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Abstract

We review the fundamentals of filtering theory and of the Lainiotis Par-

tition Algorithm for system identification. Original reults are presented on

the question of convergence of the Lainiotis algorithm; namely convergence

is proved (within the algorithm’s resolution) as long as certain exponential

expectation conditions are satisfied. The algorithm is then applied to the

identification of siumlated systems as well the identification of a real DC

motor.
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NOTATION
The following notation is used: capital letters denote matrices. Smallcase roman letters denote

vectors. Smallcase greek letters denote scalars. Aij denotes the element of matrix A at row i, column
j. The unit matrix is denoted by I. The Kronecker delta is denoted by δkl. We denote the trace of a
matrix A by tr[A] and its determinant by det[A]. E(...) denotes mathematical expectation. Equations
are numbered by a single number starting with the first equation of a chapter. But reference to an
equation is made by a two numbers combination, e.g. a.b denotes the b-th equation of the a-th chapter.
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Chapter 1

Introduction

The problem that is addressed in this work is the identification of a system. The system can be either
a mathematical abstraction, in particular a system of differnce equations, or a physical system, in
particular a DC motor.

In Chapter 2 we present the fundamentals of estimation theory as developed by Jazwinski in his
book [7]: the Kalman filter, the notions of stochastic controllability and observability and some stability
considerations. The original results are mostly due to Kalman [8], [9]. In Chapter 3 we present
the Lainiotis identification algorithm (partition algorithm) developed in [5,6,13-15], which is used in
subsequent chapters. We discuss its convergence properties and obtain some original results. Finally we
consider some identifiability concepts developed by Ljung [11]. In Chapter 4 we consider the problem
of identifying a mathematical system and in Chapter 5 we consider the identification of a real physical
system namely a DC motor. In Chapter 6 we summarize the conclusions of this work. æ
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Chapter 2

Estimation

æ

2.1 Kalman Filtering

In this chapter we shall present the theory of the Kalman filter (optimal linear estimator). This
algorithm has a central place in Estimation and Identification Theory and is the starting point for the
solution of a number of related problems. The Lainiotis algorithm is also based on the Kalman filter.

We limit ourselves to discrete time systems, just like Kalman does in his classic paper [8]. In the
following we adopt Jazwinski’s presentation [7].

First Estimation Problem: This problem is as follows: Given the linear discrete time system

x(k) = F (k, k − 1)x(k − 1) + G(k)w(k), (2.1)

y(k) = H(k)x(k) + u(k). (2.2)

Here F , G, H are determinstic (matrix) functions of time of dimensions n×n, n×p, m×n, respectively,
and x, y, w, u are random vectors of appropriate dimensions. For w, u we have:

E(w) = 0, (2.3)

E(u) = 0, (2.4)

E(w(k)wT (l)) = Q(k)δk,l, (2.5)

E(u(k)uT (l)) = R(k)δk,l, (2.6)

E(w(k)uT (l)) = 0. (2.7)

Let x∗(k) be a linear estimator of x(k), that is, a function

x∗(k) = A1(k)y(1) + A2(k)y(2) + ... + Ak(k)y(k). (2.8)

We are looking for the optimal linear estimate x̂, such that for

x̃∗(k) = x(k)− x∗(k), (2.9)

x̃(k) = x(k)− x̂(k), (2.10)
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we have
E(x̃T (k)x̃(k)) ≤ E(x̃∗T (k)x̃∗(k)). (2.11)

The solution to this problem is the optimal linear estimator, described by eqs.(2.118-.121).
There is an associated problem; we will not develop the method of solution here, but the solution

to it is the same. This second problem is:

Second Estimation Problem: Given the system of the first problem (eqs. (2.1-7)), and assuming in
addition that u and w are Gaussian stochastic processes. Let x∗(k) be a (possibly nonlinear) estimate
of x(k) of the form

x(k) = f(y(1), ..., y(k)). (2.12)

We are looking for an optimal estimate x̂(k) such that

E(L(x̃(k))) ≤ E(L(x̃∗(k))), (2.13)

where L is an error function with the following properties:

L(0) = 0, (2.14)

L(x1) ≥ L(x2) ⇐⇒ ρ(x1) ≥ ρ(x2), (2.15)

where ρ is a metric,
L(−x) = L(x). (2.16)

Let us now consider the Hilbert space of the random variables x with finite moments of first and second
order with scalar product:

< x, y >= E(x, y); (2.17)

the induced norm is
‖x‖ = E1/2(x, x). (2.18)

(It is proved in [12] that this is indeed a Hilbert space.) Then the optimal estimate x̂ is the one that
minimizes the norm of x̃∗:

‖x̃‖ ≤ ‖x̃∗‖. (2.19)

Now we will give a necessary and sufficient condition for equation (2.19) to hold.

Lemma 1 (Orthogonal Projection Lemma) If X and Y are Hilbert spaces and Y ⊂ X, then

‖x− x̂‖ ≤ ‖x− x∗‖ ⇐⇒< x− x̂, x∗ >= 0 ∀x ∈ Y. (2.20)

The subspace Y is the approximation space: x̂ ∈ Y . The Lemma states that, since x̂ belongs to Y , x̂
will be the orthogonal projection of x to Y .

Proof: Let
x∗ = x̂− λa (λ 6= 0), (2.21)

x∗ ∈ Y, (2.22)

x̂ ∈ Y. (2.23)

Then

< x− x∗, x− x∗ > = < x− x̂ + λa, x− x̂ + λa >=
< x− x̂, x− x̂ > +2 < x− x̂, λa > +λ2 < a, a > > < x− x̂, x− x̂ > .(2.24)
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Conversely, assume there is an a such that

< x− x∗, a >= b 6= 0 (2.25)

and
‖x− x∗‖ < ‖x− x∗‖. (2.26)

Then

‖x− x∗‖2 = < x− x̂ + λa, x− x̂ + (2.27)
λa >

= ‖x− x̂‖2 + 2λb + λ2a2. (2.28)

Let λ = −2b/‖a‖2 to get
‖x− x̂‖ = ‖x− x∗‖ (2.29)

which contradicts the hypothesis. So there is no a ∈ Y such that < x− x̂, a >= 0. •
An interesting result is that for E(y2) = 0 (deterministically constant y) E(xy) = yE(x) = 0 ⇒

E(x) = 0.
In our problem the approximation space is the space Yk spanned by y(1), ..., y(k). Take an ortho-

canonical basis u1, ..., uk of this space. From Lemma 1 we have for i = 1, 2, ..., k

E((x(k)− x̂(k))uT
i ) = 0 ⇒ (2.30)

E(x(k)uT
i ) = E(x̂(k)ui(k) ⇒ (2.31)

k∑
i=1

E(x(k)uT
i )ui =

k∑
i=1

E(x̂(k)uT
i )ui. (2.32)

But x̂(k) is the orthogonal projection of x(k) on Y . Therefore

x̂(k) =
k∑

i=1

Aiui (2.33)

(where Ai are constant matrices). Then, from (2.31)

k∑
i=1

E(x(k)uT
i )ui = x(k) ⇒ (2.34)

x̂(k) =
k−1∑
i=1

E(x(k)uT
i )ui + E(x(k)uT

k )uk. (2.35)

Using (2.1)

x̂(k) =
k−1∑
i=1

E((F (k, k − 1)x(k − 1) + G(k)w(k))uT
i )ui + E(x(k)uT

k )uk. (2.36)

But w(k) is independent of y(k − 1) and so we get

x̂(k) = F (k, k − 1)x̂(k − 1) + E(x(k)uT
k (k)). (2.37)

8



Now, Yk−1 is spanned by u1, ..., uk−1, which are orthocanonical on u)k. So uk is orthocanonical on
Yk−1. Also for i = 1, 2, ..., k − 1 we have

E(x(k − 1)yT (i)) = 0 ⇒ (2.38)

E((x− x̂)yT (i)) = 0 ⇒ (2.39)

E((x(k)− Fx̂(k − 1))yT (i)) = 0 ⇒ (2.40)

E((y(k)−HFx̂(k − 1))yT (i)) = 0. (2.41)

Equation (2.40) says that y(k)−HFx̂(k − 1) is orthogonal to Yk−1. Then there exists a matrix K(k)
such that

E(x(k)uT (k))u(k) = K(k)(y(k)−H(k)F (k, k − 1)x(k − 1). (2.42)

Replacing in eq.(2.36) we get

x̂(k) = F (k, k − 1)x(k − 1) + K(k)(y(k)−H(k)F (k, k − 1)x(k − 1)). (2.43)

We then have a recursive relationship for x̂(i), i = 1, 2, .... However, to use it we must determine K(i).
For the estimation error we get, subtracting (2.42) from (2.1) and using (2.2):

x(k) = F (k, k− 1)x(k− 1)+Gw(k)−K(k)H(k)F (k, k− 1)−K(k)(H(k)G(k− 1)w(k)+u(k)). (2.44)

Also
y(k) = H(k)F (k, k − 1)(x̃(k − 1) + x̂(k − 1)) + H(k)G(k)w(k) + u(k) (2.45)

and from the Orthogonal Projection Lemma:

0 = E(x̃(k)yT (k)) = (2.46)

