
Chapter 1
Comparison of Resampling Techniques for the
Non-Causality Hypothesis

Angeliki Papana, Catherine Kyrtsou, Dimitris Kugiumtzis and Cees G.H. Diks

Abstract Different resampling schemes for the null hypothesis of non-causality are
assessed. As test statistic the partial transfer entropy (PTE), an information and
model-free measure, is used. Two resampling methods, 1) the time shifted surro-
gates and 2) the stationary bootstrap, are combined with the following three inde-
pendence settings (giving in total six resampling schemes), all consistent to the null
hypothesis of non-causality: A) only the driving variable is resampled, B) both the
driving and response variable are resampled, and C) both the driving and response
variable are resampled while also the dependence of the future of the response vari-
able and the vector of its past values is destroyed. The empirical null distribution of
the PTE as the surrogate and bootstrapped time series become more independent is
examined along with the size and power of the respective tests.

1.1 Introduction

Resampling techniques are utilized for the construction of the empirical null distri-
bution of a test statistic, when the asymptotic distribution cannot be established. We
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are concerned with the inter-dependence structure of multivariate time series. The
generated resampled time series have to capture statistical properties of the origi-
nal time series but also satisfy the corresponding null hypothesis, H0, of no inter-
dependence between two time series in the presence of the other variables [7]. Boot-
strapping, first introduced in [1], aims at estimating the properties of a test statistic
when sampling from an approximating distribution. For time series, bootstraps must
be carried out in a way that they suitably capture the dependence structure of the data
generation process consistent to the H0, and be otherwise random e.g. [6, 12, 11].
Similarly, randomization methods preserve the dependence structure consistent to
H0 when randomly shuffling the time series [15, 13, 3].

The transfer entropy (TE) is a non-parametric measure that quantifies the amount
of directed transfer of between two random processes [14]. The TE is a non-
symmetrical measure defined in terms of transition probabilities that provides infor-
mation about the direction of the dependencies. The TE from a process X to another
process Y is the amount of additional information (reduction of uncertainty) about
the future values of Y provided by knowing past values of X and Y instead of past
values of Y alone. The advantages of TE are that it is model-free, makes no assump-
tions about the distribution of the data and is effective in case of non-linear signals.
The partial transfer entropy (PTE) is a multivariate extension of the TE [16, 9].

Resampling techniques are utilized for the H0 of non-causality, i.e. no causal
effects from one variable (driver) to another one (response), in the presence of the
remaining observed variables (confounding variables). A suitable statistic, sensitive
to the inter-dependence of the time series, is the PTE. The causality test is actually
a significance test for the PTE and in the absence of asymptotic distribution for the
PTE, resampling is required.

The appropriateness of six resampling schemes for the null hypothesis H0 of
non-causality is examined. Specifically, we combine two resampling methods: 1)
the time shifted surrogates [13] and 2) the stationary bootstrap [11], with three inde-
pendence settings of the time series adapted for the non-causality test: A) resampling
only the time series of the driving variable, B) resampling separately the driving and
the response time series, and C) resampling separately the driving and the response
time series, while destroying the dependence of the future and past of the response
variable. The properties of the test for the six resampling schemes, i.e. the empiri-
cal distribution of PTE, the size and power of the test, are assessed in a simulation
study.

The structure of the paper is as follows. In Sec. 1.2, the PTE is briefly discussed
and in Sec. 1.3 the resampling methods and the independence settings are presented.
In Sec. 1.4, the resampling schemes are evaluated with means of simulations on
different coupled and uncoupled multivariate systems. The conclusions are drawn
in Sec. 1.5.
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1.2 Partial Transfer Entropy

The partial transfer entropy (PTE) is a multivariate information measure [16, 9],
introduced as an extension of the bivariate measure of transfer entropy (TE) [14].
The TE quantifies the amount of information explained in a response variable Y at
h time steps ahead from the state of a driving variable X accounting for the con-
current state of Y . Let {xt ,yt}, t = 1, . . . ,n be the observed time series of two vari-
ables, and xt = (xt ,xt−τ , . . . ,xt−(m−1)τ)

