H avanruén TV HaBnUaTIK®V £VVOIQV,
amo Tn oKoma TV Evvoodoyikwv ANAwycv

N. Kaotavn

Eicaywyn

Ta TeAevTaia 30 pe 40 xpovia avamTvooeral, SLVAUIKA, PIa vEa Bewpnon
NG ®IAocogiag TnG EmoTtnung kar tng WouxoAoyiag. Mpokeral yia 1N
YVeOoTikKn () YVWOIOKNA) TPOCEYYIon, AvAAuon Kal Karavonon Tng
EMOTNPOVIKNG OKEWNG, N OTTOIA EXEl WG KEVTPIKO TNG Afova Tnv vTTodoun
Kal TNV avamtuén TNG EMOTNPOVIKAG YVWong. MevikoTepa n MNvwoTikn
YoxoAoyia kal n vwoTikn EmotnuoAoyia ¢wTifovy, efetalovy Kal
avabdeikvbouy TIG SIadIKacieg TNG voNTIKNG avaTmTuéng Kal TIG JETAROAEC
TV S0PV OKEWNG. ALO ATTO TOLG CLYXPOVOLG OTLAOPRATEG ALTOL
pebpaTog NTav o Jean Piaget (1896-1980) kal o Thomas Kuhn (1922-
1996). Kai o1 6bo ATav emnpeacuévol ammo TNV FTaAAkn EmoTnuoAoyia, n
otroia &ev cLUPASICE e TNV ETTIOTNUOAOYIA TOL AOYIKOU OETIKIOCUOUL KAl
HUE TNV WLXOAOYIO TOUL XLUTTEPIPOPITUOL (1 MTTixeBlopIoOL), TTOL
KLPIaEXoLOAV PeTA To B Maykoouio MoOAepo otn Abon.
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Thomas Kuhn (1922-1996)
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ERAOLEIE EYIXPONA @EMATA

AfiCel va onueBei OTl N avadegn kal N kabiEpwon Twv 6LO ALTWV
AVAVEDTWY TOL ETMOTNUOVIKOL YiyveoBal £yive OTO TIACICIO TOL
OTPOULKTOLPAAICTIKOU () SOUIKOKOATIKOV) PEVPATOC METAPPLOUIONS TNG
EMOTNUOVIKNG Taibeiag  otn  Avon, Tn Sekaeria Ttou 1960. Mia
HMETAPPELOPICN TTOL TTPOKANBNKE aTTO To Sputnik Shock, cVuPwva e Tov
TOTE MPOESPO TNG APEPIKAVIKNG MabnuaTtikng Etaipeiag (Morris Kline),
AAANG Kal aTTo TIG TOTE TACEIG AVATITLENG TV HAEKTPOVIKGV YTTOAOYIOTWV
kal TNG TexvntHs Nonuoouvvng.

M’ autég TIG pideg, APXICE N AU@PICPATNON K ATTOpPIYNn  TWV
KOBIEPWHEVWY, TOTE, ETTIOTNUOAOYIKWYV KAl WUXOAOYIKQV TTROTUTIWV OTN
AOON, OTIWG TOL TTAATWVICUOV, TOL POPUANCUOL () TUTTOKEATIAG) KAl
TOL UTTIXERIOPICHOV.

Tooo o Piaget, 6co kal o Kuhn, vmoothpilav TI pIdkéG aAAQYEC OTNY
avanTtuén TV EMOTNPUOVIKOV YVWOOEWY, G avTiBeon Pe TIG KLPIAPXES
ETTIOTNUOAOYIKEG KAl WUXOAOYIKEC OXOAEG, €KEIVNG TNG TIEQIOSOL, TTOL
oTnpifovtav o€ PHIa SLOOWEELTIKN AVTIANWN TNG EMIOTNUOVIKNG €EEAIENG.
MoAL xapakTneEIoTKG o Kuhn €0ece kal TTPORAAE TIG EMOTNUOVIKEG
EMAVACTACEIC WG KEVTPIKO OTOIXEIO TNG VEAG €mOoTNUOAoYiag Tov. Eva
QPKETA TTOTIKO TTAPASEYUA, TIOL XPNOIUOTIOINCE, ATAV TO €ENC: N
ACTPOVOUIKN Oewpia ToL NeLTWVA AVETPEWE TN OewpPia ToL MToAgpQioL
Kal n Oetwpia IxeTkOTNTAC ToL Einstein avérpewe TN Oewpia TOL
NebTwva. H 166a auth, ocovvopacpévn oTn SouIKA  avTiAnwn NG
avBpwTIVNG vONOoNG KAl TNG EMOTNUOVIKAG AVENIENG, TTPOKAAECE, WE
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KATAALTN TN SLVAPIKA TV HAEKTPOVIKGY YTTOAOYIOTWY Kal TNG TexvnTNg
Nonuoouvvng, Tnv ¢é&kpnén Tnc [vewotikng Emavacraong, 1oL
eKONAONKE OTIC apxéC TNG SekaeTiag Tov 1970.