F (k, k − 1)S(k, k − 1)F T HT (k) + G(k − 1)Q(k)GT HT (k)− (2.47)

(H(k)F (k, k − 1)P (k − 1, k − 1)F T HT (k) + H(k)G(k − 1)Q(k)GT HT (k) + R(k) (2.48)

P (k − 1, k − 1) = E(x̃(k − 1)x̃T (k − 1)) (2.49)

S(k, k − 1) = F (k, k − 1)P (k − 1, k − 1)F T + GQGT (k − 1). (2.50)

Now from eq.(2.49) we get

K(k) = S(k, k − 1)HT (k)(H(k)S(k, k − 1)HT (k) + R(k) (2.51)

and back in eq.(2.49) we compute the difference equation for P (k, k)

P (k, k) = S(k, k − 1)−K(k)H(k)S(k, k − 1). (2.52)

So we have completed the algorithm of optimal linear estimation (Kalman filter). We now have a
system of difference equations for computing the optimal linear estimation of the states of a linear
system (2.1-.7). Given the observations y(i), an initial estimation x(0) of the state and the P (0, 0) of
the error, then we can follow in every step the computational procedure determined by the equations

S(k + 1, k) = F (k + 1, k)P (k, k)F T (k + 1, k) + G(k)Q(k + 1)G(k) (2.53)

K(k + 1) = S(k + 1, k)HT (k + 1)(H(k + 1)S(k + 1, k)HT (k + 1) + R(k + 1))−1 (2.54)
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x̂(k + 1) = F (k + 1, k)x̂(k) + K(k + 1)(y(k)−H(k + 1)F (k + 1, k)x̂(k)) (2.55)

P (k + 1, k + 1) = S(k + 1, k)−K(k + 1)H(k + 1)S(k + 1, k). (2.56)

We can see that the optimal estimate x̂(k, k) is given by the evolution of the system assuming its state
to be the previous estimation, plus a correction term which consists of the difference of the actual
observation minus the estimated (that is x̂(k)− Fx̂(k − 1)) times a weighting matrix K(k).

What is paricularly important is that whereas the estimate x̂(k) depends on how well previous
estimates agree with the observations, the matrix K, as well as the covariance matrices P, S are
independent of the observations and indeed are deterministic quantities.

In connection to these matrices: the first one’s elements P (k, k) of the vector x̂(k). Specifically,
Pij = E(xixj). The second matrix is an intermediate step in our computations, but it can be interpreted
in an interesting way.

According to a theorem easily proved from the previous discussion (see for example Meditch, [17])the
optimal estimate x∗(k + 1), given y(1), ..., y(k) is given by

x∗(k + 1) = F (k + 1, k)x̂(k). (2.57)

In other words, we assume that the state of the system is the optimal estimate and the system evolves
without noise. Now define

x̄(k) = x(k)− x̂(k). (2.58)

E(x̄T (k + 1))− Fx̂(k))) (2.59)
x̄(k + 1)) = E((Fx(k) + Gw(k)− Fx̂(k))T (Fx(k) + Gw(k)) (2.60)

= E(Fx̃(k)x̃T (k)F T ) + E(Gw(k)wT (k)GT ) (2.61)
= FP (k, k)F T + GQ(k)GT (2.62)
= S(k + 1, k). (2.63)

That is, the matrix S(k + 1, k) is the covariance matrix of x̂(k + 1). In a similar way, if we define

ŷ(k) = H(k)F (k, k − 1)x̂(k − 1), (2.64)

ỹ(k) = y(k)− ŷ(k), (2.65)

we will get
T (k, k) = H(k)P (k, k)HT (k, k) + R(k), (2.66)

where T (k, k) is the covariance matrix of the observation error.
We see that the physical interpretation of the Kalman algorithm is the following: given an initial

estimate x̂(0) and a corresponding covariance matrix P (0, 0) we compute P (1, 0) and from this the
weight matrix K(1), which relates to how much confidence we have in our estimate. Assuming the
actual state of the system to be x̂(0) we compute the optimal estimate (without knowing y(1)) x̂(1).
Then, we take this observation into consideration, computing the discrepancy between the actual and
estiamted observations, multiplying by K(1) to adjust according to our confidence, and add the result
to x̂(1) to get x̂(1), which is the optimal estimate given all the available observations. Then we compute
the error margins of the estimate in the form of P (1, 1). Now we no longer need S(1), P (0, 0), x̂(0). We
can move on to the next cycle of the computational procedure. Notice the limited memory requirement.

æ
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2.2 Uniform Controllability and Observability

The matrix P (k, k) is the covariance matrix. The element Pij is the variance of the error x̃i(k).
According to the Chebyshev inequality,

Pr(|x̃i(k)− E(x̃i(k)| > mPii(k)) < 1/m2. (2.67)

Now, E(x̃(k)) = 0, so
Pr(|x̃i(k)| > mPii(k)) < 1/m2. (2.68)

For large Pii(k) we have a large probability that ‖x̃(k)‖ will be big. In other words, diagonal the
elements of P (k) show how good our estimates are. It is then useful to consider bounds on these
elements.

We use the following notation:
For matrices A, B, A > B means that A − B is positive definite. A ≥ B means that A − B is

positive semidefinite. We define A < B and A ≤ B in an analogous way.
It is known (see for example Wiberg [22]), that symmetric positive definite real matrices have all

eigenvalues positive, and positive semidefinite matrices have nonegative eigenvalues.
Now, if A is a real positive definite matrix and A > α · I

A− α · I > 0 ⇒ (2.69)

λi > 0, i = 1, 2, ..., n (2.70)

where the λi’s are the eigenvalues of A− α · I, equivalently

det(A− α · I − λ · I) = 0 ⇒ (2.71)

det(A− (α + λ) · I) = 0, (2.72)

which implies that α + λi = µi are the eigenvalues of A. Consequently

0 < λi = µi − α ⇒ (2.73)

α < λi. (2.74)

This implies A > α · I and similarly B < β · I. Also A > α · I ⇒ A−1 < α−1 · I and B < β · I ⇒
B−1 < β−1 · I. Finally if A,B, C are positive definite matrices then

A = B + C ⇒ A < B; (2.75)

the proofs of these assertions are easy.
We define, following Kalman,

Y (k, l) =
k∑

i=1

F T (i, k)HT (i)R(i)H(i)F (i, k), (2.76)

Z(k, l) =
k∑

i=1

F (k, i + 1)G(i)Q(i + 1)GT (i)F (k, i + 1). (2.77)

We say that the system (2.1-.7) is
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1. Uniformly Fully Controllable (UFC), iff ∃N,α1, β1 > 0 : β1I > Y (k, k −N) > α1I ∀k > N .

2. Uniformly Fully Observable (UFO)), iff ∃N,α2, β2 > 0 : β2I > Z(k, k −N) > α2I ∀k > N .

For a discussion of the significance of these definitions see Jazwinski [7]. The essential feature of this
situation is that we can, within the noise restrictions, control all the states of a UFC system and observe
all the states of a UFO system. Let’s add that UFC and UFO systems are the rule, rather than the
exception, in practice.

Now we shall determine bounds on P (k, k) for UFC and UFO systems. We need the following two
Lemmas:

Lemma 2 If the system (2.1-.7) is UFC and UFO and if P (0, 0) > 0, then P (k, k) is uniformly
bounded above for all k > N :

P (k, k) < Y −1(k, k −N) + Z(k, k −N) <
1 + α1β2

α1
I. (2.78)

Proof: We consider the equation

x∗(k) = Y −1(k, k −N)(
k∑

i=k−N

F T (i, k)HT (i)R−1y(i)), k > N. (2.79)

(Note: Y −1 exists because Y > 0). The estimate is not optimal and so

trP ≤ E((x(k)− x∗(k))(x(k)− x∗(k))T ) ⇒ (2.80)

P (k, k) < E((x(k)− x∗(k))(x(k)− x∗(k))T ). (2.81)

Now we compute the covariance matrix of the right hand side with

x∗(i) = F (i, k)x(k)− F (i, k)
k−1∑
j=1

F (k, j + 1)G(j)W (j + 1), (2.82)

y(i) = H(i)F (i, k)x(k) + u(i)−H(i)F (i, k)
k−1∑
j=1

F (k, j + 1)G(j)W (j + 1). (2.83)

Then

x(k)− x∗(k) = −Y −1(k, k −N)
k∑

i=k−N

F T (i, k)HT R−1(i)u(i) + Y −1(k, k −N) · (2.84)

k∑
i=k−N

F T (i, k)HT R−1(i)H(i)F (i, k)
k−1∑
j=1

F (k, j + 1)G(j)w(j + 1) (2.85)

and from this follows that

E((x(k)− x∗(k))(x(k)− x∗(k))T ) < Y −1 + Z(k, k −N). (2.86)

This completes the proof. •
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Lemma 3 If the system (2.1-.7) is UFO and UFC and if
P (0, 0) > 0, then P (k, k) is uniformly bounded from below for all k > N :

P (k, k) > (Y (k, k −N) + Z−1(k, k −N))−1 >
α2

1 + α2β1
I. (2.87)

