefore limited to directive antennas only, where
the boresight shall be aligned to one of the planar samples. The
accuracy is constrained due to the inability of the designed algo-
rithm to distinguish any sidelobes (that fall in either the azimuth
or elevation pattern) from the mainlobe [1].

Other work is reported in [2], [3] where the interpolated gain
is calculated by weighting four known sample points (belonging
to horizontal or vertical cut) closest to the point of interest, de-
pending on the angular distance from each sample. The algo-
rithm takes into account both sides of the vertical cut (front and
back—360 values), information that is not always available by
antenna manufacturers. The technique exhibits moderate accu-
racy for a fairly directive two-element dipole array, but does not
examine the case of highly directive base-station antennas. Fur-
thermore, the main disadvantage of this interpolation method is
the inability to precisely reconstruct omni-directional patterns,
compared to the aforementioned summing algorithm (SA). In
the case of a half-wavelength dipole, a maximum deviation of
12 dB between interpolated and theoretical patterns is reported.

The use of model-based parameter estimation (MBPE) algo-
rithms is proposed in [4] and further extended in [5], for inter-
polating radiation patterns both in spatial and spectral domain.
The goal of this method though, is to minimize the number of
samples required to accurately reproduce planar patterns (at any
desired frequency), rather than reconstructing the radiation solid
in its whole.

An empirical formula for the generation of 3-D antenna
patterns was presented in [6], but no statistical measures have
been reported to evaluate its performance. Finally, typical
mathematical interpolation methods (like cubic splines or
rational functions) have been used in [7] to approximate the
3-D pattern by a limited set of measured planar sample-cuts.
The performance of the developed algorithm was evaluated by
simply comparing patterns approximated by a different number
of interpolated samples, instead of directly comparing with the
theoretical antenna pattern.

In this paper, a novel technique for the 3-D pattern reconstruc-
tion from only the azimuth and elevation cuts will be presented

0018-926X/$20.00 © 2005 IEEE



VASILIADIS et al.: NOVEL TECHNIQUE FOR THE APPROXIMATION OF 3-D PATTERNS 2213

Fig. 1. (a) Planar projection of the antenna’s surrounding sphere, with
associated radiation cuts. (b) Examples of horizontal and (c) vertical radiation
pattern for Kathrein 739 490 base-station flat-panel antenna.

in detail. The main concept behind the proposed method will be
discussed at first, and several case studies will be investigated
in order to assess its overall performance. The versatility of the
developed algorithm enables its use in cases of both omni and
directive antennas with increased accuracy. In fact, when axially
symmetric (omni) patterns are used, the approximation error is
zero, as in the classic summing algorithm. A statistical evalu-
ation of the accuracy for both cases will be also presented. Fi-
nally, a generalized, hybrid method will be introduced and dis-
cussed, that minimizes the achieved approximation error.

II. PROPOSED APPROXIMATION ALGORITHM

The proposed reconstruction technique combines the two
principal normalized patterns, namely the azimuth (horizontal)
and elevation (vertical) cut, using 360 horizontal and 180 ver-
tical gain samples. As illustrated in Fig. 1, the azimuth pattern
is actually the planar cut at while the vertical pattern
is the cut at (which is identical to ). Example
decimal gain patterns are depicted in Fig. 1(b) and (c) abbrevi-
ated as and respectively. We define as and

their corresponding logarithmic counterparts (in decibels),
i.e., and .

At an arbitrary point , the approximated antenna gain
is calculated by weighting the horizontal/vertical samples (at

the point of interest), according to the following formula:

(1)

where is a normalization-related parameter (discussed later),
while the weight functions and are given by

(2)

The main concept behind this technique is that the estimation
process of a radiation sample involves the actual data of the other
principal pattern, as a function of angular distance between the
point of interest and the sample, in a cross-weighting manner
between the two principal cuts. This is proved to be more effi-
cient than other interpolation schemes with linear or exponential
angular distance dependency.

In the proposed approach, the weighting function has a
two-fold character: It provides with the means for appropriate
angular distance weighting, and also takes into account the
physics of propagation. In the proposed concept, the recon-
struction problem is not treated as a purely mathematical
extrapolation problem, but instead the physical properties of
the radiation pattern are used to improve accuracy and minimize
the uncertainty of the interpolated gain. As a characteristic ex-
ample, in the proposed technique the radiation nulls contribute
differently in the gain estimation. In directions of lower radi-
ated energy (nulls) on both principal patterns, where maximum
estimation uncertainty is expected, the proposed approximation
method assigns different significance to each null, rather than
cumulating their effect.