THE
MIND’S
N EW
SCIENCE

| Mishowy of By Civguiitioe Reooliition

* L ]
Howard Gardner

Lugniriee Seilemor A fivie JTREH

ITNV KATELOLYVON ALTA O TTEOPRANUATIOUOS KAl OF AVAALTEIC YIA TN PLON
TNG EMOTNUOVIKNG OKEWYNG UETATOTIIOTNKE aATTO TO TIPOTLTTO  TNG
SlaxeipionNg  TTANPOPOPIWY OTO  EVVOIOAOYIKO TnG LTORaBpo. 'ETol
TTPORAAE €va evlIAPEOOV YIA TIC EVVOIONOYIKEG aANayEg, SnA. yia Tn
LUETATOOTIA TWV ETMIOTNUOVIKWV £VVOIQV OTNV TTOPEIA TNG HOPPWONG KAl
oTtnv 1oTopIKN €EENIEN. To 1972, o Stephen Toulmin eicryaye TNV 16¢a TV
EVVOIOAOYIK®V aAAayov oTo BIBAio Tov : Human Understanding, mmou
TTAPAKiVNOE KATIOIOLG PIANOCOPOLG TNG ekTTaibevonsg oTig H.MLA., ol
OTTOIOI ATAV ETTNEEACPEVOI ATTO TO AVAVEWTIKO PeLPA ToL Piaget kal Tov
Kuhn.

STEPHEN TOULMIN
Evolutionary Rationality: Or Can

Learning Theory Survive in the
Jungle of Conceptual Change?'

Human Understanding

(First General Session)
FOTTME CHAPTER. 1 The Problem of Hugh G. Petrie
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MNa TNV emoTnUoAoYia TV MaBnuatikoVv ammopaAcIOTIKO POAO ETTAIEE,
oTtn &ekaetia ToL 1970, n Siddoon kal n emidpacn Twv 1I6ewV ToL Imre
Lakatos (1922-1974), mov LTTOOTAPIEE KI ALTOG, ATIO WUIA AAAN OTITIKN

ywvia, InVv_Ttpomomoinon kal aAAayn TV PHAONUATIKGOV EVVOIDV OTNV
TTopEia avanTuéng TNG HABNUATIKAG OKEWNG.

ATTIOAEIZEIX

(5 ANASKEYES
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H mpowOnon 1wV EvvoioAoyikwv AAAaywv ota Madnuartika

To 1980 oAokAnpwBnke oTo TmavemoTtnuio Cornell Twv H.ITA. n
SibakTopikn diatpiPn NG Jere Confrey, ue Béua : Conceptual Change,
Number Concepts and the Introduction to Calculus. H SiatpiPry avTth
ATTOTEAEI TNV APETNEIA TNG VEAC TTPOCEYYIONG TV MaBnuaTiKGV atto Tn
OKOTIIA TWV EVVOIOAOYIK@V aAAaywv. AOYw aLTAG TNG YEVETIKAC
onuaciag T™Ng afilel va emonuavBel n Paocikn T™Ng B¢éon. ITnv
TAPAYPAPO AOITTOV TTOL VIVETAI VIO TTPWTN POPA N CLOXETION TWV
EVVOIOAOYIK®V aAAayayV e Ta MaBnuaTikd Toviovtal Ta £ENG:
“Toppwva de TN Sdeommolovoa Aroywn yiad Ta MaBnuartikd,
avTa eival adla@IAoviknTa, atmoALTa, KABOAIKNG ATTodoxNG Kal
aivia. OmoTe, KaAta TNV Amoyn autn, N I0Topid TV
MaBnuaTikeV €ival pia cuoowWEELON ATTO AAABEIES TTOL N
EYKLPOTNTA TOLC eival ave€apTnTn Ao KABE 161QiTEPN BEewpPia:
KOTQ OLVETTEID TA MaBnuaTika avamToooovTal  YPAUUIKA
(uovoSIGoTATA),  LTTOXPEWTIKA  (AkoLOIA) kKAl W' éva
HOVOSpouOG TPOTTO. H uaBnuatikn aAnBeia atelkovideTal WG
avappioPNTNTn, TTPOoKaBopIcuévn (a priori) kal ave€apTntn
amd TNV eumepia. I’ avnimmapdBeon, N TPOCEYYIoN TV
EVVOIOAOYIKGY aAAaywv avaykalel karmolo va  &e T1a
MaBnuaTika eECEAIKTIKG, €TTNEEACUEVA ATTO AVTAYWDVICOUEVEG
Bepicg kAl OxI AVAYKAOTIKA TTPooeyyiloviag pia ammoALTn
ANNBeia. TIa ToV TTEPICOOTEPO KOOPO, ALTA N AAAAYR ATTAITE
VA QVTIMETWTTIOTOLYV Ta MaBnuaTika Y’ éva pIdiKa SIapOoPETIKO
TEOTTO aTT’ OTI O KABIEPWPEVOS TOOTTOG." !