Proof: Since P (0, 0) > 0, P (k, k) is invertible as is clearly seen from eq.(2.75). We define

P1(k, k) = P−1(k, k), (2.88)

P2(k, k) = P1(k, k)−HT (k)R−1H(k), (2.89)

P3(k + 1, k) = F−1(k + 1, k))T P1(k, k)F−1(k + 1, k). (2.90)

We can easily see that P2(k, k) is the covariance matrix of the system

x(k + 1) = (F−1)T x(k) + (F−1)T HT w(k + 1), (2.91)

y(k + 1) = GT (k)x(k) + u(k), (2.92)

E(w(k)wT (k)) = R−1(k), (2.93)

E(u(k)uT (k)) = Q−1(k). (2.94)

We also see that, since (2.1-.7) is UFO and UFC, so will be (2.90-.93). Then from Lemma 2.1 we have

P2(k, k) < Y (k, k −N) + Z−1(k, k −N). (2.95)

But then
P1(k, k) = P2(k, k) + HR−1HT ⇒ (2.96)

P (k, k) = P−1(k, k) > (Y (k, k −N) + Z−1(k, k −N))−1.• (2.97)

Now combining the Lemmas 2 and 3 we get

Theorem 1 If the system (2.1-.7) is UFO and UFC, then P (k, k) is uniformly bounded by

α2

1 + α2β1
I = αI < P (k, k) < βI <

1 + α1β2

α1
I. (2.98)

Proof: Trivial. •
But from (2.97) we get

α < λiβi = 1, 2, ..., n (2.99)

nα <
n∑

i=1

λi = trP =
n∑

i=1

Pii < nβ ⇒ (2.100)

α < Pii < nβ. (2.101)

So we see that for UFO and UFC systems we can bound the covariance of the error. Hence the error
is “finite” æ
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2.3 Bounds on the estimate

Now, using Lemmas 2 and 3 we will prove that the optimal linear estimate is bounded. We can easily
prove that

x∗(k) = P (k, k)S−1(k, k − 1)F (k, k − 1)x∗(k − 1) + P (k, k)HT R−1y(k). (2.102)

This system is stochastic. Kushner in [10] develops certain results in the stability of stochastic systems
which are too technical to apply here. Instead we use a heuristic argument. Consider the system

x(k) = P (k, k)S−1(k, k − 1)x(k − 1). (2.103)

Now we will prove that this system is stable. Then, we hope, that for a probability distribution with
finite moments the stochastic system (2.101) will also be stable. This is simply a heuristic argument;
our faith in it comes from the following resulst for deterministic systems: if a system is stable in the
Lyapunov sense, then it is also bounded input- bounded output (BIBO). Now, if we show (2.101) to be
Lyapunov stable, so (2.101) should have bounded output for bounded input. But the input to (2.101)
is the observation of the stable original system, so it is bounded.

To prove the stability of (2.2) in the Lyapunov sense, we find a Lyapunov function and prove the
following:

Theorem 2 If the system (2.102) is UFO and UFC and if P (0, 0) > 0, then the optimal linear estimate
is uniformly asymptotically stable.

Proof: We shall prove that
V (x, k) = xT (k)P−1(k, k)x(k) (2.104)

is a Lyapunov function for (2.102). WE must show that there exist functions c1(.), c2(.), c3(.) that
satisfy

0 < c1(‖x∗‖) < V (x, k) < c2(‖x∗‖), (2.105)

V (x(k), k)− V (x(k − 1), k − 1) < c3 < 0, (2.106)

c1(0) = c2(0) = c3(0) = 0, lim
ξ→∞

c1(ξ) = ∞ lim
ξ→∞

c2(ξ) = ∞ lim
ξ→∞

c3(ξ) = −∞ (2.107)

From eq.(2.97) we get
αI < P−1(k, k) < βI ⇒ (2.108)

0 < α‖x‖2 < xT P−1x < β‖x‖2. (2.109)

So (2.104) and (2.106) are satisfied. Now define

a(k) = (P (k, k)S−1(k, k − 1)− I)F (k, k − 1)x(k − 1), (2.110)

x(k) = F (k, k − 1)x(k − 1). (2.111)

Then (2.102) can be written
x∗(k) = x(k+a(k). (2.112)

Now

x∗T (k)P−1(k, k)x∗)k) = x∗T (k)S−1(k, k − 1)x∗(k)− x∗T (k)HT R−1Hx∗(k) < 0. (2.113)

V (xT (k)x(k), k)−V (xT (k− 1)x(k− 1), k− 1) = −xT (HT R−1H + F T (PS−1− I)T S−1(PS−1− I)F )x.
(2.114)
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But all the matrices above are bounded, so we have

V (xT (k)x(k), k)− V (xT (k − 1)x(k − 1), k − 1) < −c‖x(k)‖2 (2.115)

which satisfies eq.(2.105). •
Jazwinski [7] proves with analogous methods the following results:

Theorem 3 If the system (2.1-.7) is UFO and UFC and if we have two different sets of initial values
P1(0, 0), P2(0, 0) and we denote δP (k, k) = P1(k, k)− P2(k, k), then

‖δP (k, k)‖ → 0 when k →∞. (2.116)

Proof: Jazwinski [7]. •
Also, if we consider the system which on top of the noise input has a deterministic input u0(k) with

input matrix G0(k), we have the following:

Theorem 4 For the system

x(k + 1) = F (k + 1, k)x(k) + G(k)w(k + 1) + G0(k)u0(k), (2.117)

y)k + 1) = H(k + 1)x(k + 1) + u)k + 1), (2.118)

the optimal linear estimator is given by the equations:

S(k + 1, k) = F (k + 1, k)P (k, k)F T (k, k)F T (k + 1, k) + GT (k)Q(k + 1)G(k), (2.119)

K(k + 1) = S(k + 1, k)HT (k + 1)(HT (k + 1)S(k + 1, k)H(k + 1)R(k + 1))−1, (2.120)

x̂(k + 1) = F (k + 1, k)x̂(k) + K(k + 1)y(k + 1)−H(k + 1)F (k + 1, k)x̂(k)) + G0(k)u0(k), (2.121)

P (k + 1, k + 1) = S(k + 1, k)−K(k + 1)H(k + 1)S(k + 1, k). (2.122)

Proof: Jazwinski [7]. •
This concludes Section 3. æ

2.4 Conclusions

In this chapter we considered a linear stochastic system and developed the optimal linear estimation
equations. We saw that the estimation error has zero mean and we developed recursive equations for
its covariance. The covariance is bounded and we argued this also indicates a bound for estimation
error.

We have seen that, in order to have a truly optimal estimate we must also have the optimal initial
estimate x(0) and initial covariance P (0, 0). We will discuss the selection of x(0) in later chapters. As
far as P (0, 0) goes, however, according to Theorem 3, after a number of iterations we approach the
optimal covariance matrix irrespective of the initial value. This means the algorithm is robust with
respect to the choice of P (0, 0). This is not the case for the noise covariance; teh algorithm is sensitive
to the choice of Q,R. As we see from eqs.(2.118-.121), inaccurate values of Q,R will result in a bias
for P (k, k), K(k).

Finally, let us note that the noise probability distribution does not seem to have a decisive influence
on the estimation results. This follows from Theorem 3 and is substantiated by simulation in following
chapters. æ

15



Chapter 3

Identification

æ

3.1 The Lainiotis Partition Algorithm

In this chapter we will introduce the Lainiotis partition algorithm, following Lainiotis [Lai1-Lai4]. Then
we develop some original results on the convergence algorithm. We also present some of Ljung’s work
on identifiability [11].

There is a considerable overlap between estimation and identification problems. In Estimation
Theory the central problem is to estimate the states of a system; in Identification Theory it is to
identify the parameters of a system. Sometimes we consider the parameters as states themselves; hence
the overlap. It is possible to determine exact values for the parameters, but usually we are satisfied
with determining a probability distribution on them. This is the approach used by Lainiotis [13,15,20].