′ and yt = (yt ,yt−τ , . . . ,yt−(m−1)τ)
′ the recon-

structed state space vectors, where m is the embedding dimension and τ is the time
delay. The TE from X to Y is the conditional mutual information I(yt+h;xt |yt):

TEX→Y = I(yt+h;xt |yt) = ∑ p(yt+h,xt ,yt) log
p(yt+h|xt ,yt)

p(yt+h|yt)
(1.1)

= H(xt ,yt)−H(yt+h,xt ,yt)+H(yt+h,yt)−H(yt),

where TE is given either based on probability distributions (p(x) is the prob-
ability mass function of the discretized variable x) or entropy terms (H(x) =
−
∫

f (x) log f (x)dx is the differential entropy of the vector variable x with prob-
ability density function f (x)).

The PTE accounts for the direct coupling of X to Y conditioning on the con-
founding variables of a multivariate system, collectively denoted Z. It is given by

PTEX→Y |Z = I(yt+h;xt |yt ,zt) (1.2)
= H(xt ,yt ,zt)−H(yt+h,xt ,yt ,zt)+H(yt+h,yt ,zt)−H(yt ,zt).

The estimation of the TE and PTE relies upon the estimation of the probability
density functions. Different types of estimators exist, such as histogram-based (e.g.
by discretizing the state space to equidistant intervals at each axis), kernel-based
and using correlation sums. Here, we use the nearest neighbor estimator [5], which
is proved to be effective especially for high-dimensional data [17].

Theoretically, the PTE (and TE) should be zero in the case of no causal effects.
However, a bias can be present due to various reasons, e.g. the estimation method for
the entropies and subsequently densities, the selection of the embedding parameters,
the finite sample size and the noise level as well [8]. In order to determine whether
a PTE value indicates a weak coupling or whether it is not statistically significant, a
resampling method should be used to assess its statistical significance.

1.3 Resampling Techniques

We first present the two resampling methods of time shifted surrogates and sta-
tionary bootstrap, and then the three independence settings. Time shifted surro-
gates preserve the dynamics of a time series {x1, . . . ,xn}, while the couplings are
destroyed [13]. They are formed by cyclically time shifting the components of
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{x1, . . . ,xn}. To formulate them from a time series with length n, an integer d is
randomly chosen (d < n) and the d first values of the time series are moved to the
end: {x∗t } = {xd+1, . . . ,xn,x1, . . . ,xd}. For testing X → Y in a bivariate time series,
the pair {x∗t ,yt} is consistent with the H0 of non-causality.

The stationary bootstrap has been proposed for the calculation of standard er-
rors and the construction of confidence intervals for a statistic based on weakly
dependent stationary observations [11]. The bootstrap series are generated by re-
sampling blocks of random size, where the length of each block has a geometric
distribution. For a fixed probability p, block lengths Li are generated with probabil-
ity p(Li = k) = (1− p)(k−1) for k = 1,2, . . .. The starting time points of the blocks
Ii are drawn from the discrete uniform distribution on {1, . . . ,n− k}. A bootstrap
time series {x∗t } is formed by first starting with a random block as defined above
BI1,L1 = {xI1 ,xI1+1, . . . ,xI1+L1−1}, and blocks are added until length n is reached.

Three independence settings are considered for both resampling methods, all
consistent with the H0 of non-causality from X to Y conditioned on Z. The first
setting, denoted A, is to resample only the time series of the driving variable X .
This is the standard approach for surrogate test for the significance of causality
measures [13, 2, 10]. The intrinsic dynamics of the variable X is preserved in the
resampled time series {x∗t } but the coupling between X∗ and Y is destroyed, so that
H0 is fulfilled and PTEX∗→Y |Z = 0. The variables X and Y as well as X and Z are
independent, however the pair of variables (Y,Z) preserves its interdependence.

The second setting, denoted B, suggests to randomize both the driving variable X
and the response Y , i.e. resampled time series {x∗t } and {y∗t } are generated. Again,
the intrinsic dynamics of both X and Y are preserved but the coupling between them
is destroyed, H0 is fulfilled and PTEX∗→Y ∗|Z = 0. In this case, independence holds
for all variable pairs (X ,Y ), (Y,Z) and (X ,Z). However, there is still no complete
independence between all arguments in the definition of PTE, as yt+h preserves by
construction of {y∗t } its dependence on yt .