1 BA. Confrey, J.: Conceptual Change, Number Concepts and the Introduction to
Calculus, Ph.D., Univ. Cornell, 1980, oeA. 42.
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CONCEPTUAL CHANGE, NUMBER CONCEPTS
AND THE INTRODUCTION TO CALCULUS

A THESIS

Pressnted to the Faculty of the Graduate School
of Cornell University

in partial fulfillgent for the degree of

Docter of Philosophy

by

Jere Confrey

May, 1980

Tn S&ekaetia ToL 1980 Gpxioe va SIASISeTaAl N 1660 TWV EVVOIOAOYIKQWY
aAAaywv oTtn AISAKTIKA Kal TNV loTopia Tev MadBnuaTikav. Kamola TToAD
XOPOKTNPIOTIKA TTAPASEiyuaTa gival ol €ENG SNUOCIELTEIG:

athemal ical
Mlimmh:da.{::

The Changing Concept of Change:
The Derivative from Fermat to Weierstrass

First the derivative was used, then discovered,

explored and developed, and only then, defined.

Juprm V. GraBiNer
Department of History

Untversity of Cafifornic, Los Angeles
Los Angeles, CA 20024

Some vears ago while teaching the history of mathematics, 1 asked my siudents to read a
discussion of maxima and minima by the seventeenth-century mathematician, Pierre Fermat. To
start the discussion, T asked them, “Would you please define a relative maximum?” They told me
it was a place where the derivative was zero. “If that’s so,” I asked, “then what is the definition of
a relative minimum?” They told me, that's a place where the derivative is zero. “Well, in that
case,” I asked, “what is the difference hetween a maximmm and a minimum?” They replied that in
the case of a maxirum, the second derivative is negative.

‘What can we learn from this apparent victory of caleulus over common sense?

Mathematics Magazine, Vol. 56, No. 4. (Sep., 1983), pp. 195-206.

N. KaoTOVITTmrovammog T To v paoTaaTKGo V€V VOGOV



EDUCATIONAL PSYCHOLOGIST, 23(2), 105-117
Copyright @ 1988, Lawrence Erlbaum Associates, Inc.

Instruction and Cognitive Change in
Mathematics

James Hiebert and Diana Wearne
University of Delaware

A methodology for studying change during instruction in content-specific
cognitive processes is presented. The methodology borrows both from the
cognitive mediational approach in instructional effectiveness research and the
instructional approach in cognitive psychology research. It is argued that
learning from instruction must be understood in terms of the way in which
instruction changes the cognitive processes used to solve tasks. The method-
ology is illustrated by summarizing a project on instructing middle-school
students in semantic processes for solving decimal-fraction problems. The
benefits of the methodology, such as tracing the effects of instruction on
performance change, are discussed.

EDUARD GLAS*

TESTING THE PHILOSOPHY OF
MATHEMATICS IN THE HISTORY OF
MATHEMATICS

PART I: THE SOCIOCOGNITIVE PROCESS OF
CONCEPTUAL CHANGE

Contents

Introduction

I. Conceptual Variations within Mathematics

II. Incommensurability of Conceptual Variations

HI. Internal versus External Explanation

IV. Sociocognitive Explanation of Conceptual Variation
V. The Sociocognitive Dynamics of Selection

V1. Paradigms and Revolutions in Mathematics

VII. Conclusion

Stud. Hist. Phil. Sci. . Vol 20, No. 1. oo, 115-131_ 1989,

Tnv mepiodo auTr, N 166 TV EVVOIOAOYIK@YV aAAaywv oTa MaBnuaTikd
gixe pIa SLOKOAIQ, Eva euTTOSIO, YIA VA Yivel eLPLTEPA ATTOSEKTH. MPOKEITAI
yld TIG €VTOVEG QVTIOTACEIGC KAl  avTippnoesg oto JATNUa TV
Halnuarikav emavacracewy. Ki auto yiati, o' avtifeon pe TIC AANES
OETIKEG ETTIOTAPES, SEV LTTAPXOLY BEWPIES TTOL AVETPEWAV AAAEC BewPIEG.
To B¢éua, OGS @aiveral, SleLBeTNBNKe TO 1992, pe TN SnUoaievbon Kal
siladoon TouL PRIPAioL: Revolutions in Mathematics, omov vTTOCTNPEICETAI
ammd ONUAVTIKOVLGS ICTOPIKOVG-ETTIOTAUOAOYOULS TV MaABNUATIKWV OTI Ol
MOBNUATIKEG ETTAVACTACEIC TTPOKAAOLVTAI OTO HETAYVWOTIKO ETTITTESO,
SNA.  OTO  YVWOTIKO  (evVOIOANOYIKO, HUEBOSOAOYIKO KAl AOYIKO)
TTAPCACKAVIO.
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Revolutions in
Mathematics