Let us define the identification problem in two versions.
1st Identification Problem: Given a physical system that is represented by a mathematical

model of the form:
x(k) = F (k, k − 1)x(k − 1) + G(k)w(k), (3.1)

y(k) = H(k)x(k) + u(k), (3.2)

E(w(k)wT (l)) = Q(k)δk,l, (3.3)

E(u(k)uT (l)) = R(k)δk,l, (3.4)

E(w(k)uT (l)) = 0. (3.5)

Determine the optimal values of the unknown parameters of F,G,H,Q,R.
The problem is (purposefully) stated in a vague form. We now state it more precisely to get the
2nd Identification Problem: Given the system (3.1.1-.5) with u, w being noramlly distributed

random vectors. Assume that some (maybe all) the lements ai, i = 1, 2, ..., n of the matrices are
unknown. We define the vector a = [a1...an]. Given also the measurements y(1), ..., y(k). We ask for
the optimal value a∗ of a in the sense that it has the highest conditional conditional probability:

p(a∗|y(1)...y(k)) > p(a|y(1)...y(k)). (3.6)

To solve this problem, we develop the Lainiotis algorithm for linear systems in discrete time with
discrete parameter space. Before doing so, however, we will present two Theorems the proof of which
is givenn in Meditch [17] and which are related to the 2nd Estimation Problem.
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Theorem 5 The measurement y(k), given the measurements y(1), ..., y(k−1) has a normal conditional
probability p(y(k)|y(k − 1)...y(1)) with mean

E(y(k)|y(k − 1), ..., y(1)) = ŷ(k) = H(k)x̂(k) (3.7)

and covariance matrix
T (k, k − 1) = H(k)S(k, k − 1)HT (k) + R(k). (3.8)

Proof: Meditch [17]. •

Theorem 6 The observation error ỹ(k) has normal probability distribution with mean 0 and covariance
matrix given by

T (k, k − 1) = H(k)P (k, k)HT (k) + R(k). (3.9)

Proof: Meditch [17]. •
Now consider the Lainiotis algorithm [20]. Define the vector

Y (k = [y(1)...y(k)], (3.10)

where y(1), ..., y(k) is the observation of the system. Knowing only the output we have incomplete
knowledge of the system states. However, if we assume that the initial values and the parameters
of the system are known, we can get optimal estimates of the states as well as the measurements.
Call these last estimates ŷ(1), ..., ŷ(k); obviously they will differ somewhat from y(1), ..., y(k). Now
consider the parameter vector a. Assume that a can take only a finite number of values L: a1, ...
, aL. Every value defines a model system that is a candidate for the system we want to identify.
As we have no a priori preference for any of these models, we assign to each of them a probability
p(al|Y (0) = 1/L. However, it is clear that systems which give ŷ very different from the observed y’s
have little probability of being a succesful candidate. What the Lainiotis algorithm does is to explicitly
compute the conditional probability as more observations become available. In what follows we write
pik as shorthand for p(ai|Y (k)). Using Bayes’ rule we get:

pik =
p(Y (k), ai)

p(Y (k)
(3.11)

=
p(y(k), Y (k − 1), ai)
p(y(k), Y (k − 1))

(3.12)

=
p(y(k), ai|Y (k − 1))
p(y(k)|Y (k − 1))

(3.13)

=
p(y(k)|Y (k − 1), ai)pi,k−1∑L

j=1 p(y(k)|Y (k − 1), aj)pj,k−1

. (3.14)

Since for given ai, y has a normal probability, by (3.1.7-.8)

p(y(k)|Y (k), ai) = det−1/2(Ti(k, k − 1))exp(−1/2 ·Qi(k)) (3.15)

where Ti is given by (2..65) with H, R defined by the value of ai and Qi(k) = yT (k)T−1(k, k− 1)y(k).
So we get

pik =
det−1/2(Ti(k, k − 1)exp(−1/2 ·Qi(k))pi,k−1∑
i det−1/2(Ti(k, k − 1)exp(−1/2 ·Qi(k))pi,k−1

. (3.16)
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In other words, we have a recursive relation for the computation of pik.
If every element of a takes values in a continuous set, then we can discretize (partition) this set

and form all possible combinations of discrete values. Then we have L possible values for a. This is
an approximation, of course. If the parameters are considered as points in a high dimensional space
(say RM ), by discretizing we pick up certain points in this space. The Lainiotis algorithm picks up
the point of highest probability. Around this point we can make a finer discretization and repeat the
procedure until we reach satisfactory accuracy. This is the procedure proposed in [20].

In this fashion we have solved, at least approximately, the second Identification problem. In the
following sections we clarify certain technical points. æ

3.2 Convergence Questions

The results of this Section are original and pertain to the following question: When does the Lainiotis
algorithm converge? Given a finite set of models and an unlimited amount of observations, will one
of the models have consistently highest conditional probability? Furthermore, will we keep getting a
consistently most likely model in successive identification epochs, when the model set gets more and
more refined?

Lainiotis and Sengbush [19] were the first to observe via simulation the fact that the algorithm
does indeed converge to the model closest to the true system. Similar empirical analyses can be found
in Magill [16], Hilborn and Lainiotis [9,10], and Saridis [18]. However, little theoretical work has been
done to date on the convergence question.

The basic object of interest in the convergence analysis is the ratio of conditional probabilities
of two models in the model set. The importance of this ratio has been known for a long time. For
example, Aoki in [3] points out that such ratios form a martingale. However, Aoki sets forth a rather
general analysis of Bayes procedures, without giving specific convergence conditions for the partition
algorithm (in fact, the book predates the algorithm by a few years).

Moore et al. derive convergence conditions for the partition algorithm in [1,2,4]. Their analysis is
based on a strong assumption: that the observations come from an ergodic physical system. Stochastic
dynamical systems that exhibit oscillatory or transient behavior (for example, the DC motor of Section
4) are not ergodic. Furthermore, the nature of convergence is not made clear (convergence in probability,
almost surely ?).

Tugnait also considers the convergence of the partition algorithm in [21]. He proves powerful
results without assuming ergodicity, but he assumes another condition that is unlikely to be satisfied
in practice, namely, that the error covariance matrix is uniformly continuous as a function of the model
parameters. In fact, to guarantee this condition, Tugnait assumes, in essence, that the full state vector
is observed. This is a very restrictive condition. The DC motor of Chapter 5 does not satisfy it; neither
do many other systems of practical interest.

Here we prove two convergence theorems, using a slightly different point of view. The first theorem
guarantees convergence in the mean and the second convergence with probability 1. Both theorems
hold under very weak assumptions,that are likely to be satisfied for every system of practical interest.
Like other authors in the past, we base our analysis on an examination of the ratios of conditional
probabilites. However, we do not assume the actual system to be in the model set, nor that the
system can be necessarily described by any linear model. Instead we take a purely phenomenological
approach and consider the truest model to be the one that best fits the observations. What is proven
is, essentially, that if a model consistently fits the observations with least mean square error, it will be
selected as the best model by the partition algorithm. Depending on the conditions the model satisfies,
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the convergence will be in the mean, or with probability 1 (w.p. 1). The conditions required for either
theorem are very weak and likely to be satisfied by any system of practical interest. The convergence
analysis also helps us in understanding what happens when the algorithm fails to discriminate between
models. In essence, when two models perform equally well in fitting the observations, the algorithm
will fail to select one over the other. This commonsense statement is made more precise in the course
of the proof of the convergence theorems.

We will now define some quantities that bear on the performance of the algorithm and will be used
in the proof of the convergence theorems. The model selection will be done on the basis of the observed
error ỹj(n), n = 1, 2, ... . It is natural to consider as best the model that accumulates less error on the
average (we try to minimize

∑∞
m=1 E(‖ỹj(m)‖2).

First define

αij = lim sup
n→∞

∑n
m=1 E(‖ỹi(m)‖2)∑n
m=1 E(‖ỹj(m)‖2)

. (3.17)

The αij ’s, exist always and they are a measure of the goodness of a model relative to another. Namely,
the smaller αij , the better is ai relative to aj . A lso define

Aij(θ, m) = {α : E

(
exp

[
−

n∑
k=1

(
‖ỹi(k)‖2 − θ · ‖ỹj(k)‖2

)])
≤ αn ∀n ≥ m}, (3.18)

α̂ij(θ, m) = inf Aij(θ, m) (3.19)

In a trivial sense, α̂ij(θ, m) exists always. Even when Aij(θ, m) is empty, we have α̂ij(θ, m) = ∞.
The more interesting question is: when is α̂ij(θ, m) < 1 ? It is always true for θ = 1. If it is true
∀m ≥ m0 and for large values of θ, then ai is a much better model than aj , in some sense. This
is so because, if

∑
k ‖ỹi(k)‖2 is much greater, on the average, than

∑
k ‖ỹj(k)‖2, then we also expect

exp
(
−
∑n

k=1

(
‖ỹi(k)‖2

))
to be much smaller than exp

(
−
∑n

k=1

(
‖ỹj(k)‖2

))
in some average sense.

Now we will prove two theorems on convergence of the Partition Algorithm.

Theorem 7 Given a process y(n), n = 1, 2, ... (possibly generated by the system (2.1-.7)) and K
models, ai, i = 1, 2, ...,K, all of them UCC-UCO. Then ∀i, j such that the following conditions hold:
Condition 1(a): ∀j ∈ {1, 2, ...,K}, ∃βj > 0, ni s.t. ∀n ≥ ni

E(
∞∑

m=1

‖ỹj(m)‖2) > βj · n (3.20)

Condition 1(b): ∃εij > 0 s.t.