Finally, we consider the third setting of complete independence of all variables
involved in the definition of PTE, denoted C, i.e. in addition to the resampling of X
and Y , also yt+h is resampled separately. Thus all terms in PTE, i.e. yt+h, xt , yt and
zt are independent, and H0 is again fulfilled.

Combining the two resampling methods (time shifted surrogates and station-
ary bootstraps) and the three independence settings (A, B and C), six resampling
schemes are formulated that are utilized to test the null hypothesis of no causal
effects among the variables of multivariate systems.

1.4 Simulation study

In the simulation study we apply the significance test for the PTE with the six resam-
pling schemes to multiple realizations of different simulation systems. Specifically,
we estimate the PTE from 100 realizations per simulation system. For each realiza-
tion and each resampling scheme, M = 100 resampled time series are generated. Let
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us denote q0 the PTE value from one realization of a system and q1,q2, . . . ,qM the
PTE values from the resampled time series for this particular realization and for a
specific resampling scheme. The rejection of H0 of no causal effects is decided by
the rank ordering of the PTE values computed on the original time series, q0, and
the resampled time series, q1,q2, . . . ,qM . For the one-sided test, if r0 is the rank of
q0 when ranking the list q0,q1, . . . ,qM in ascending order, the p-value of the test is
1− (r0 −0.326)/(M+1+0.348), by applying the correction in [19].

The simulation systems that have been used in this study are the following:

1. Three coupled Hénon maps, with nonlinear couplings (X1 → X2, X2 → X3) (Sys-
tem 5 in [10]) with equal coupling strengths c for X1 → X2 and X2 → X3. We set
c = 0 (uncoupled case), c = 0.3 and c = 0.5 (strong coupling). The Hénon map is
a well-known discrete-time dynamical system that exhibits chaotic behavior [4].

2. A vector autoregressive process of 4 variables and order 5, VAR(5), with linear
couplings (X1 → X3, X2 → X1, X2 → X3, X4 → X2) (Eq.(12) in [18]).

3. Five coupled Hénon maps, with nonlinear couplings (X1 → X2, X2 → X3, X3 →
X4, X4 → X5) defined similarly to system 1. We consider again equal coupling
strengths c, and set c= 0 (uncoupled case), c= 0.2 and c= 0.4 (strong coupling).

We consider time series lengths n = 512 and 2048. To estimate the PTE, we set
the embedding dimension m to appropriate values for each system, i.e. m = 2 for
system 1 and 3, m = 5 for system 2, the delay time τ = 1 and the time step ahead
h = 1 (as defined in [14]). The number of nearest neighbors for the estimation of the
probability distributions is 10.

In terms of presentation, we focus on the sensitivity of the PTE (percentage of
rejection of H0 when there is true direct causality), as well as the specificity of the
PTE (percentage of no rejection of H0 when there is no direct causality), at the sig-
nificance level α = 0.05. The notation X2 → X1|Z denotes the Granger causality
from X2 to X1, accounting for the presence of confounding variables Z = X3, . . .. For
brevity, we use the notation X2 → X1 instead of X2 → X1|Z, implying the condition-
ing on the confounding variables. The notation of Granger causality for other pairs
of variables is analogous.

System 1. The mean PTE values are negatively biased in the uncoupled case
(c = 0). For c = 0.3 and c = 0.5, they are much larger when direct couplings exist
(X1 → X2, X2 → X3) than the rest of the directions, and increase with n. Regarding
the indirect coupling X1 → X3, PTE increases with n for c = 0.5 (mean PT EX1→X3 =
−0.0002 for n = 512 and 0.0075 for n = 2048).

