CAUCHY TRANSFORMS AND CESARO AVERAGING
OPERATORS

JOSEPH A. CIMA AND ARISTOMENIS G. SISKAKIS

ABSTRACT. We show that the Cesaro operator is bounded on the space of
Cauchy transforms.

1. INTRODUCTION

Cauchy transforms. An analytic function f on the unit disc D is a Cauchy
transform if it admits a representation

(11) f6)= [ =g due).  zeD.

1—eif2
where € M, the space of all finite complex valued Borel measures on the unit
circle T = [0,27]. M is a Banach space under the total variation norm ||u|]. The
space K of all Cauchy transforms is a Banach space under the norm

(1.2) Ifllx = inf{||g| : » € M and (1.1) holds }.

The representation (1.1) is unique up to measures of vanishing Cauchy transform;
If v € M is such that

2
(1.3) / e dy(h) =0, n=01---,
0

then p and p + v represent the same function. By the F. and M. Riesz theorem
these measures v have the form dv = g% for some g € Hi, the subspace of the
Hardy space H' consisting of functions that vanish at 0. Thus K is isometrically
isomorphic to the quotient space M/H}.

Each function in H! is the Cauchy integral of its boundary values [D], thus
H' ¢ K. On the other hand for each 6 the kernels ﬁ are in the Hardy space
HP for all p <1 and it is clear that K C (,_, H?.

Next K is a dual space. Let C(T) be the space of continuous functions on T
with the sup norm. By the Riesz representation theorem the pairing

)= [ " H) du(0), feC(T), peM,

establishes an isometric isomorphism M = C(T)*, and in particular the norm
of a measure p considered as a linear functional on C(T) is equal to its total
variation ||p]|. Let A be the disc algebra of functions continuous on the closed disc
and analytic in the interior. A is identified with the subspace of those functions
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f € C(T) for which the negative Fourier coefficients vanish: fo% f(e®)em?dp =0
forn =1,2,---. A linear functional » € C(T)* annihilates all functions in A if and
only if (1.3) holds. It follows that the dual space A* is isometrically isomorphic to
the space K of Cauchy transforms.

For f € K the integral (1.1) may be written

f(z) ={p, k), zeD,

where £ are the kernels . (e") = —45-. Further

. df
1fllee = inf{llp+ v v = 95—, g € Hy}
=sup{[{p, h)| : h € A, |||l < 1} (by duality)

= [lplall

where p|a is restriction of 1 on A.

Next we see the inf in (1.2) is attained, that is for each f € K there is a p
representing f such that ||f||x = |lg|all = ||¢l||- Indeed let p,, n =1,2,-- be such
that each p,, represents f and ||u,| — ||f||x- Because the sequence is bounded it
has a weak™ accumulation point 4 = limy_, o ftn,. Then

<IU’7K’Z> = kll{go<:u‘ﬂka‘%2> = f(Z), z E D7
so p represents f and for any h € C(T) we have
[{u B)| = lim [(en,, B)| < fimn sup [n MAlloe = 1/ 1% 12llo

thus {|pf| = [/l

More general spaces of Cauchy transforms have been studied in the literature
[MG], see also [HN]. For each v > 0 let K, be the space of all analytic functions f
on the disc that are representable as

(1.4) f(z) = / ’ (s @), €D,

1—efz)y
for some p € M. These are Banach spaces with norm defined in analogy with (1.2)
and have properties similar to those of K = Kj. They are nested by the inclusions
Kz C K, for B < v and are connected among themselves by the following two
properties, see [MG] for more details and proofs.

(P1) If f € Kg and g € K, then fg € K, for all 3, v > 0.

(P2) f e K, if and only if f' € K41, for all v > 0.
We will not use these spaces except in the concluding remarks and the above two
properties are the only ones we need.

The Cesaro operator. For a function f(z) = ), ., an2" analytic on D the
Cesaro transformation of f is B

agtay---an ,
C(f)(Z)_gz:()( ) o
It is well known that C acts as a bounded linear operator on various spaces of
analytic functions (see [A], [M], [S1], [S2], [X]) including the Hardy and Bergman
spaces. In particular C(HP) C HP for each p € (0,00). Because H! C K C N,<1 HP
the question arises whether C is also bounded on K. The purpose of this note is to
show that C, and its generalized versions C* defined below, are bounded on K.