Edited by
DONALD GILLIES

OXFORD SCIENCE PUBLICATIONS

Me TO PRIPAIO QLTO  vopIHOTIOINGNKE N 1660 TWV HABNUATIKGV
EMAVAOTACE®YV K £TO1 OUAAOTTIOINONKE N OXEoN TWV MABNUATIKWY HE TN
vEa emmoTNUOAOYIa. KaTtd cuvéreia avolfe kal 0 SpOUOC YIa TNV eLPLTEPN
avaTnTuén TWV EVVOIOAOYIK@V dAAQy@v OTa MabnuaTikd. To yeyovog
autd o¢ oLVOéLAOPO HE TNV IOXLEOTIOINCN TOL PELPATOS TOL
KOVOTPOULKTIBIOHOL ("KaTAOKELOTIKIOHOL™) otn YVQOTIKN
EMOTNUOAOYIQ, OTA TEAN TNG SekaeTiag Tou 1980, TTPOKAAECE IOXLEN
wBNoN OToV ATEYKAWRIOUO TNG PIANOCOMIAG TNG EMOTAUNG (KAl TQV
MaBnuaTtikev edIkoTeEpa) atmod TNV KLPIAPEXIA TOL TTAATWVICHOUL KAl TOL
POPUANICUOL (TLTTOKPEATIAC). LOUPWVA PE TIC ETTIOTNHUOAOYIKEC APXEC
TOL KOVOTPOULKTIBIOHOV N YVAON v TTOOCACQUPAVETAI TTABNTIKA, AANG
KOTAoKELALETAl EVEQYNTIKA ATTO TO ATOUO O€ M CLVEXN Kal
TTOOCAPPOOCTIK) OXEON HE TO TIEQLIBAANOV TOL. H KOVOTPOULKTIBICTIKA
ETMOTNUOAOYIO QPVEITAl TNV TTPOKABOPICUEVN, TNV ALBVTTAPKTN, YVOOoN
Kal avayvwpEilel TN SIAAEKTIK Oxeon  HETalL eumepiag kal yvoong.
DLOIOAOYIKA, AOITTOV, eVIOXLONKAVY OI TACEIC KAl TA EVOIAPELOVTA YIA TN
BaBuTEPN KATAVONON TWV YVWOTKWV SOUWV OKEWYNG KAl TWV
EVVOIOAOYIKGV aveAiEewy Kal LTTEPPATCEWY TNG.

Erol anmo 10 péoca NG Sekaegriag Tou 1990 SilapoppONnKav Ol
TTEOOTTOBETEIC YIA TNV TTPOWONON KAl KPABLYVON TWV UEAETWV KAl TV
EQELVV OTIC EVVOIOAOYIKES AAAQYEC OTA MABNUATIKA.
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Conceptual change in mathematics: From rational
to (un)real numbers

Erno Lehtinen
Kaarina Merenluoto
University of Turku, Finland

Eero Kasanen
Helsinki School of Economics, Finland

From an educational poimt of view, matkematics is supposed to
have a completely avarchival stictiee in which all new conceps fuge
iraliy foilaw from prior anes. I this article we ty o shaw thar there
ave alxo concepus i mathematics vwhich arve difiionlt i lam beeanse of
problemaic continuity from prive kowledge fo new concepts. e focas
wit She problems af conceprunl change comeeted with the Tearming of
calewlns and the shifi from ratonal w real numbers. We desoustiie
ihe difficwlty of this conceptual change wirl the help af hivarical and
pvchological evidence In the empirical study 63 students af higher
secdary school were tested ajter o 80 hour calowlis cowre. in oddi.
dion. 1§ students participated i individal interview. Accarding to the
reults the conveptual change from a discrele o o vontinnos jdea of
mumbers reeme to be diffienlt for stdents. None of the subjecis had
develt an adegquate und fing of veal sumbers although they
faad lmarned 1o corey out algoritimie pracedures Inelonging io caleutis.
We discuss how appropeiate recent th i ielvas on ¢ T !
change ave for expluining fearning preblems in this domatn, Alsa tome
eilncarional implications ave procented.
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Learning and
Instruction

Leaming and Instruction 14 (2004) 503-51% e
www elsevier.com,Tocate leaminstruc

The development of students’ understanding
of the numerical value of fractions
Stamatia Stafyvlidou, Stella Vosniadou®

¢ aned Hisrory of S
sk, Arhens, Greece

Coguitive Sct of Philas
Natoral and Kapodisteim University of Avhens, Pancpistimtopolis £5

Labaratary. Deparim

Absiract

An experiment is reported that investigated the develop of students” und, H
the numencal value of fractions. A total of 200 students ranging in age from 10 1o 16
were lested using a questionmniine trequired them to decide on the smallestbiggest frace
ton, to order a set of given fractions and to jusufy their responses. Students’ responses were
grouped in categories that revealed three main explanatory frameworks within which frac-

seem 1o be i 1, The first explanatory fi k. ing directly from the
theory of natural numbers, is that fraction consists of two independent numbers. The
seeond considers fractions as parts of a whole. Only in the third explanatory framework,
students were able 10 understand the on between numerator and denominator and o
consder that fractions can be smaller, equal or even bigger than the unit.
0 2004 Elsevier Lid. All rights reserved.
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Strategies for Conceptual Change: Ratio
and Proportion in Classical Greek
Mathematics