Moreover, the initial weights being employed in this process,
are subjected to further shaping in (2), by the terms in brackets.
These terms define, in some extent, the significance of the ini-
tial weights related to the angular distance between the point of
interest and the sample. This is done again by cross-shaping be-
tween the two principal cuts, but in an inverse manner (unitary
complements). For example, at a point the sample

is weighted by (due to ’s angular distance
from the sample-cut), which in turn is shaped by

(due to ’s distance from the weight
sample-cut).

We define as and the overall normalized weights of
the two sample radiation cuts according to

(3)

Since , and , , it is
apparent that

for all azimuth and elevation angles, where the classic
summing algorithm is denoted by . That is, the proposed
approximation method is generally a more “optimistic” (
offering higher estimation values) approach compared to the
summing algorithm.

The initial weights stated in (2) are normalized in the approx-
imation formula by the denominator of (1), so that the following
relationship between and is met:

(4)

The weights , define mathematically the degree of par-
ticipation of each sample-cut into the overall approximation, as
shown in (3). In a way, they also define the divergence of the pro-
posed method from the summing algorithm, which in fact can
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Fig. 2. Geometrical locus of normalized weights A and A for different
parameters k. Point (1,1) represents the special case of the summing algorithm
(SA). Bold line corresponds to the optimum parameter (k = 2) used in the
proposed method.

be considered a special case of this formulation if
is applied to (3). In the proposed approach, the relationship be-
tween the normalized weights can be selected from the family
of curves defined in (4). The geometrical locus of these weights
for various parameters is depicted in Fig. 2. Note that the
point (1,1) is actually the case of the summing algorithm. By
increasing the normalization parameter , the proposed method
tends to an increasingly “pessimistic” solution.

In a typical normalization procedure, the sum of weights
and is equal to , hence the locus is a linear segment.
However, a parametric study for has proved that an optimum
value of yields a minimum approximation error, for all
antennas considered herein. Therefore, the geometrical locus of
the normalized weights is a sector of a unit-circle. This condition

will be considered during all simulations from this point
further.

III. COMPARATIVE RESULTS

To estimate the performance of the proposed approximation
algorithm, a direct comparison to the theoretical radiation pat-
tern is carried out by calculating the error difference be-
tween them (in decibels), according to

(5)

A. Omni-Directional Antennas

In the case of omni-directional antennas, as already men-
tioned, the radiation pattern is implicitly symmetric around its
vertical axis. Therefore, the horizontal cut is equal to 1
for all angles (hence is zero). Consequently, the weight
in (2) is zero and thus, (1) is reducing to .

Under these conditions, the presented method is equivalent
to the classic summing algorithm and the 3-D radiation pattern
is perfectly reconstructed, due to its axial symmetry. The tech-
nique has been applied successfully to a half-wavelength dipole

Fig. 3. Approximation error of the 3-element Yagi–Uda array: (a) summing
algorithm and (b) proposed algorithm.

Fig. 4. Approximation error of the Kathrein 739 490 flat panel: (a) summing
algorithm and (b) proposed algorithm.

antenna as well as to a collinear array of two dipoles, for
which the theoretical patterns were calculated using typical text-
book equations [8].

B. Directive Antennas

When directive antennas are considered, the approximation
error is lower compared to the summing algorithm. Areas of
maximum error are improved, as illustrated in Fig. 3 for the
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TABLE I
STATISTICAL EVALUATION OF APPROXIMATION ERROR (PROPOSED METHOD) AND COMPARISON TO SUMMING ALGORITHM (ALL VALUES IN DECIBELS)

case of a three-element Yagi–Uda array (composed of a driven,
a reflecting and a directing element) presented in [9], and in
Fig. 4 for a highly directive base-station flat panel (Kathrein
739 490). Theoretical values for the latter array were calculated
by rigorous FDTD modeling of the exact antenna geometry. The
maxima in these error-plots appear in directions of radiation
nulls.

IV. STATISTICAL EVALUATION

For a more thorough examination of these preliminary results,
a statistical study has been carried out using typical measures
of descriptive statistics. The accuracy is assessed by calculating
the range of the error values , their mean value ,
as well as the mean and standard deviation of the
absolute error. An interesting statistical parameter is the mean
absolute error excluding radiation nulls , i.e., when

and , then the approximated gain is also a
radiation null and thus, no error is accounted.

These measures are calculated over the entire sample set
(360 180 values) to evaluate the overall error, as well as in a
sector defined by an angular variation of at the horizontal
and at the vertical plane, from the antenna’s boresight.