M · log(
γj

δi
) + βj · (

1
δj
− αij + εij

γi
) > 0 (3.21)

(where αij is defined in (3.17)), we have ∀Q ∃n0 s.t. ∀n ≥ n0

E

(
pin

pjn

)
> eQ (3.22)

PROOF: Define
Λij,n = log

pi,n

pj,n
(3.23)
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Then, applying (3.16) recursively, we get

Λij,n =
n∑

m=1

log det(Pj(m))1/2 +
1
2

n∑
m=1

ỹT
j (m)Pj(m)−1ỹj(m)

−
n∑

m=1

log det(Pi(m))1/2 − 1
2

n∑
m=1

ỹT
i (m)P−1

i ỹi(m) (3.24)

Now, from (3.20),

E(Λij,n) =
n∑

m=1

log det(Pj(m))1/2 +
1
2

n∑
m=1

E(ỹT
j (m)P−1

j ỹj(m))

−
n∑

m=1

log det(Pi(m))1/2 − 1
2

n∑
m=1

E(ỹT
i (m)P−1

i ỹi(m)) ≥

n∑
m=1

M

2
log(

γj

δi
) +

1
2
E

(
n∑

m=1

(
‖ỹj(m)‖2

δj
− ‖ỹi(m)‖2

γi

))
≥

(Because of eqs (3.18), (3.19), and the limsup equation (3.17)) the inequality is true ∀n ≥ na, some
na,

1
2
·
[
nM · log(

γj

δi
) +

n∑
m=1

E(‖ỹj(m)‖2) · ( 1
δj
− αij + εij

γi
)

]
≥

n

2
·
[
M · log(

γj

δi
) + βj · (

1
δj
− αij + εij

γi
)

]
(3.25)

Since the term in the brackets is positive for some εij (by (3.21)), we have that for any Q ∃n0 s.t.
∀n ≥ n0

E(log
pi,n

pj,n
) > Q. (3.26)

Also by the fact that log is a concave function,

log(E(x)) ≥ E(log(x)). (3.27)

(3.26) and (3.27) imply that
log(E(

pi,n

pj,n
)) > Q ⇒

E(
pi,n

pj,n
) > eQ. (3.28)

This completes the proof. •
Condition 1(a) is a mean value statement. It says that the mean value of the cumulative prediction

error for every model in the model set is increasing in time at a linear rate. This will certainly be true
if there is a small additive white noise component, like u(n), v(n) in (2.1-.7). Condition 1(b) has to do
with the relative rate αij at which error accumulates for every model in the model set. It is required
that for some model ai this rate is very small. In fact, it has to be smaller than a function of the ratio
of upper and lower error bounds (γi’s, δi’s, that we get from the postulated covariance matrices Pi) and
the absolute rate βi’s of error accumulation. If the above assumptions hold, the theorem guarantees
that the mean value of pi,n/pj,n increases without limit as n tends to infinity. This implies that, on the
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average, pi,n is much greater than pj,n. This is a mean value statement; essentially it says that, on the
average, one of the conditional probabilities is much higher than the others. We may reasonably expect
that the actual value of this probability will be much larger than the values of the other probabilities,
as well, but this need not be true all the time. It can be that for some i the conditional probability
(3.16) is lower than the rest with high probability; but it is very high on a set of small probability, so
it can still have the highest average between all the conditional probabilities.

Now we will strengthen our conditions, to obtain a result about the probability ratios themselves,
rather than their mean values. This is done in the next theorem, where convergence with probability
1 is proven.

Theorem 8 Given a process y(n), n = 1, 2, ... (possibly generated by the system (2.1-.7)) and K
models, ai, i = 1, 2, ...,K, all of them UCC-UCO. Also
Condition 2: ∃ζ, n0 s.t.

α̂ji(δj/γi, n) · (δi/γj)Mδj < ζ < 1, ∀n ≥ n0 (3.29)

where α̂ij is defined in (2.1-.7). Then, w.p. 1

pjn

pin
→ 0 (3.30)

Proof: By the same method as in Theorem 1, we can get

pj,n

pi,n
≤ (

δi

γj
)nM/2 · exp

[
− 1

2δj

n∑
k=1

(
‖ỹj(k)‖2 − δj

γi
· ‖ỹi(k)‖2

)]
(3.31)

Now, by (3.33) we have that for any δ > 0

Prob(
pj,n

pi,n
> δ) ≤ Prob

(
(
δi

γj
)nM/2 · exp

[
− 1

2δj

n∑
k=1

(
‖ỹj(k)‖2 − δj

γi
· ‖ỹi(k)‖2

)]
> δ

)
= (3.32)

Prob

exp

[
n∑

k=1

(
‖ỹj(k)‖2 − δj

γi
‖ỹi(k)‖2

)]
≥

 δ

( δi
γj

)nM/2

2δj
 ≤ (3.33)

(by the Markov inequality - see [21]) beginequation

C(δ) · ( δi

γj
)M ·δj ·n · E

(
exp

[
−

n∑
k=1

(‖ỹj(k)‖2 − δj

γi

n∑
k=1

‖ỹi(k)‖2)
])

. (3.34)

Here C(δ) is a constant that depends only on δ. Now, by the hypothesis of the theorem we see that

Prob(
pj,n

pi,n
> δ) ≤ C(δ) · ζn (3.35)

with ζ < 1 (by (3.29)). But then
∑∞

n=1 Prob(pj,n

pi,n
> δ) < ∞, for any δ, and so, by the Borel-Cantelli

Lemma (see [12]) ∃n0 such that ∀n ≥ n0

Prob(
pj,n

pi,n
> δ) = 0. (3.36)
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Figure 3.1: Two unidentifiable systems

This completes the proof. •
This theorem tells us that with probability 1, i.e., almost certainly, one of the probabilities will be

arbitrarily higher than the rest. Hence the partition algorithm wil consistently select the corresponding
model as being the truest one in the model set. The condition that ensures this is that the truest model
has less cumulative error (in the sense of mean exponent, as described by âij) in (2.1-.7), than any
other model in the model set. The “amount” by which the cumulative error has to be least, depends
on the error bounding constants γi’s, δi’s, which we obtain from the covariance matrices Pi.

æ

3.3 Identifiability Considerations

The preceding discussion has illuminated the second problem of Identification. If we now try to solve
in the same manner the first problem we will meet the following difficulty.

First, we defined the optimality criterion to be the maximization of the conditional probability, or
(3.6). In both vases we have a given sequence of observations y(1), ..., y(k). What happens when we
take a different set of observations? What happens when the input to the system changes? We wish
that for every different input and observations sequence, we get the same optimal model. However, we
must accept the fact that nothing of the sort is guaranteed.

The question is connected to the identifiability of the system. It is easy to show that for some
systems and some class of inputs we cannot fully identify the system. The following example is due to
Prof. Vasilis Petridis. Consider a deterministic system 1 and a system 2, which is identical, except for
the presence of a limiter at the output (see Fig 3.1).

For inputs such that for both systems −α < x < α, we cannot distinguish between the two systems,
as they perform identically.

It appears that the input is of decisive importance for the identification process. Ljung [11] has
obtained some interesting results for linear systems which we outline here.

Consider the system
x(k + 1) = Fx(k) + He(k + 1), (3.37)

y(k) = Fx(k) + u(k). (3.38)
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Further assume that the noise signal e(k) has the following properties:

E(‖e(k)‖4) < γ, (3.39)

E(e(k)eT (k)) > δI > 0. (3.40)

Also, u(k) is independent of e(k) and the system is exponentially stabel,that is, for some λ < 1

‖y(k)− yc‖ < c(Yk−NλN , (3.41)

‖u(k)− uc‖ < c(Yk−NλN . (3.42)

Here Ym is the σ-algebra generated by y(0), ..., y(m);u(0), ..., u(m). We further define the sets:

D = {the set of all possible values of a}. (3.43)

M = {the set of linear sytems}. (3.44)

As we sai before, a is the paramer vector. Since a determines an element of M , we write m(a) ∈ M .
Then we have the equivalent definition of M :

M = {M(a) : a ∈ D}. (3.45)

Call m∗ the element of M that is the system actually generating the observations and define:

D∗ = {a : a ∈ D, lim
N→∞

1
N

N∑
k=1

‖E(y(k + 1)|Yk,m
∗)− E(y(k + 1)|Yk,M(a))‖2 = 0∀k}. (3.46)

Namely, D∗ is the set of a’s for which the output of the system of the a-model is identical (in the mean
square sense) to the output of the true system (given all possible inputs). Also define

D′ = {a : a ∈ D, lim
N→∞

1
N

N∑
k=1

‖E(y(k + 1)|m∗)− E(y(k + 1)|M(a))‖2 = 0∀k}. (3.47)

D′ is the set of valuse of a for which the output of the a-model is identical (in the mean square sense)
to the output of the true system (given a particular input).

Ljung defines a system to be identifiable with respect to all systems iff aN ∈ D∗ for all but a finite
number of N w.p. 1 as N goes to infinity. If, in addition, D∗ is a singleton, then we say the system is
identifiable with respect to parameters, that is, we can uniquely identify a.

Finally define a function u(k) to be of persistent excitation iff we have (for U(k,m) = [u(k)|...|u(k−
m)]) a δ > 0 s.t.

δI <
1
N

N∑
k=1

U(k, m)UT (k, m) <
1
δ
I (3.48)

for some m and all N gretater than some N0. For instance, a constant input function u(k) = 1∀k
would not be of persistent excitation.

Let us now assume that after successive application of the identification algorithm we obtain a value
aN that minimizes a general identification criterion of the form:

H(
∑
k

R(k)(y(k)− ŷ(k|a)(y(k)− ŷ(k|a)T RT (k)); (3.49)
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Here H is a function satisfying:

H(λa) = g(λ)H(a)g(λ) > 0 ∀λ > 0. (3.50)

Then, if D is compact, D∗ nonempty and u(k) of persistent excitation the true system is identifiable
with respect to systems.