Paul Rusnock™ and Paul Thagard*

..all men begin... by wondering that things are as they are...as they do about...the
incommensurability of the diagonal of the square with the side; for it seems
wonderful to all who have not yet seen the reason, that there is a thing which
cannot be measured even by the smallest unit. But we must end in the contrary
and, according to the proverb, the better state, as is the case in these instances too
when men learn the cause; for there is nothing which would surprise a geomcter
so much as if the diagonal turned out to be commensurable (Aristotle, Metaph.,
983°15)
Introduction
By the time of Aristotle, the mathematical phenomenon of incommensur-
ability was so well known as to be regarded as commonplace.! But when it was
first discovered, the anomaly of incommensurables posed difficult problems for
classical Greek mathematicians.? According to a tradition with roots in
antiquity, it precipitated a general crisis, some accounts adding the colorful
touch that those who first published the result perished shortly thereafter for
their indiscretion.® While there is no solid evidence to support these claims,
there is general agreement among historians that the discovery raised fatal
objections to existing mathematical theory. Surviving documents indicate that
much effort was put into the project of reformulating mathematics in the wake
of this blow, with results that are revolutionary in their scope, and among the
highest achievements of that tradition.*
*Department of Philosophy, University of Waterloo, Waterloo, Ontario, Canada N2L 3G1.
Received 8 March 1994; in revised form 17 September 1994,

' Aristotle, Metaphysics, 983*15f.

*For a recent contrary view see D. H. Fowler, “The story of the discovery of incommensurability,
revisited’, in K. Gavroglu, J. Christianidis and E. Nicolaidis (eds), Trends in the Historiography of
Science (Dordrecht: Kluwer, 1994), p, 221 f.

*Scholium to Euclid’s Elements, Book X, 1. Bulmer-Thomas (ed. and trans), Selections
Mustrating the History of Greek Math ics (London: Hel nn, 1941), vol. I, p. 217.

“For a persuasive argument that the changes should be regarded as revolutionary see J. Dauben,
‘Conceprual revolutions and the history of mathematics: two studies in the growth of knowledge”
(1984); reprinted with an appendix in D. Gillies (ed.), Revolutions in Mathematics (Oxford:
Clarendon Press, 1992), p. 49 f.

@ Pergamon Stud. Hist. Phil. Sci., Vol. 26, No. 1, pp. 107-131, 1995

Copyright © 1995 Elsevier Science Ltd
Printed in Great Britain. All rights reserved
0039-3681/95 $9.50+00.00
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Teaching the Conceptual Revolutions
in Geometry

ROBERT N. CARSON' and STUART ROWLANDS?

l(’raﬁ('g(' of Education, Montana State University, Departiment of Education, Bozeman,
MT 59717, USA: *Centre For Teac fiing Mathemarics, University of Plvinouth, Plymouth,
PL4 844, UK

( E-mail: srowlands@plyvmouihacuk)

Abstract Mathematics begins in human expernience thousands of years ago as empirical and
intuitive experiences. It takes the deliberate naming of concepis to help crystallize and secure
those observations and intuitions as abstract concepts, and to begin separating the concept of
number from specific instances of objects. It takes the creation of compact symbols to enable
efficient calculation and to begin raising a consciousness of this activity we call mathematics.
And it takes the sustained development and discussion of mathematical conventions and
practices to create entire domains of mathematical thought, such as we find in geometry. The
major innovations and conceptual reformulations are few in number, but these represent
perhaps the greatest challenges to learners. Historically significant transformative events have
their counterpart in the cognitive growth of the individual. This article examines the interplay
between these big ideas in cultural history and the deliberate processes of cognitive change that
are their counterpart in the educational process.
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Abo TTapadciypara evvoioAoyikwv aAAaywv ota Madnuartika

To TPWTO MAPAdEyUA €ival yia TNV £vvoia TOL APIBUoL, TToL “TTEpacE
aTTo TTOAAQ KOJATA”, KATA TNV IOTOPIKN €EEAIEN TNC.