We evaluate how the null distribution of the PTE from the six resampling
schemes differs with respect to the original PTE values. For c= 0, all the resampling
schemes correctly indicate the absence of couplings; the percentages of significant
PTE values vary from 0% to 12% (see Table 1.1). Considering c = 0.3, the schemes
B and C indicate correctly the couplings, while scheme A indicates the spurious one
X2 → X1 and the indirect one X1 → X3. The percentage of erroneously rejected H0
for non-existing or indirect couplings tends to increase with c and the time series
length for all resampling schemes, the most robust being 1C and 2C.
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Table 1.1 Percentage of significant PTE values for system 1 for n = 512 / 2048, for the six re-
sampling schemes. The directions of true couplings are highlighted. A single number is displayed
when the same percentage corresponds to both n.

c = 0 X1 → X2 X2 → X1 X2 → X3 X3 → X2 X1 → X3 X3 → X1

1A 2 / 3 3 / 9 3 / 5 3 / 5 6 / 4 4 / 10
1B 4 / 1 5 / 12 4 / 5 3 / 4 4 / 6 5 / 10
1C 1 / 0 0 2 / 0 0 1 / 0 1 / 0
2A 2 / 1 3 / 7 3 / 5 1 / 2 6 / 5 3 / 12
2B 2 / 0 1 1 / 0 1 / 0 4 / 1 1 / 3
2C 0 0 0 0 2 / 0 0

c = 0.3 X1 → X2 X2 → X1 X2 → X3 X3 → X2 X1 → X3 X3 → X1

1A 100 11 / 30 100 14 / 13 15 / 36 5 / 4
1B 100 9 / 31 100 3 / 2 8 / 7 3 / 4
1C 100 3 / 0 87 / 100 0 1 / 0 0
2A 100 9 / 26 100 8 / 11 9 / 27 4 / 3
2B 100 3 / 11 100 1 / 0 2 2 / 0
2C 100 2 / 0 100 0 0 0

c = 0.5 X1 → X2 X2 → X1 X2 → X3 X3 → X2 X1 → X3 X3 → X1

1A 100 8 / 32 100 11 / 14 32 / 95 8
1B 100 2 / 25 100 3 / 0 6 / 68 8 / 1
1C 100 0 100 0 2 / 32 0
2A 100 4 / 24 100 9 / 11 23 / 93 6 / 4
2B 100 1 / 9 100 1 / 0 4 / 57 2 / 1
2C 100 0 100 0 1 / 33 0

It turns out that when the resampled time series become more independent,
the percentage of spurious couplings decreases. The most independent resampling
schemes 1C and 2C give smallest rejection rate since the null distribution for the test
is more spread and displaced to the right as the resampling changes from the least
independent scheme (scheme A) to the most independent one (C) (see Fig. 1.1).
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Fig. 1.1 Boxplots of surrogate / bootstrap PTE values and original PTE value from one realization
of system 1 for c = 0.3 and n = 2048, for the directions (a) X2 → X1 and (b) X1 → X3.

System 2. The mean PTE values from 100 realizations of the second system
for the directions of the true couplings are larger than for the other directions and
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increase with n, with the exception of X2 → X3 that is at a lower level and does not
increase with n (see Table 1.2). Concerning the uncoupled directions, the mean PTE
values vary from 0.0013 to 0.0095 for both n and they decrease with n (the three
largest mean PTE values across all non-direct couplings are reported in Table 1.2).

Table 1.2 Mean PTE values and percentage of significant PTE values from 100 realizations of
system 2. The format of the table is as for Table 1.1.

mean PTE X2 → X1 X1 → X3 X4 → X2 X2 → X3 X2 → X4 X3 → X4 X1 → X4

n = 512 0.0920 0.0772 0.0998 0.0060 0.0095 0.0071 0.0067
n = 2048 0.1221 0.0965 0.1355 0.0059 0.0061 0.0042 0.0034

n = 512 / 2048 X2 → X1 X1 → X3 X4 → X2 X2 → X3 X2 → X4 X3 → X4 X1 → X4

1A 100 100 100 22 / 66 3 1 / 0 1 / 0
1B 100 99/ 100 100 0 3 / 1 1 / 0 0
1C 100 100 100 4 / 6 0 0 0
2A 100 100 100 14 / 60 1 / 3 1 / 0 1 / 0
2B 100 100 100 0 3 / 4 2 / 0 1 / 0
2C 100 100 100 5 / 14 0 0 0

The true couplings X2 →X1, X1 →X3, X4 →X2 are well established by the signif-
icance test (see Table 1.2), while no spurious causalities are identified (percentage
of significant PTE vary from 0% to 6% at the uncoupled directions). The weak cou-
pling X2 → X3 is detected only by the scheme A, with a power of the test increasing
with n. We note again that the surrogate / bootstrap PTE values increase as the re-
sampled time series become more independent (see Figure 1.2).
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Fig. 1.2 Distribution of surrogate / bootstrap PTE values and original PTE value (vertical dotted
line) from one realization of system 2 with n = 2048, for the directions a) X2 → X1 and b) X2 → X3.