Let us apply the results of Ljung to our problem. Below we list the necessary conditions and check
whether they are satisfied.

1. Finite fourth order monents - true of Gaussian noise.

2. Non-zero noise covariance - also true for all cases of practical interest.

3. Exponentially stable system - this will be true because we are only trying to identify stable
systems.

4. Compact D - for this to be true we have to restrict the region of RN which we will cover with
the Lainiotis grid. If this region is a hypercube, then it is indeed compact.

5. Nonempty D∗ - this is somethiong we have to check for specific cases.

6. The optimization criterion must be of the form (3.3.12). Our optimization criterion is given by
(3.1.*) which is of the general form (3.3.12) if we take H(.) to be the identity and R(k) = I.

7. Finally, the input must be of persistent excitation - we just need to choose u(k) appropriately,
which is no problem.

We see that all the prerequisites for applying Ljung’s results are easy to satisfy and so we can be
optimistic that the systems of ineterest will be identifiable. æ

3.4 Conclusions

In this chapter we presented two identification problems and discussed the general idea of identification.
We solved the second identification problem by using Lainiotis Partition Algorithm. Then we proved
the convergence of the algorithm. Finally we presented some identifiability ideas and considered the
relationship between the first and second identification problem. æ
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Chapter 4

Identification of a Mathematical
System

In this chapter we test the Lainiotis algorithm on the identification of mathematical systems.
Consider then a system of the form (2.1-2.7) and a series of possible models determined by values

of a, as discussed in the previous chapter. We are looking for the optimal value of a.[
x1(k + 1)
x2(k + 1)

]
=

[
f11 f12

f21 f22

] [
x1(k)
x2(k)

]
+

[
g1 0
0 g2

] [
z1(k) + w1(k)
z2(k) + w2(k)

]
, (4.1)

y(k + 1) = [h1 h2](k) + u(k + 1), (4.2)

E(uuT ) = R = [r], (4.3)

E(wwT ) = Q =

[
q1 0
0 q2

]
. (4.4)

Let us now show that the system is UFC and UFO. To do this we need to compute Y (k, k −N),
Z(k, k −N). Let us first compute Y (k, k), Y (k, k − 1). We have

Y (k, k) = F T (k, k)HT (k)R−1(k)H(k)F (k, k) =

[
1/r 0
0 0

]
. (4.5)

Y (k, k − 1) =

[
f11/r f11f12/r

f11f12/r f2
12/r

]
. (4.6)

The matrix above has eigenvalues λ1, λ2 such that λ1λ2= f2
12/r > 0 and λ1 + λ2=f2

11 + f2
12 + 1 > 0.

So for all N > 1 Y (k, k − N) will be the sum of a definite positive matrix and nonnegative definite
matrices, so it will be positive definite itself. So the system is UFO. Similarly, for Z(k, k − 1) we
have eigenvalues µ1, µ2 such that µ1µ2= f2

12/r > 0 and µ1 + µ2=f2
11 + f2

12 + 1 > 0. So for all N > 1
Z(k, k −N) will be the sum of a definite positive matrix and nonnegative definite matrices, so it will
be positive definite itself. So the system is UFC.

We obtain the model values from a discrete time model of a DC motor, given by (5.1-.5) (see next
chapter). The actual numerical values are specified at every simulation. We simulate this model for
t = 1, ..., 125, using two types of input: step and ramp, and store the observations y(1), ..., y(125).

Now we have to add a word of explanation on the way we select the candidate models. There are
three unknown parameters that determine the values. Now we can proceed and apply the Lainiotis
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algorithm to the identification of (4.1-.4). We will assume all the parameters of the system are known
except for the matrix F and we will try to identify the elements of this matrix. There are 3 unknown
quantities to identify and so we are looking for a point in R3. We employ two different methods of
search which we term simultaneous and sequential, respectively. They can best be explained in terms of
the following analogy. Assume for the sake of visualization tha we are only looking for the values of two
unknown parameters, a = [a1 a2]. For every value of these parameters we get a value of the conditional
probability: p(a1, a2). We can visualize a contour plot R3 of p against a1, a2; then we are looking at a
“mountain range” with altitude at each point a1, a2 being p(a1, a2). We want to reach the “top” of this
mountain range, that is, the highest value of p. The general form of the Lainiotis algorithm implies that
we look at a finite number of points and compare their p values to find the highest one; then we have to
repeat the procedure for increased resolution. We select the points on the basis of one of the following
two schemes: We are trying to find a point (or a small neighborhood of points), that is, parameter
values, such that the corresponding model will fit to our data. We achieve this in the following way:
We choose some parameter vector in the parameter space and a big region around the vector; we span
the region by K parameter vectors (i.e., models) and choose, with the partition algorithm, the most
likely parameter vector. Now we choose a new, smaller region around the new vector and repeat the
procedure. By successive iterations (epochs of the algorithm) we get progressively smaller regions in
the parameter space, as long as the algorithm converges for each individual epoch. In the initial stages
the models span a large region and so they are far apart; by the arguments of the previous section,
convergence is guaranteed. As the regions get smaller, convergence is no longer guaranteed, but we
have already zeroed in to a small set of possible models, all of them fitting the observations fairly well.

There are many ways to choose the region around the most likely parameter vector in each epoch;
below we describe the two we used

1. Simultaneous Search: Choose an initial parameter vector. Call it a1 = [a1
1 a1

2 a1
3]. Also

choose parameter variations δa1, δa2, δa3. Take the eight vectors a1
j , j = 1, 2, ..., 8 defined by [a1

1 ±
δa1, a

1
2± δa2, a

1
3± δa3]. Apply the partition algorithm once; that is, compute all the pjn j = 1, 2, ..., 27,

n = 1, 2, ..., 125 and choose the “true” model to be that which has maximum pj,125. Now take the “true”
parameter vector â1 = [a2

1 a2
2 a2

3] = â1, (i.e., the one that corresponds to the most likely model) and set
a2 = [a2

1 a2
2 a2

3] = â1. Take the eight vectors a2
j , j = 1, 2, ..., 27 defined by [a2

1 ± δa1, a
2
2 ± δa2, a

2
3 ± δa3].

i = 1, 2, 3. Go through the next epoch of the algorithm. At the t-th epoch select the most probable
vector ât in the parameter space and use this as αt+1. This is a way to search through the three-
dimensional parameter space in all three parameters simultaneously.

2. Sequential Search: Choose eight models where the i-th model is [a1
1, a

1
2, a

1
3 + i · δa3], i = 1, ..., 8.

Select the most probable one. Vary the other parameters in the same way, one at a time. Repeat the
process as many times as necessary. This is a search in the parameter space where one of the three
parameters is searched for at a time. We cycle through the three parameters sequentially.

These two methods are guaranteed to converge to a local maximum of the probability but they are
not guaranteed to converge to the global maximum. Convergence to both global and local maxima is
illustrated in Figs.4.1-.4.

P is the unnormalized probability. a1 is the first component of the parameter vector and a2 the
second one. Dots denote the first search quantization points and stars the second one.

In what follows we present several simulations where we experiment with using various types of
input, noise distribution and F values. We use a common format for presentation of the results of every
simulation. We write out the values of the true F , G, H, Q etc. as well as the noise characteristics
and the type of input used for this particular simulation. All the candidate models we use have the
same G, H,Q,R values as the original; they differ only in F . We write out the F parameters of the
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Figure 4.1: Global Convergence for simultaneous search of the parameter space.

Figure 4.2: Local Convergence for simultaneous search of the parameter space.
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Figure 4.3: Global Convergence for sequential search of the parameter space.

Figure 4.4: Local Convergence for sequential search of the parameter space.
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most succesful model, found after successive applications of the algorithm and we plot the evolution of
the probabilities pin where n goes from 1 to 125. However we do not plot the probabilities pin for all i
as most of them go to zero fast. We just plot the three best candidates. In all simulations except
5-9, we use simultaneous search.
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Figure 4.5: Probability of best models against time.

Simulation 1: The original model has parameters:

F =

[
−.25 5.5
−1.1 1.065

]
Q =

[
50.0 0.0
0.0 0.02

]
(4.7)

G = H = [1 0], R = [.02] (4.8)

Noise was Gaussian and step input was used. Twenty seven different models are used, with the same
parameters except for the transition matrix F . The best approximating models have the following
transition matrices:

F1 =

[
−.25 5.5
−1.1 1.065

]
(4.9)

We plot the probabilities of each model as they evolve in time: p1t, p2t, p3t, t = 1, 2, ...125.
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Figure 4.6: Probability of best models against time.

Simulation 2: The original model has parameters:

F =

[
−.25 5.5
−1.1 1.065

]
Q =

[
100. 0.0
0.0 0.1

]
(4.10)

G = H = [1 0], R = [.02] (4.11)

Noise was Gaussian and step input was used. Twenty seven different models are used, with the same
parameters except for the transition matrix F . The best approximating models have the following
transition matrices:

F1 =

[
−.25 5.5
−1.1 1.065

]
(4.12)

We plot the probabilities of each model as they evolve in time: p1t, p2t, p3t, t = 1, 2, ...125.
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Figure 4.7: Probability of best models against time.