ITov Apxaio EAANVIKO TIOANTIONO © apIBPOGC avTPeT@TT{OVIAY WG
OLAAOYN  pOVASWY. ApPYOoTepa, aATO TNV Avayévvnon Kal  PET],
Bewpovoav Tov ApIBUO WG ATTOTEAEOUA PIAG PETEPNONG. Me TN TaAAIKNA
Emavdotaon 10 ©Ofua ToL aAPIBUOL  TIEPITTAEXONKE. TLYKEKQIUEVA, N
Snuiovpyia TNG Anuooiag Ekmmaidevong kail n eELYWWON TNG PHABNUATIKNG
HOPPWONG WG TTPWTIOTNG ONUACIAG ETTEPEQAY HUIA PEYAAN AVAVEWON
TOL TIEQIEXOUEVOL TV HABNUATIKWY OTToLdwV, e Eupacn OTd
“AVaALTIKA”  MaBnuaTtika (TT.X. AVOALTKN Oewpia ILVAPTHOEWY,
AVAALTIKN TewueTpia, AVAALTIK Mnxavikn). ETOl oI apvnTIKOi apiOuoi
dpxicav va Taifovy amoPACIOTIKO POAO OTn CLOTNPATOTIOINCN TOL
AAYeRPIKOL LTTOPABPOL TNG VEAC PABNUATIKAS TTabeiag. KaTta ouvereia
TO EMMOTNMUOAOYIKO EUTTOSIO TNG £VVOIAG TOL APIOUOL, WG ATTOTEAECHA
TNG METPNONG, ETTPETTE VA EETTEOAOTEL, YIATI KAUIa pETENoN &ev UTTOPE va
50oel apvNnTIKO apiBuo. Kai eival aAnBeia OT1 TNV TTEQIod0 eKeivn LTTHPXAV
IOXLEOTATEC ETTIOTNUOAOYIKES AVTITTAPABETEIC YIa TNV ATTodSoxXN N OXI TV
apPVNTIKGOV ApIBUY. ALTOI TTOL NTAV CLVETTEIC PE TNV £VVOIa TOL APIBUOL
WG ATTOTEAECHA TNG METPNONG ATTEQPITITAV TOLG APVNTIKOLG APIOUOLG
WG aovuPipaocTa oToixeia (kai gixav Sikaio), ammd TNV AAAN PEPIA APKETOI
TOPWTOTTOPO! PABNUATIKOI, OTIWG TT.X. © Euler, xpnolyotroloboav Touvg
apvNTIKOLG  APIOUOLG  TTETLUXAIVOVTAG  MIO  OULVEKTIK  Paon 1oL
AEITOLPYOLOE  TIOAD  IKAVOTIOINTIKG  OTNV  €TMALON  PYABNUATIKGV
TEORANUATRV, OTTIWG TI.X. OTIC ALCEIC TWV SIAPOPIKWY eEI0CWTEWYV N
OTOV LTTOAOYIOHO OAOKANPWUATWV.

To TTPWTO PAKA YIA TN CLYKEKPIWEVN LTTEPRACN £yive TN SekaeTia Tov 1820
HE TN METATOTTION TNG KATAVONONG TOL APIBUOL ATTO TNV OVTOTNTA TOL
oTig Tmpaeg Tov. AnAadn, avti va meplopi{ovTal oI apiBuoi Ao TNV
EUTTEIDIKN) TOLG KATAYWYN, 606nKe &upacn oTn onuacia kal Ta
XOPOKTNPIOTIKA TV TIPALE®Y TOLG, OTIWG KAl OTISC  SLVATOTNTEG
ETTEKTAONCG TOLG, XWPEIG, OMWS, VA AAAOIVOVTAI Ol ISIOTNTEC TOLG (TT.X. N
ETTIUEPIOTIKNA ) TIPOCETAIPIOTIKN 1I810TNTA). ALTH N CLOPTIEQIPOPA UTTOPEI Va
TTAPOAANAICTEL TT.X. PE TNV LTTORABPICN TNG ONUACIAG TOL ULAIKOL
KATAOKELNG MIAC HNXAVAC (AOyoL XApNn TOL CPYOAEIOL), &V
TALTOXPOVA AVASEIKVLETAI O POAOG KAl O XAPAKTNEAG TWV AEITOLPYIWV
NG, 181aiTepa &€ TNG SLvaATOTNTAG SIELPLYVONG N ETTEKTACNG TOLG.

KaAo eival va cuveidnrotroin®ei 11 auTr) N OTEOPN ATTd TNV OVTOAOYIKN
avtiAnwn TOL APIBUOL OTNV TIPAIOKA TOL KATAVONON EYIVE ME
LTTORABPO TO APXIKO SOUIKO KAl AEITOLEYIKO TTACICIO TNG APIBUNTIKNG Kal
UE TNV ATTAITNON VA EMEKTAOEI XWPIG va XaBoLy Ta A&TOLPYIKA TNG
TTAEOVEKTAATA.
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ALTA N “ATTO-OVTOAOYIKOTTOINON" TNG £VVOIAG TOL APIBUOL TOV EOTTPWEE
TTPOG HIa SOUIKA Bewpnon Tov, TTOL eEEAXTNKE TOV 190 aicova Kal OTIG
apxEG TOL 2000 alcva. ETol OAUEPA, av Ka | ATTOPeVLYETAl O OPICHOG TOL
apPIBPoL, WOTOCO KAANEQYEITAl N AvTiANWN TWV CLOTNUATWY APIBUGV
(TT.Xx. aKepaiwy, pPNTWY, TTPAYUATIKWYV), U’ ATTOTEAECHA OTO £0WTNUA: TI
gival apiBuog; n amdvinon Polalel Ye coPIoTEIA TOL TOTTOL: APIOUOC
gival &va OToIxeEio &vOG OCLOTAPATOG apPIBu®YV. ALTO onuaivel OTI
opifovTal TO CLOTAKATA APIBUGV PE PACN TIC ECWTEQIKES ISIOTNTEG TOLG
KI OXI € TA QVTIKEIPEVA TOLG. OTTOTE O APIBPOG POPPOTTOIEITAl ATTO TNV
E0WTEPIKN TALTOTNTA TOL CLOTAWUIATOC TTOL AVNKEl. H okEéwn avTh Yolalel
WE TO AQiKO pNTO “TTEC JOL TOLG PIAOLS COL, VA COL TTW TTOIOG ioal”.