CAUCHY TRANSFORMS AND CESARO OPERATORS 3

It is possible to give a quick proof of this fact for C by appealing to the generalized
spaces K. and their properties. The argument is presented in the remarks. That
proof however does not apply to the generalized Cesaro operators C*. Our proof
below relies on the duality K = A*

A simple calculation shows that we can write

1 [ 1
C = - —d
() = / FO =g de.
and if we choose the integration path to be the curve

(t) = C(t,2) =

tz
i 0siEl
we find
1 1 tz
(1.5) C(f)(Z):/o (t_l)z+1f((t—1)z+1> .

This representation of C is valid for all functions f analytic on D. Next observe
that for each t € [0, 1] the functions

tz
%) = o x1
map the disc into itself and we can consider the weighted composition operators
1
1. T = .
(16) HHE) = Gy T

With this notation (1.5) says that C is the average of the weighted composition
operators T;:

C(f)(z) = / T,(f)(2) dt.

0
2. PROOF OF BOUNDEDNESS

Lemma 2.1. For each t € [0, 1] the weighted composition operators Ty are bounded
on K and | Ti||k—x = 1.

Proof. We first verify the assertion for the endpoints. If ¢ = 1, T3 is the identity
operator. If t = 0 then Ty(f)(z) = f(0)1L for each f € K. Choose a representing
measure p for f such that || f|lx = |||, then

FO) = | [_r du(8)| < /T dlul(6) = | fllx
1

and because ||;=; ||k = 1 we conclude |Tp|| < 1. To obtain the equality observe

that the constant function 1 has ||1]|x =1 and Tp(1)(z) = L.
Now let 0 < ¢ < 1 and write

T(1)(2) = -6 (61(2)

= L (Coo M(f)(2)

where C} is the composition operator induced by ¢; and M, is multiplication by z.
Both are bounded on K (for the boundedness of composition operators on K see
[BC]) and further, if a function F' € K vanishes at 0 then F(z)/z € K. It follows
that T; maps K into itself.
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We next show that ||T3|| < 1. Let f € K be the Cauchy integral of p with
Iflx = NIl = |lpelall and let v, € M be a representing measure for T3(f), then

| i ) = o 10

27 1 1
- /0 (t—1)z+11— e (2) dp(0)

2 1
N /0 1—(te? +1—1t)z a(0).

It follows that v is a representing measure for T3(f) if and only if

2 27
/ e duy(0) = / (te” +1=1)"dp(6)  forall n=0,1,2,--.
0 0

Now the linear span of the set {e® : n = 0,1,2,---} coincides with the linear
span of {(te? +1—)" :n =0,1,2,---} and the closure of each in the sup norm
is the disc algebra A. Taking linear combinations and then limits of such linear
combinations we see that for each h € A,

27 2
(2.1) /0 h(ew)dz/t(G):/O h(te® 41 —t) du(9).

Next let S;(h) = hot be the composition operator induced by ¥ (z) =tz+1—t
on A. Clearly ||S;[|a—a =1 and (2.1) says that

(v, h) = (, St (h)), heA.
We therefore have
1T (Pl = lvelall
= sup{|[(v,h)| : h € A, [|h]loc <1}
= sup{|(p, Se(h))| : h € A, ||hlloc <1}
< [lplallllSea—a

= [ £l

and we conclude ||T3|| < 1. To obtain the equality notice that the function f(z) =
17— is an eigenfunction of T; corresponding to the eigenvalue 1. The proof is
complete. 0

Theorem 2.2. The Cesaro operator is bounded on K and ||C||x—x = 1.

Proof. Pick f € K with ||f||x < 1. For each z € D we can write the integral in
(1.5) as a limit of Riemann sums

C(f)(=) = lim Ra(f)(2),

where
n

R

P ty —1z+1

and tj = %, k=1,2,---,n. Let u, € M be such that u, represents R, (f) and
letnll = |1 Rn(f) ]| k- From the lemma we have ||u, || < 1 and because the unit ball of

f(91.(2)),
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M is weak* compact there is a subsequence {u,, } and a y € M such that p,, — p
in the weak* topology. Then

C(f)(z) = 7nh—1>noo Ry, (f)(z) = lim <,I.an,,‘ﬁ‘,z> = </’67 “{z>

m—0oQ

271' 1
= /0 7=, 1)

thus C(f) € K. Further since ||u,|| < 1 and the set {k, : z € D} has dense linear
span in A the uniform boundedness principle applies and gives ||u|| = ||C(f)||x < 1.
It follows that ||C|| < 1. Finally 1 is an eigenfunction of C corresponding to the
eigenvalue 1 thus [|C|| = 1.

