COMPOSITION OPERATORS AND THE HILBERT MATRIX

E. DIAMANTOPOULOS AND ARISTOMENIS G. SISKAKIS

ABSTRACT. The Hilbert matrix acts on Hardy spaces by multiplication with
Taylor coefficients. We find an upper bound for the norm of the induced
operator.

1. INTRODUCTION

The classical Hilbert inequality
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is valid for sequences a = {a,} in the sequence spaces [P for 1 < p < oo, and the
constant 7/sin(7) is best possible [HLP]. Thus the Hilbert matrix
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acting by multiplication on sequences, induces a bounded linear operator
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on the I spaces with norm [|H||;p—;» = 7/ sin(%) for 1 < p < occ.
The Hilbert matrix also induces an operator H on Hardy spaces H?, as explained
below, by its action on Taylor coefficients. In this article we prove an analogue of

the inequality (1.1) on Hardy spaces. More precisely we show

Theorem 1.1. The following inequalities are valid
(1) If 2 <p< oo then

™
IR e < @Hf”m
for each f € HP.
(2) If 1<p<2then
IR e < @”JCHHP

for each f € HP with f(0) =0
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The proof will be given in section 3 and involves an expression of H in terms of
weighted composition operators of which we can estimate the Hardy space norms.

Recall that the Hardy space HP, 1 < p < oo, of the unit disc D is the Banach
space of analytic functions f : D — C for which

21 4 do 1/p
(12) 1 =sup ([ 1sen 7)< o,
r<l 0 ™

for finite p, and || f|lec = sup,ep|f(2)]. For 1 < p < ¢ < oo we have H' D H? D
H? > H* and H? is embedded as a closed subspace in L?(T), the Lebesgue space
on the unit circle, by identifying H? with the closure of analytic polynomials in
LP(T). Additional properties of Hardy spaces can be found in [DU].

To study the effect of Hilbert matrix on Hardy spaces let f(z) = Y 07 anz"
belong to H'. Hardy’s inequality [DU, p. 48] says

|an| <

n20n+1 -

T(”fHHla

and it follows that the power series

F(z)= — | 2"

0-3 (St )~
n=0 \k=0

has bounded coefficients, hence its radius of convergence is > 1. In this way we

obtain a well defined analytic function F' = H(f) on the disc for each f € H!. A

calculation shows that we can write

1
(1.3) H(f)(z) = / £(t)

where the convergence of the integral is guaranteed by the Fejer-Riesz inequality
[DU, p. 46] and the fact that 1/(1 — ¢2) is bounded in ¢ for each z € D.

The correspondence f — H(f) is clearly linear and we consider the restriction
of this mapping on the spaces HP for p > 1. For p = 2, the isometric identification
of H? with [? gives

1
1—1tz

dt,

||H||H2~>H2 = T.
On the other hand H is not bounded on the spaces H' and H>. For H* this is
because the constant function 1 is mapped to

H(1)(2) = 1log !

z 1—2’

which is not a bounded function. For H', let ¢ > 0 and let

B 1
fe(z) = 12 (% log 1iZ)l-i-e )

a function which belongs to H* [DU, p. 13] and is real and positive on [0,1]. We
assert that the analytic function H(f.) does not belong to H' for small values of e.
Indeed using (1.3) we find

i@ =3 ([ raa)

n=0
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and if we assume H(f.) € H' then Hardy’s inequality implies that the quantity

Zn+1/tnf€ t)dt = /fe n+1dt
/f6 log ) dt

—1

_ 1
_/0 (1—1) (1log1it)€dt

is finite. With € < 1 this is a contradiction.

The operator H is however bounded on H? for all 1 < p < co. This is known and
a quick way to see this is to view H as a Hankel operator. In fact H is a prototype
for Hankel operators see [PA] for details. We will not pursue this aspect further
except to note that a Hankel operator is bounded on H? if and only if it is bounded
on each H? for 1 < p < oo, see [CS]. The results of [CS] also imply that H is not
bounded on H!, a fact that we obtained by a direct argument above.

2. 'H IN TERMS OF COMPOSITION OPERATORS

In this section we indicate how H can be written as an average of certain weighted
composition operators.
Every analytic function ¢ : D — D induces a bounded composition operator

Co:f—=fo¢

on HP for 1 < p < oo, see [DU, p. 29]. In addition if w(z) is a bounded analytic
function then the weighted composition operator

Cu,6(f)(2) = w(2)f(¢(2))

is bounded on each HP. More information about these operators can be found in
[CM] or [SH]. We will not need here any of their properties except from the fact
that they are bounded.

The connection of the Hilbert matrix with composition operators comes as fol-
lows. For f € H' the Fejér-Riesz theorem, which guarantees convergence, along
with analyticity shows that the integral in (1.3) is independent of the path of inte-
gration. For z € D we can choose the path

t
2.1 H=Ct)=——\  0<t<]1,
(21) €)= 0 = Ty
i.e. a circular arc in D joining 0 to 1. The change of variable in (1.3) gives
(22) HNE = [ G G
’ SRR TR Py EAY RS PR L

This expression says that the transformation H is an average

1
HNE = [ TG de
0
of the weighted composition operators

(2.3) Ti(f)(2) = wi(2) f(¢:(2)),
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where 1 ;
- - d -
S vy v I O (s y oy
It is easy to see that ¢; is a self map of the disc, hence f — f o ¢; is bounded
on HP and that for each 0 < t < 1, w(z) is a bounded analytic function. Thus

Ty : HP — HP, 1 < p < o0, is bounded for 0 < t < 1.