To 6e0TEPO TTAPASEIYUA £XEI VO KAVEI UE TNV EANEIPN.

‘Evavoua yia tov TTeoPANUATIONO YOPW attd TNV &vvola TNG EAAEIWNC
UTTOPEI va QTIOTEAECEl N EMONUAVON MPIAG avakoAovBiag. ALTA N
avakoAovBia SIaToTWVETAl OTN OXOAIKA KAl TTAVETTIOTNMIAKN €I0aY®YN
TNG CLYKEKPIPEVNG £VVOIAG, TTOL CLVNOWC YIVETAI WG PIA KWVIKA TOPN KAl
OTN OLVEXEIA TTAPOLOIAZETAl TO OXNUA TNG ATT’ OTTOL TTPOKUTITEl N
e€iowon TNG. Mg Aiyn TTpOCOXN UTTOPE va TTapaTtnEnBei OTI N EAAEIYN WG
KQVIKI TOUN €ival yovo TO TTEPIYPAUPA TNG KAl SV TTEPIANAUPBAVE TIG £0TIEG
TNG. OmoOTE, O TPOKABOPIOUOS TWV EOTIOV OTO TIEQIYPAUUA TNG
EANEIWYNG, TTAPOLOIAlOUEVNG WG KWVIKN TOUN, gival avTipaon. Av, OU®G,
N EANEIYN OPIOCTEI WC O YEWUETPIKOG TOTTOC TWV ONUEIY TOL ETTTESOL
TTOL TO ABPOICUA TWV ATTOOTACEWY TOLSG ATTO SLO SOCPEVa onuEia (TIG
€0TIEG) eival S00uEVO, TOTE SV LTTAPXEI AVTIPACN.

ANPIOLPEYEITAI ETOI TO EOWTNHA: TTWGS EEEAIXONKE N £vvOIa TNG EANEIWYNG;

Eival yvoTO OTI O ATTOAGVIOC OPICE KAl XEIPIOTNKE TNV EAAEIWPN WG
KQVIKA Toun. Kal To onuavTIKOTERO, PPNKE €K TV LOTEPWY TN BEON TWV
EOTIOV TNG, OTA TEAELTAIA KEPAAQIA TOL OXETIKOL EQPYOL TOL. XITNV
IOTOPIKA TTOPEIAd TOL BEUATOG, AV KAl ATAV yVWOoTA N 1610TNTa TWV
onNUEiY TNG EANEIYNG VA £XxOLY OTABEPO TO ABPOICUA TWV ATTOOTACEWY
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TOLG ATTO TIC €0TIEG TNG, WOTOCO TN HEAETOLOAV, KATA KAVOVA, WG
KGQVIKA TOUN Kal e TN PonBeia 1wV aovay Kal TOL KEVTPOL TNG. ALTA N
OLUTTEPIPOPA SlaTNENBNKE UExE! Kal Tov Euler. AANa&e n kartaoTtaon,
ANiyo peta Tov  Euler, mOavotata pe TN OLUPOAR TOL INCOULITN
paBnuaTtikob Ruggero Boscovich (1711-1787). Ao 10Te Qpxioe va
KABIEQWVETAI N PEAETN TNG EANEIPNG HE TTOOKABOPIOUEVES TNG €OTIEG TNG
Kal ye BAon Tn yvwoTn e€icwon TnG. H aAAayn avtn &ev £yive Tuxaia,
OANG TTPOEKLYE ATTO TNV ETTIKOATNON TOL AVAALTIKOL TEOTTOL OKEWNG
oTn FewueTpia Kal N LTTORABUICN TOL CLVOETIKOL TPOTTOL KATAVONONG
TV KWVIKWV TOUWV.

INTRODUCTION

A

L’ANALYSE INFINITESIMALE,
PAR LEONARD EULER;

Traduite du latin en frangais, avec des Notes & des Eclairciffements,

- PAR I B. LABEY,
y.?’-:).

Profefleur de Mathémarigues aux Ecoles Centrales du Département de la Seine,

TOME SECOND.

A PARTIS,
Chez BARRO1S, ainé, Libraire, tue de Savoye, 0°, 23,

L7An Cinguiime de la République Frangaife (1797 ).