O

3. GENERALIZED CESARO OPERATORS

For each complex a with R(a) > —1 and k a nonnegative integer let A be
defined as the kth coeflicient in the expansion

1 o0
_ a k
(1—z)ott > Avw
k=0
so that
o TIlk4+a+1)  (a+1)---(a+k)
FTTDE+1)T(a+1) k! '
The generalized Cesaro transformation C%, defined on analytic functions f(z) =
Y on>0an2", is

(3.1) =3 ( Ajﬂ S s M>

n=0 k=0

These operators were introduced in [ST| on Hardy spaces and have been subse-
quently studied and proved bounded on all Hardy spaces in [A] and [X]. Because
of the identity ﬁ ZZ:O A% =1, we can view C* as a weighted versions of C = co
for the specific sequence of weights Af, Ay, Ag,---.

Our proof above applies to show that all C%, R(a) > —1, are bounded operators
on K. Indeed the integral form of C* is (see [ST])
o a+1
¢ (f) :Za+1/ FO7= a+1dC
and integrating on the same path {(t) = m we ﬁnd

! z
@ =+ [ e (o) 00"

which expresses C* as a weighted average of the same weighted composition oper-
ators Tj}:

C*(f)(z) = (a + 1) / T,(f)(2)(1 — 1) dt.

The argument in the proof of Theorem 2.2 applies with these changes: The Riemann
sums that approximate C*(f)(z) now are

Ry (f)(z) = (a+ 1)52:1 mf(@k(z))(l —tg)?,
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and if € > 0 is given we have

n

1Bl < ot 11031 1))

k=1
1

§|a+1|/ (1—t)®¥ a4 e
0

a1
“R@a1l©

for all large n. The rest applies without change and we obtain
Corollary 3.1. For each complex number o with R(«) > —1 the weighted Cesdro

jot1]
R(a)+1°

operator C* is bounded on K and |C*||k—x <

4. CONCLUDING REMARKS

Remark 1. The following proof of boundedness is conceptually similar to the
one given in Theorem (2.2). First identify preadjoint of C on the disc algebra. A
computation shows that the duality A* = K may be realized by the integral pairing

2 0 " do
(f, g O—hm/ e’ *’)2, geEA, feK.

and a further computation gives

<Cf7 g>0 = <f7 Ag>07

where A is the operator acting on functions g(2) =), < an2™ € A by

A(g)(z):/o g(tz—l—l—t)dt:Z( kajl>z

n=0 \k=n

From the integral expression it is clear that 4 is a bounded operator on A and the
duality C = A* implies that C is bounded on K.

Further it is easy to see that each fy(z) = (1—2)*, R()\) > 0, is an eigenfunction
of A corresponding to the eigenvalue %_H It follows that the disc {z : [z — 1| < 1}
is contained in the spectrum of A4 and each interior point is an eigenvalue. With
some additional computation which we omit it is possible to show that in fact the
spectrum of A on the disc algebra is this closed disc. By duality then the spectrum
of C on K is this same disc.

Remark 2. We can obtain a short proof of the boundedness of C by using the
properties (P1) and (P2) of the generalized spaces K, of Cauchy transforms defined
in the introduction, as follows. Let f € K. Then from (P1) we have f(z)

because -~ € K and from (P2) we find that the function

/f —dc,

is in K. Further F'(0) = 0 hence F(z)/z € K. Thus f € K implies C(f) € K. The
boundedness follows from the closed graph theorem. As remarked earlier this proof
does not apply to C* for a # 0. On the other hand this arguments shows that C is
a bounded operator on K., for each v > 1.

Remark 3. Speaking of the space K is equivalent to speaking about one-sided
sequences of Fourier—Stieltjes coefficients. Averages of Fourier—Stieltjes cosine and
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sine coefficients of measures were studied in [G], where it is shown, using different
techniques, that sequences of these averages are again Fourier—Stieltjes sequences.
The authors wish to thank the referee for his careful remarks and suggestions.
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