System 3. No couplings are noted in the uncoupled case (c = 0) for system 3; the
percentage of significant PTE values range from 0% to 11% for all the resampling
schemes and both time series lengths. The PTE is also effective for c = 0.2 (see
Table 1.3). As resampled time series become more independent, a loss in the power
of the test is observed for n = 512. For the strong coupling strength c = 0.4, indirect
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and spurious couplings are observed for n = 2048 based on the resampling scheme
A, e.g. we obtained for scheme 1A: 49% for X1 → X3, 60% for X2 → X4, 64%
for X3 → X5, 19% for X2 → X1, 18% for X3 → X2, 22% for X4 → X3 and 27%
for X5 → X4. Similar results are observed for scheme 2A. Scheme B indicates the
spurious coupling X2 → X4, but at a lower percentage than scheme A. Only the true
couplings are indicated using the resampling methods C (see Table 1.3).

Table 1.3 Percentage of significant PTE values from 100 realizations of system 3 for n = 512 /
2048, for the true couplings, an indirect coupling (X2 → X4) and an uncoupled case (X5 → X4).

c = 0.2 X1 → X2 X2 → X3 X3 → X4 X4 → X5 X2 → X4 X5 → X4

1A 54 / 100 58 / 100 63 / 100 54 / 100 8 / 5 10 / 7
1B 54 / 100 57 / 100 59 / 100 52 / 100 6 / 2 9 / 5
1C 31 / 100 22 / 98 18 / 99 16 / 99 1 / 0 0
2A 53 / 100 62 / 100 67 / 100 59 / 100 8 / 7 14 / 9
2B 48 / 100 60 / 100 64 / 100 57 / 100 7 / 0 11 / 1
2C 29 / 100 29 / 100 28 / 100 26 / 99 1 / 0 2 / 0

c = 0.4 X1 → X2 X2 → X3 X3 → X4 X4 → X5 X2 → X4 X5 → X4

1A 100 100 98 / 100 100 15 / 60 18 / 27
1B 100 100 99 / 100 99 / 100 6 / 21 3 / 6
1C 100 83 / 100 86/ 100 84 / 100 1 1 / 0
2A 100 100 100 100 21 / 65 22
2B 100 100 100 100 9 / 25 10 / 8
2C 96 / 100 96 / 100 96 / 100 96 / 100 1 2 / 1

1.5 Discussion

The importance of assessing the correct statistical significance for the partial trans-
fer entropy (PTE) has been explored in a simulation study. Concerning the resam-
pled time series, by definition, the mutual information of X and Y conditioned on Z
should be in theory zero, i.e. I(Y ;X |Z) = 0. The formulation of more independent
resampled data (schemes B and C) compared to the standard technique (scheme A)
seems to improve the bias of the test statistic and helps prevent false indications of
couplings in the case of the nonlinear coupled systems. The size and the power of the
test are improved, especially if strong couplings exist. However, when the couplings
are linear, scheme A seems to be more efficient in identifying weak couplings.

It turns out that when the PTE is estimated for an increasing level of random-
ness in the resampled time series, the estimated PTE values also increase, while
the distribution of PTE from the resampled time series gets wider and less spuri-
ous couplings are thus detected. This higher specificity comes at the cost of lower
sensitivity, and vice versa. Thus, none of the six resampling schemes turns out to
be optimal, but it becomes clear that the significance test for the PTE gets more
conservative as resampling is more random.
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The aforementioned resampling schemes can be utilized for any test statistic in
order to examine the null hypothesis of no causal effects. Since the efficiency of a
causality measure is determined in terms of the corresponding resampling technique
that is used, the usefulness of each of the examined resampling schemes will be
further investigated for different causality measures.
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