Table I summarizes the results of the statistical study. The
improvement on the overall mean absolute error, compared to
the summing algorithm, is apparent. In fact, when radiation nulls
are not taken into account the error is below 3 dB, even for
the complex and more directive array (worst case). However,
sector-statistics imply that the classic algorithm remains a better
solution inside the main radiation sector.

V. HYBRID TECHNIQUE AND OPTIMIZATION

In order to enhance the in-sector performance of the proposed
approximation method , a hybrid technique has been de-
veloped and optimized, combining the former with the summing
algorithm . This is implemented according to

(6)

where

(7)

The product under the radical sign in (7) is actually the
normalized decimal (anti-log) radiation pattern, reconstructed
using the classic summing algorithm (since logarithmic sum is
in fact decimal multiplication). Thus, the weight represents
a function that bridges the two algorithms, depending on the

Fig. 5. Parametric study of overall mean absolute error (MAE � � ) using
the hybrid approximation technique on the Yagi example array.

angular direction of interest. Parameter in (7) can be used to
optimize so that the error becomes minimal. Increasing
is equivalent to relaxing the slope of transitions in the bridging
function, therefore allowing more values near the main-lobe to
affect the overall gain approximation. The in-sector statistics
will thus be improved. However, increasing will eventu-
ally degrade the overall mean error, since larger error values
(assigned to the Summing Algorithm) will be involved in the
hybrid approximation.

This is clearly illustrated in Fig. 5, where the hybrid tech-
nique exhibits a minimum at , and
remains optimized for up to . Kathrein in a similar
way yields for , optimized for up to

. The optimum value of parameter is associated to
the directivity of the antenna under test. The proposed method
predicts accurately especially the 3-D radiation patterns of di-
rective arrays, with complex principal patterns. In this study,
simulations of patterns with extreme directive characteristics
(containing considerably more radiation nulls and side-lobes)
have shown that a parameter can provide satisfactory
performance for all antenna types.

In order to estimate the efficiency of the proposed technique
inside a sector, we have derived statistical contour plots of the
mean absolute error in sectors of arbitrary size
(using optimal in each antenna case). This is demonstrated
in Fig. 6, where areas of higher error tend to minimize in the
proposed and hybrid-technique cases (upper right corner of each
plot is the overall mean error).

The same effect is illustrated in more detail in Fig. 7 (for the
case of the 3-element Yagi–Uda array), where the dark-shaded
areas of error between 1 and 3 dB (near and 270 in
proposed algorithm), almost disappear when the hybrid method
is applied.



2216 IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 53, NO. 7, JULY 2005

Fig. 6. Mean absolute errors (MAE � � ) of Yagi and Kathrein, in a sector defined by angular variation��� in horizontal and��# in vertical plane, using
(a) summing algorithm, (b) proposed algorithm, and (c) hybrid technique (n = 3:5 for Yagi and n = 5 for Kathrein).

TABLE II
ANTENNA NOMINAL RADIATION CHARACTERISTICS

VI. EXPERIMENTAL RESULTS

For a practical evaluation of the proposed hybrid approxi-
mation method, a set of measurements has been carried out in
a realistic scenario using base-station antennas of an existing
DCS1800 network. The scenario included the measurement
of the actual antenna gain in directions where the aforemen-
tioned algorithms yield high approximation errors (worst cases).
As pointed out earlier, the pattern reconstruction inside the
main-radiation lobe is quite good for all methods, so it was
necessary to get measured samples in directions where the
azimuth and elevation cuts (that are known for each antenna
type) have radiation nulls. To achieve this in the vertical plane,
the transmitting antennas must be situated in sufficiently high
antenna masts.

The measurements have been carried out at the industrial sub-
urbs of Thessaloniki, using a base-station of Cosmote, a Greek
cellular operator. A total of four different flat-panel antenna
arrays are installed on this base-station at height ,
forming sectors at different directions, as illustrated in Fig. 8.
Measured points were taken on a route (approximately 400 m
long) heading north, thus sampling gain values at different pairs
of for each antenna. These samples sufficiently cover
ranges of lying outside the main-lobe. The antennas
under consideration were highly directive arrays manufactured

by Kathrein (model 742 234 for #1, 2, 3, and model 739 927
for #4). The principle-plane radiation characteristics of the
transmitting and receiving antennas are summarized in Table II.

Each antenna was transmitting on a different DCS broad-
cast control channel (BCCH) according to the operator’s fre-
quency planning for the specific base-station. A pair of
is associated to each antenna for every sample point on the
measurements’ path. The received signal strength (in dBm)
was measured on a spectrum analyzer for each BCCH at the
points of interest, and further converted into gain using the
Friis transmission formula, in order to exclude the distance
dependency. These gain values were associated to the corre-
sponding -pair for each antenna separately.