3. PROOF OF THE THEOREM

We first obtain estimates for the norms of the weighted composition T;. The
estimates are achieved by transferring T; to operators ft acting on Hardy spaces of
the right half plane, which are isometric to Hardy spaces of the disc. The form of
ft permits estimates of its norm, thereby the estimate for the norm of 7; follows.

Lemma 3.1. Suppose p > 2, then

19

tr
(3.1) 1T (Pllerr < ——fllg»,  0<t <1

(1—1)»

for each f € HP.
Proof. The Hardy space HP(II) of the right half plane IT = {z : R(z) > 0}, consists
of analytic functions f : II — C such that

: Hp(T) — '
(3.2 Wy = sup | 1+ im)lPdy < oo
0<z<o0o J —c0
These are Banach spaces for 1 < p < oco.
Let p1(z) = 1= be the conformal map of D onto II with inverse p~!(z) = jjr},

and let

Ve = T ), fe

2) = —"—— z :
(1 — zp2/e? W2

It can be checked that this map is a linear isometry from HP(II) onto H? with
inverse given by

1
—1 o —1 P
Let T, : HP(IT) — HP(II) be the operators defined by
T, =V 'T,v

and suppose h € HP(II). A calculation shows that T, are weighted composition
operators given by
P

. 1 1 -3
(3.3)  T(h)(z) = o <(t e 1) h®y(z), 0<t<l,

where ; .
Oy(z) = )= st
t(z) =podrop () =+
is an analytic function mapping II into itself. By an elementary argument we see

that if z € IT then |(t — 1)u~*(2) + 1] > ¢ and since 1 — % > 0 we have

IT(h) ()| <€ ———
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Integrating for the norm we have

I8 vy = sup (/ ) ﬁ(h)<z>|pdy>w

r<oo — 0o

trt <t 1 lr
<— su h(— (z +iy) + — pd)

e ([ e ey

21

tr > U B
=— sup / |[h(X +Y)|P——dY
(1—1)7 1/(1—-t)<X<oo \J—co t

where we have changed the variables X = ﬁm + i and Y = ﬁy, to obtain

t%71 o 1/?
< — sup (/ |P(X +3Y)P dY>
(1 715)5 0< X <o —00
w1
= ——lhllar -
(1—t)7

The conclusion follows. O

For the final step of the proof we will need some classical identities about the
Gamma and Beta functions, see for example [WW]. The Beta function is defined
by

1
B(s,t) = / 11 —2) " de
0
for each s, t with (s) > 0, R(¢t) > 0. The value B(s,t) can be expressed in terms of

the Gamma function as B(s,t) = L)

T'(s+t)
equation for the Gamma function

. We are going to use also the functional

™

()1 -z2) = Sn(nz)”

which is valid for non-integer complex z.
Now suppose p > 2 and f € HP with ||f||g» = 1. Then

IH)| e = i?f </02W|H(f)(rew)|p dg>1/p

2
1/
. /271‘ p d0 p
r<If 0 2T

[ nipeenyal 2
0

1 27 oo df 1/p
< [ ([Tmneenr )
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(by the continuous version of Minkowski’s inequality)

1
_ / T () o dt

1
g/ P — )"V dt
0
1 1
=B(-,1- -
(p p)
1 1
=T(=)r1--=
(p) ( p)
- ™
N sin(%)

and this gives the assertion for p > 2.
Suppose now 1 < p < 2 and f € HP with f(0) = 0. Then f(z) = zfo(z) with
| fll e = || follsre. Writing H in the integral form (2.2) we see that

2) = / Ti(fo) (=) dt

where 7; are the weighted composition operators

t t
T = .
9)C) = G o a1
We now follow the proof (with same notation) of Lemma 3.1 to estimate the norms
of T;. Letting 7, = V-7,V : HP(II) — HP(II) we find

22
p

~ t 1
(3.4) Ti(h)(2) = < > h(®¢(2)), 0<t<l,

(1—t)r \(E—Dp'(z) +1
for each h € HP(IT). Because 2 — ; > 0 for p > 1, the rest of the calculation in
Lemma 3.1 goes through and we conclude

o1
1T ar < ——llgllr,  0<t <1
(1-t)?

for each g € HP. Using this norm estimate we can repeat the final step of the proof
of the case p > 2 to obtain

IR e <

™
iz ol
p
™

[Ralrzen

sin(Z)
P
and this finishes the proof of the theorem.

3.1. Remarks. We do not know if the inequalities in the theorem are sharp but it
is expected they are. Also we have not been able to remove the restriction f(0) =0
in the case 1 < p < 2. One can obtain an inequality which holds for all f € HP,
1 < p <2, as follows: Write f(z) = f(0) + fo(z) with f5(0) = 0 then

H(N(E) = FOH(E) +HFo)(2)
= (0) Tog 1 + H(fo)(2):
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Using the second part of Theorem 1.1 and the fact that ||f — f(0)||gr < || fllgr +
|f(0)| < 2| f||m» we obtain

2

in(z)

an inequality which is certainly not the best.

() e < -

+ [ log v ) £l
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