ALTA N I0TOPIKN METEEENIEN ATTOTEAEl IO €vVOIOAOYIKY) AAAayr. Mia
AAAQYN) TTOL, OTTWC PaiVETAl eV £xEl CLVEISNTOTTOINBEI KAl TTAPOLOIALETA
TO BEUQ, PEXPI ONUEQPQT, WE MIT LTTOKEIMEVN EVVOIOAOYIKH CLYXLON.
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H AlaAekTikn PIAocOPia Kal o1 EVVOIOAOYIKES aAAayéc

Alagaiveral, amod TIC TTOONYOUVUEVES ETTIONUAVOEIG, OTI N YEVECN KAl N
avamTuén NG 166AG TWV EVVOIOAOYIK@WYV AAAAY@V TIPOWHONONKe KAl
KOANIEQYEITAI PECA OTO VEO ETTIOTNHOAOYIKO PELHA TTOL SIAPOPPLONKE
oTn Abon amo TIG apxeg TNG bekaeriag Touv 1960. MpokerTal yia éva
TPO00S8ELTIKO PELUA COKEWYNG, TTOL TEPIBWpPIOTToINCE 1N e€acBévnoE TIG

KOPIOPXEG, OLVTNPENTIKES, AVTIANWES yId TNV EMOTAPN KAl

MaBnuaTtikd, OTTwS ALTEG TOL AOYIKOL OETIKIOHOUL, TOL MAATWVICUOL KAl

TOL POPUANICUOL.

DLOIOAOYIKG SNUIOLPYEITAI, TOEA, TO EENG £PWTNUA: TTOIA N OXEoN TNG

AIGAEKTIKAC DINOCOQIAG HE TNV I6EQ TV EVVOIOAOYIK®V AAAQYV;

Eival evpuTata yvwoTtod OTl N MaploTik dIAocopia éxel WG PATCIKOOLS
AovéC TNG: 1° TNV IOTOPIKA KATAVONON TWV OCLUTIEQIPOPWY, TWV
5PACTNPIOTATAV KAl TV YVWOEWY, KAl 2° TNV ETTiyVWOoN TNG Yéveong
EVOG VEOL TPOTTIOL OKEWNG PECA ATTO TN CLYKPOLON TWV AVTITIOEUEVV
vooTpomiVv. OToTe N cLUPATOTNTA TNG AIGAEKTIKAG DINOCOPIAG WE TIG
ETTAVACTATIKEG AAAAYEC TNG ETMIOTNMOVIKAG OKEWNG €ival avtovonTtn. Kai

KATA CLVETTEIA YIATI VO PNV €ival KAl JE TIG EVVOIOAOYIKES aAAQyEg;

XwpEIG yeyaAn SLOKOAIQ PTTOPOLY va PPEBOLV APKETEG ETTICNUAVOEIC,

oTN OXETIKNA BIBAIOYPAPIa, TOL TOTTOU:

“H SIOAeKTIKI AOYIKA &€& PEAETAEl TIC ETOIUEC €VVOIEC, AAAA TN
A&ITOLPYIA, TNV EUPAVION, TNV Kivnon, TNV avamTuén ToLg." 2
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Mediated, reflected, essential being is the substance of theoretical
thought. This thought is an idealization of the basic aspect of practical
aetivity involving objects, and of the reproduction in that activity of the
universal forms of things, their measures, and their laws, This reproduc-
umwmrsmlaborwﬂvily as amuqmmmw-objeuexpcmnmLm
this sort of exp gly ires a cognitive ct
allowing people, with time, 1o pass 1o mensal experimentation, to men-
quy ast:rl'bins a certain interaction, a definite form of movement, o

V. S. Bibler singles out the following ‘nasn. I'eamres of mental experi-
mentation: 1) the object of cog d to conditions
in which its essence can be discovered mﬂnpanlcularu;nuudc 2) this
object becomes the object of mental fi ions, 3) the
environment, the system of connections in which this object is located,
is mentally formed in this experiment; if the construction of a mental
object can still be conceived as a simple “abstraction” of a real object’s
properties, then this third feature is, in essence, a productive addition to
the mental object—only in this parficular milieu does its content finds
its discovery [25, p. 30). [34, p. 200).

These features of mental experimentation form the basis of theoretical
thought, which by scientific A concept functions here
as a form of mental actvity by means of which an idealized object and
the system of ils connections, which reflect in their unity the generality

nu.mnccof of th ial object, are reproduced. A concept
ly also asa fom for g the material object
and as a means of 1l g it—that is, as a

particular mental action. The ﬁrst ﬁeamrc permits man 1o be aware, in the
thought process, of an object's existence independent of him—an object
that is given as a prerequisite for activity. This prerequisite mehcs a

feature of passivity, a plative quality, a dep on obj
mrmnt maoomq:t_And aMSmme to have a concept of an object
it 2 This action of constructing

P

‘OAa avTta &eixvouv OTI TO TTEPIBAAOV TNG AIOAEKTIKNG DIAocO®Iag eival
TTOAD OIKEIO JE TIC AVENIEEIC TWV EVVOIWV KAl TWV ETTIOTNUOVIKQDV E£VVOIWV
e161IkOTEPA. KI auTO onuaivel OTI TO CLYKEKPIPEVO PINOCOPIKO TTAQICIO €iXe
Toodlaypdyel TNV 1660 TV EVVOIOAOYIK®V aAAayV, TTOAA XpOVId TV
TNV avadei€n ToLg OTN VEWTEPN EMOTNUOAOYIA TNG Abong. ©@a eival,
HUAAIOTA, 181aiTEPA evOIAQEOOLOA UIA PEAETN TOL ETTITTESOL TTPOWONCNG
TGV EVVOIOAOYIK@V aAAayayv o1n MapgioTikr IAocopia.
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