Simulation 3: The original model has parameters:

F =

[
−.25 5.5
−1.1 1.065

]
Q =

[
50.0 0.0
0.0 0.001

]
(4.13)

G = H = [1 0], R = [.01] (4.14)

Noise was Gaussian and step input was used. Twenty seven different models are used, with the same
parameters except for the transition matrix F . The best approximating models have the following
transition matrices:

F1 =

[
−.25 5.5
−1.1 1.065

]
(4.15)

We plot the probabilities of each model as they evolve in time: p1t, p2t, p3t, t = 1, 2, ...125.
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Figure 4.8: Probability of best models against time.

Simulation 4: The original model has parameters:

F =

[
−.25 5.5
−1.1 1.065

]
Q =

[
50.0 0.0
0.0 0.001

]
(4.16)

G = H = [1 0], R = [.01] (4.17)

Noise was uniform and step input was used. Twenty seven different models are used, with the same
parameters except for the transition matrix F . The best approximating models have the following
transition matrices:

F1 =

[
−.25 5.5
−1.1 1.065

]
(4.18)

We plot the probabilities of each model as they evolve in time: p1t, p2t, p3t, t = 1, 2, ...125.
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Figure 4.9: Probability of best models against time.

Simulation 5: The original model has parameters:

F =

[
−.25 5.5
−1.1 1.065

]
Q =

[
50.0 0.0
0.0 0.002

]
(4.19)

G = H = [1 0], R = [.02] (4.20)

Noise was uniform and step input was used. Twenty seven different models are used, with the same
parameters except for the transition matrix F . The best approximating models have the following
transition matrices:

F1 =

[
−.25 5.5
−1.1 1.065

]
(4.21)

We plot the probabilities of each model as they evolve in time: p1t, p2t, p3t, t = 1, 2, ...125.
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Figure 4.10: Probability of best models against time.

Simulation 6: The original model has parameters:

F =

[
−.25 5.5
−1.1 1.065

]
Q =

[
50.0 0.0
0.0 0.1

]
(4.22)

G = H = [1 0], R = [.01] (4.23)

Noise was uniform and ramp input was used. Twenty seven different models are used, with the same
parameters except for the transition matrix F . The best approximating models have the following
transition matrices:

F1 =

[
−.25 5.5
−1.1 1.065

]
(4.24)

We plot the probabilities of each model as they evolve in time: p1t, p2t, p3t, t = 1, 2, ...125.
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Figure 4.11: Probability of best models against time.

Simulation 7: The original model has parameters:

F =

[
−.25 5.5
−1.1 1.065

]
Q =

[
10.0 0.0
0.0 0.1

]
(4.25)

G = H = [1 0], R = [.01] (4.26)

Noise was uniform and ramp input was used. Twenty seven different models are used, with the same
parameters except for the transition matrix F . The best approximating models have the following
transition matrices:

F1 =

[
−.25 5.5
−1.1 1.065

]
(4.27)

We plot the probabilities of each model as they evolve in time: p1t, p2t, p3t, t = 1, 2, ...125.
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Figure 4.12: Probability of best models against time.

Simulation 8: The original model has parameters:

F =

[
−.26 6.9
−1.1 1.065

]
Q =

[
10.0 0.0
0.0 0.05

]
(4.28)

G = H = [1 0], R = [.01] (4.29)

Noise was Gaussian and ramp input was used. Twenty seven different models are used, with the same
parameters except for the transition matrix F . The best approximating models have the following
transition matrices:

F1 =

[
−.25 5.5
−1.1 1.065

]
(4.30)

We plot the probabilities of each model as they evolve in time: p1t, p2t, p3t, t = 1, 2, ...125.
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Figure 4.13: Probability of best models against time.

Simulation 9: The original model has parameters:

F =

[
−.35 6.9
−1.1 1.065

]
Q =

[
10.0 0.0
0.0 0.05

]
(4.31)

G = H = [1 0], R = [.02] (4.32)

Noise was Gaussian and ramp input was used. Twenty seven different models are used, with the same
parameters except for the transition matrix F . The best approximating models have the following
transition matrices:

F1 =

[
−.25 5.5
−1.1 1.065

]
(4.33)

We plot the probabilities of each model as they evolve in time: p1t, p2t, p3t, t = 1, 2, ...125.
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Figure 4.14: Probability of best models against time.

Simulation 10: The original model has parameters:

F =

[
−.35 6.9
−1.1 1.065

]
Q =

[
10.0 0.0
0.0 0.05

]
(4.34)

G = H = [1 0], R = [.01] (4.35)

Noise was Gaussian and ramp input was used. Twenty seven different models are used, with the same
parameters except for the transition matrix F . The best approximating models have the following
transition matrices:

F1 =

[
−.35 6.5
−1.2 1.065

]
(4.36)

We plot the probabilities of each model as they evolve in time: p1t, p2t, p3t, t = 1, 2, ...125.
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Figure 4.15: Probability of best models against time.

Simulation 11: The original model has parameters:

F =

[
−.35 6.9
−1.1 1.065

]
Q =

[
10.0 0.0
0.0 0.5

]
(4.37)

G = H = [1 0], R = [.01] (4.38)

Noise was Gaussian and ramp input was used. Twenty seven different models are used, with the same
parameters except for the transition matrix F . The best approximating models have the following
transition matrices:

F1 =

[
−.35 6.5
−1.2 1.065

]
(4.39)

We plot the probabilities of each model as they evolve in time: p1t, p2t, p3t, t = 1, 2, ...125.
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In summary we see that the algorithm performs robustly even in the presence of wrong modelling
assumptions and alwys picks up the correct or “most-correct” candidate model. It is not clear which
of the two search methods, sequential or simulatneous, performs better, but they both perform well. æ
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Chapter 5

Identification of a Physical System

The Lainiotis algorithm was also tested on the following real-world problem of system identification:
We want to identify the parameters of a DC motor operating in the linear region. We start with a
sequence of observations from a real DC motor (not a computer simulation): y(1), ... , y(n). The
observations will depend linearly on the state vector of the motor; there is a well-understood second
order system of differential equations describing the evolution of the state vector for a DC motor
operating in the linear region. We discretize time with a time step h to obtain the following difference
state equations:

[
i(k + 1)
w(k + 1)

]
=

[
1− h ·R/L −h · FE/L
h · FE/J 1− h ·B/J

] [
w(k)
i(k)

]
+

[
h/L 0
0 h/J

] [
V (k)
T (k)

]
+ u(k) (5.1)

Here the state variables are i(k) and w(k): i(k) is the rotor current, w(k) the shaft angular velocity.
V (k), the input voltage and T (k) , the input torque, are the control variables. The time step (in seconds)
is h. The noise u(k) = [u1(k) u2(k)]T is assumed zero mean, Gaussian, white. The parameters of the
system are:

1. R is the resistance measured in Ohms

2. L is the inductance measured in Henrys

3. FE is electromotive force coefficient measured in Volt-sec/rad

4. J is the moment of inertia measured in kg-m2

5. B is the coefficient of friction measured in Nt-m-sec/rad

In the notation of the previous sections, the parameter vector is a = [R L K J B].
We turn the motor on by applying to it an input voltage of 50 Volts and zero torque. That is,

V (k)=50 for k = 1, 2, ... and T (k)= 0 for k = 1, 2, .... We let the motor operate for a few seconds and
observe its operation (as we mention below, we actually measure its current). Of course, the actual
motor obeys (20) only approximately. We want to find a model of the form (20) that reproduces the
observations as closely as possible. We will use the partition algorithm to find such a model.

We must choose what the observation y(k) will be. We expect we will get better identification
from observations of both i(k) and w(k). However, measuring accurately the angular velocity requires
expensive instrumentation. On the other hand, it is easy to check that even when we are observing
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only the current i(k), the system is uniformly completely observable, so the identification algorithm
should work. We choose to observe only the current:

y(k) = i(k) + v(k). (5.2)

We take 128 observations of the motor, one every 10 ms (h=.01 sec). That is, the observations span a
time of 1.28 seconds. These observations are recorded digitally as 128 eight-bit numbers.

We proceed to compute the statistics of the observation error v(k). The observations are digitally
recorded, so there is quantization error; other than that, the observation is perfect. We assume the
error to be Gaussian, white, and zero-mean. Now we will use information about the quantization
method to compute the variance of the observation error, R(k) = E(ỹ(k)ỹT (k)). Set three standard
deviations to be equal to one-half the resolution of the quantizer. We have an eight-bit quantizer to
measure a maximum of 1 Amp current, and the resolution is approximately 4 mAmp’s, so the standard
deviation of v(k) is approximately .7 mAmp.

We now compute, in a similar manner, the statistics of the state noise u(k). We assume the system
to be linear and so we expect, after a transient phase, a steady state operation. Indeed, examining
the i(k) observations, we notice an initial current peak, followed by a dip and then an approximately
constant current region. However, in this last region we observe fluctuations in the data that exceed
what can be explained as observation error. We attribute these fluctuations to state noise. Assuming
the maximum fluctuation from the average value of the current to be three standard deviations, we
compute the standard deviation of the current error (u1(k)) to be 8 mAmp, i.e., 33% of the steady
state value. We assume (arbitrarily) the angular velocity error to also have a standard deviation of
33% of the steady state to get a standard deviation of .01 rpm. Therefore, the diagonal elements of
the covariance matrix Q(k) are .008, .01. We assume the off-diagonal elements to be zero.