The area surrounding the base-station is characterized as
semi-rural. Sparse vegetation and buildings of considerably
lower height than the antenna mast were present at distances
greater than 40 m from the measurement’s path. The propa-
gation conditions can be adequately described by the two-ray
model, considering the direct and the ground-reflected ray.
In such a case, in the region of 400 m from the transmitters
(as the measurement’s path total distance) at frequency of
approximately 1800 MHz, the path loss exponent is equal to
2, for both vertically and horizontally polarized components
[10]. Moreover, since the transmitting antennas were sited sig-
nificantly higher than the receiving point, the ground-reflection
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Fig. 7. Absolute approximation errors (in decibels) of Yagi’s radiation pattern
using (a) summing algorithm, (b) proposed algorithm, and (c) hybrid technique
(n = 3:5).

was very close to the directive receiving antenna, ensuring only
partial ground-reflection. These propagation conditions (along
with line-of-sight between transmitter and receiver) provided
a satisfactory approximate of free-space propagation. Thus, a
squared-distance dependency (Friis) was assumed.

To eliminate any propagation factors that could potentially
affect the gain calculation, due to this approximate modeling
of the actual propagation channel by the Friis formula (e.g.,
ground-reflections that are absent in the ideal free-space channel
transmission), a minimum squared error (MSE) fitting algo-
rithm has been applied to the measured data of antenna #1.
Thus, an offset parameter (representing all propagation-related
uncertainties) was extracted that leads to a best fit between
measured and reconstructed normalized gain for this case. This
parameter was then used for calculating the measured gain
for all other antenna cases, since all broadcast channels were
measured consecutively at each point, and therefore exactly
the same propagation conditions were applicable at each point
for all antennas. The application of this fitting approach is
acceptable because, as shown in Fig. 8, the sampled gain values
for antenna #1 fall inside the main-lobe (dashed line). In this
case, the approximation error (for all antenna types) has been

Fig. 8. Antenna mast topology and sector orientation for the base-station used
for measurements. Dashed lines represent the half-power beam-width of each
sector. Bold arrow-line represents the measurements’ route (heading north).

found very low for both the summing algorithm and the hybrid
method, and thus negligible differences between them (and
the actual measured gain) are expected for antenna #1.

This effect is clearly illustrated in Fig. 9(a), where the dashed
line (with triangular markers) representing the summing algo-
rithm’s approximated gain, coincides with the solid line (rep-
resenting the hybrid method’s estimated gain). The dotted line
(with circular markers) corresponds to the actual measured gain
values, which are best-fitted in this case. Values of at
the abscissa indicate that all measurements were taken below
the antenna’s horizon, spanning an interesting range between
95 and 145 . This ensures that measured samples in the eleva-
tion pattern sufficiently fall outside the main radiation lobe in
the vertical plane, a requirement imposed during the scenario
planning.

An overall comparison of the measured normalized gain
against the reconstructed gain obtained using the summing
algorithm and the proposed hybrid technique is also depicted
in Fig. 9, for the other antennas on the base-station under
consideration.

VII. DISCUSSION

From the topics discussed so far, it is shown that the error in-
troduced in the propagation prediction process is very high in
some cases (reaching 50 dB) for the existing techniques, which
results in misleading predictions for the overall wireless system
coverage. The significance of accurate reconstruction of antenna
radiation patterns is crucial for system planning, especially in
microcell or picocell network configurations, where excessive
traffic is expected and redundant cells are required for increased
capacity. Additionally, in those cases, the exact knowledge of
each cell’s boundaries is needed to minimize interference be-
tween them and to optimize traffic serving.

For example, antenna beam-tilting and back-lobe servicing
are some common features that are often used in high capacity
wireless systems, in order to accommodate more traffic (or to
minimize interference). Moreover, in small-cell configurations
the gain must be adequately accurate at elevation angles very
close to the antenna (far below the horizon), due to the restricted
cell-size. The latter also applies in cases where directional an-
tenna arrays are used horizontally (in a way such that their ele-
vation pattern is used in the horizontal plane), creating narrow
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Fig. 9. Comparison plots between measured and approximated normalized
gain, for each antenna case (n = 5). Abscissa is the elevation angle #, from
the ('; #)-pair of each measured point (range of associated azimuth angles is
in parentheses). The legend applies to all plots.

slice-cells. In this case (used for example in stadiums hosting
crowded athletic events), the exact cell boundaries are very im-
portant since each cell is designed for maximum capacity and
should not accept additional traffic from adjacent cells. There-
fore, the estimated antenna pattern has to be accurate enough,
also in areas outside the main radiation lobe.

The pattern reconstruction technique proposed in this paper
provides lower approximation error than other methods found
in literature or the classic summing algorithm, as already
illustrated in Figs. 3 and 4. The hybrid technique extends even
further the performance of the proposed method near the main
radiation sector, as shown in Figs. 6 and 7.

Mean absolute error statistics presented in Table I, prove that
an average error of 2–3.5 dB is typical for the directive (worst
case) antennas examined herein. This error remains below 3 dB
if radiation nulls are excluded from the statistical study. The cor-

responding standard deviation was 3–4 dB. Moreover, omni-di-
rectional antennas are perfectly reconstructed as required by
their axial symmetry. The average error (taking into account
the sign of the error difference) is below 1 dB, calculated over
the entire sample-set, with error values extending symmetrically
over the entire range (Table I).

This effect indicates that points of overestimated antenna gain
(having negative error difference) are fairly equal to the points
of underestimated gain (positive error difference). This unbiased
behavior is desirable in designing the reconstruction algorithm,
since both cases are important during system coverage planning.
That is, overestimated gain can lead to inadequate cell coverage,
while underestimated gain leads actually to overlapping and in-
terfering cells. Note that the summing algorithm tends to under-
estimate the antenna gain, as shown in Table I, Figs. 3 and 4
(greater positive error).

Except for the advantages of the hybrid technique that were
presented earlier on a theoretical basis (by simulating several
antenna types), the accuracy of the proposed approximation
algorithm has been also revealed by a set of measurements
performed on antennas of a real DCS1800 base station. As illus-
trated in Fig. 9, the gain calculated using the hybrid technique
appears to have a better match with the actual measured an-
tenna gain (for all cases where the two approximation methods
significantly differ from each other), as shown in Fig. 9(b)–(d).

The two methods predict different approximations in these
cases, because the set of measured points is outside the main
radiation sector of each antenna, with associated -pairs in
areas where the hybrid technique performs better than the sum-
ming algorithm. More specifically, the measured samples for an-
tenna #1 are associated to elevation angles ranging from 145
down to 95 with respective azimuth angles ranging between

82 and 20 (including the main radiation sector). In contrast,
for the case of antenna #2 the azimuth angles of the measured
points vary from 138 to 240 (far beyond the main-lobe). Sim-
ilarly, for antenna #3 the samples are ranging in azimuth an-
gles of 38 –140 . Finally, the measured samples for antenna
#4 are associated to azimuth angles from 17 to 85 . In this
case all the samples are falling outside the horizontal or the
vertical main-lobe. Moreover, this model has narrower nominal
beam-width (as shown in Fig. 8) compared to the previous cases.
This antenna behaves in a similar way to the previous cases (#2
and #3) and therefore some divergence is again observed be-
tween the compared methods.

Measured gain in Fig. 9 fluctuates because of multipath
effects during the measurements, mainly caused by partial
ground-reflections as well as by scattering from sparse vege-
tation and low-height buildings surrounding the base-station.
However, the tendency of the measured gain curve is suffi-
ciently indicative of the accuracy achieved by the proposed
hybrid technique in approximating the antenna’s radiation
pattern, compared to the summing algorithm.

VIII. CONCLUSION

A novel technique for reconstructing the 3-D radiation pat-
tern of antennas has been presented in this paper. In pursuit of
an even more accurate estimate for the radiation solid of direc-
tive antenna arrays, an improvement of at least 3 to 7 dB in mean
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absolute approximation error, compared to the classic summing
algorithm that is being extensively used nowadays, could be sig-
nificant in the network planning process or the system’s cell cov-
erage prediction, as discussed.

Moreover, the proposed hybrid algorithm has zero approx-
imation error when used for reconstructing omni-directional
patterns. In the case of directive antennas the absolute error
remains lower than other reconstruction techniques presented
in literature. In addition, the proposed method exhibits an
unbiased statistical error behavior, thus remaining generally
neutral in the estimation of the reconstructed 3-D radiation
pattern.

Finally, the performance of the developed algorithm has
been practically evaluated through a realistic measurements’
scenario, in which the approximated gain of four different
base-station antennas has been compared against the measured
gain in each case. The result of this comparison has proved that
the proposed hybrid algorithm provides a considerably more
accurate estimate of the actual antenna gain than the classic
summing algorithm.

Inside the area of the main radiation sector of each antenna,
both the summing algorithm and the proposed hybrid technique
provide similarly accurate pattern approximations, achieving
comparably low absolute errors of mean value and standard
deviation below 0.5 dB.
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