Admittedly, this is a rough estimate, but the partition algorithm is known to perform stably even
when the noise statistics are not very accurately estimated.

Having estimated the noise statistics, we proceed to define the parameter vector. We have to make
the following decisions: How many unknown parameters are there? (What is N?) How many models?
(What is K ?) If the ith parameter can take Ki values, then a can take K = K1 ·K2 · ... ·KN values.
Then we would have to implement the algorithm with K different models. Obviously, for larger K
the computational load gets bigger; so it is in our interest to keep both N and Ki, i = 1, 2, .., N
small. We can achieve this by measuring some of the parameters directly, by standard lab techniques,
rather than using the partition algorithm. We have fairly reliable ways to measure the resistance R
and the constant FE ; we find them to be R=300 Ohm, FE=1.2 Volt-sec/rad; this leaves L, J, B
to be identified. It must be emphasized that the values of the L, J, B parameters are unknown to
us; the only way we have to evaluate the goodness of the identified parameters is by comparing the
performance of the true physical system with that of our computer model.

Given three unknown parameters L, J,B, the identification is essentially a search in the three-
dimensional parameter space. We are trying to find a point (or a small neighborhood of points), that
is, parameter values, such that the corresponding model will fit to our data. We achieve this in the
following way: We choose some parameter vector in the parameter space and a big region around
the vector; we span the region by K parameter vectors (i.e., models) and choose, with the partition
algorithm, the most likely parameter vector. Now we choose a new, smaller region around the new
vector and repeat the procedure. By successive iterations (epochs of the algorithm) we get progressively
smaller regions in the parameter space, as long as the algorithm converges for each individual epoch.
In the initial stages the models span a large region and so they are far apart; by the arguments of
the previous section, convergence is guaranteed. As the regions get smaller, convergence is no longer
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guaranteed, but we have already zeroed in to a small set of possible models, all of them fitting the
observations fairly well.

There are many ways to choose the region around the most likely parameter vector in each epoch;
below we describe the two we used

1. Simultaneous Search: Choose an initial parameter vector. Call it a1 = [L1 J1 B1]. Also
choose parameter variations δL, δJ , δB. Take the eight vectors a1

j , j = 1, 2, ..., 8 defined by [L1 ±
δL, J1 ± δJ,B1 ± δB]. Apply the partition algorithm once; that is, compute all the pjn j = 1, 2, ..., 8,
n = 1, 2, ..., 128 and choose the “true” model to be that which has maximum pj,128. Now take the “true”
parameter vector â1 = [L2 J2 B2] = â1, (i.e., the one that corresponds to the most likely model) and
set a2 = [L2 J2 B2] = â1. Take the eight vectors a2

j , j = 1, 2, ..., 8 defined by [L2±δL, J2±δJ,B2±δB].
i = 1, 2, 3. Go through the next epoch of the algorithm. At the t-th epoch select the most probable
vector ât in the parameter space and use this as αt+1. This is a way to search through the three-
dimensional parameter space in all three parameters simultaneously.

2. Sequential Search: Choose eight models where the i-th model is [L1, J1, B3 + i · δB3], i = 1, ..., 8.
Select the most probable one. Vary the other parameters in the same way, one at a time. Repeat the
process as many times as necessary. This is a search in the parameter space where one of the three
parameters is searched for at a time. We cycle through the three parameters sequentially.

Initially, with both a sequential and a simultaneous search most models perform poorly and the
algorithm has no trouble selecting the one that does much better than the rest. Eventually all models
are concentrated in a small region of the parameter space and the algorithm cannot discriminate
between them easily. There is no further convergence: the conditions of Theorems 1 and 2 are not
satified.

In Figures 5.1-.3, and 5.4-.7 we can see the evolution of the identification algorithm, epoch by epoch.
In particular, we see how the recursively computed probabilities pij evolve as more observations are

used. We see that by the time step 128, one model has consistently higher probability than any other
model; we also see, however, that in later epochs (e.g., epoch 4 of the simultaneous search) the second-
best model has almost equal probability to that of the best model. This is the case when the algorithm
reaches its limit of discrimination. Each one of the figures shows how in one epoch, one of the
models is selected as most likely. As we move to better approximations more than one model closely
reproduces the observed data, and so the most probable model is almost as probable as the second
runner. This corresponds to the situation where the cumulative squre errors of two models are very
close; then the α quantities of Section 3 are not small enough to guarantee convergence. On the other
hand, in the initial epochs, one model is clearly selected as best among the eight possible ones.

Tables 1 and 2 show the models selected at different epochs for each type of search. Table 1 outlines
the history of sequential search. The first entry in every position of the table indicates the value for
that parameter of the truest model selected at the end of the corresponding epoch. When there is a
slash and a second entry, this indicates that this was the parameter varied at the particular epoch. For
example, in epoch 1 we were varying L, by a step δL = .05, keeping B and J constant. The best model
had parameter values [L B J ] = [1.5 .0005 .00005]. The truest model for which we had convergence of
the algorithm was found on epoch 3 and had [L B J ] = [1.5 .0011 .00009].

Table 1

Parameters L B J
Epoch 1 1.5/.05 .0005 .00005
Epoch 2 1.5 .0011/.0001 .00005
Epoch 3 1.5 .0011 .00009/.00001
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Figure 5.1: The probabilities pij as computed in epoch 1 of the sequential search. i = 1, ..., 8, j =
1, ..., 128. The probability of the truest model is shown by a solid line.
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Figure 5.2: The probabilities pij as computed in epoch 2 of the sequential search. i = 1, ..., 8, j =
1, ..., 128. The probability of the truest model is shown by a solid line.
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Figure 5.3: The probabilities pij as computed in epoch 3 of the sequential search. i = 1, ..., 8, j =
1, ..., 128. The probability of the truest model is shown by a solid line.
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Figure 5.4: The probabilities pij as computed in epoch 1 of the simultaneous search. i = 1, ..., 8,
j = 1, ..., 128. The probability of the truest model is shown by a solid line.
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Figure 5.5: The probabilities pij as computed in epoch 2 of the simultaneous search. i = 1, ..., 8,
j = 1, ..., 128. The probability of the truest model is shown by a solid line.
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Figure 5.6: The probabilities pij as computed in epoch 3 of the simultaneous search. i = 1, ..., 8,
j = 1, ..., 128. The probability of the truest model is shown by a solid line.
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Figure 5.7: The probabilities pij as computed in epoch 4 of the simultaneous search. i = 1, ..., 8,
j = 1, ..., 128. The probability of the truest model is shown by a solid line.
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Figure 5.8: The current measurements for the actual motor (dotted line) and for the best model (solid
line) selected by sequential search.

Table 2 gives the same kind of information for simultaneous search. Here every parameter is varied
simultaneously, so we have in every position of the table two entries, separated by a slash. The
first entry gives the actual truest value found in the corresponding epoch and the second one gives
the step by which this parameter was varied. The final truest model, found after four epochs, had
[L B J ] = [1.535 .00099 .000093], very close to that found by the sequential search.

Table 2

Parameters L B J
Epoch 1 1.5/.25 .0010/.0001 .0001/.00005
Epoch 2 1.55/.05 .00098/.00002 .00009/.00001
Epoch 3 1.54/.01 .00099/.00001 .000092/.000002
Epoch 4 1.535/.005 .00099/.00001 .000093/.000001

In Figures 5.8 and 5.9 we see the actual output plotted against the optimal estimates computed
according to the parameters of the ”best” model chosen by simultaneous and sequential search.

æ
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Figure 5.9: The current measurements for the actual motor (dotted line) and for the best model (solid
line) selected by simultaneous search.
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Chapter 6

Conclusions

In conclusion, we have reviewed the basics of Estimation and Identification Theory and then reported
some original results on the convergence properties of the Lainiotis algorithm. We have proven that,
given a collection of possible linear models to fit a series of observations, the partition algorithm will
converge to one of the models if certain conditions are satisfied.

Consider first Theorem 7. Two conditions are necessary: Condition 1(a) requires that the cumu-
lative expected error be growing linearly (even if slowly) for every model. Condition 1(b) says that
there is some model Mi that has smaller cumulative expected error (see αij). Then, according to the
theorem, the expected ratio of the probabilities pin, pjn goes to infinity for every j. The model with
less error wins on the average.

For Theorem 8, we need a stronger condition: if the expected exponentiated difference of errors
decreases exponentially, then we have convergence of the probability ratios to 0 with probability 1.
That is, one model gets almost certainly probability 1 and all the other models get probability 0. So
the preferred model, in other words the one that best fits the data, is almost certainly selected as the
true one.

As already noted, the convergence conditions are expressed in terms of inequalities involving certain
constants (3.17), (3.19). These constants belong to two categories. On the one hand we have “error
growth” constants, such as αij , α̂ij , βi. Assume that one of the models in the model set, say Mi, is
either the true model, i.e. the observations y(1), y(2), ... are generated from it, or very close to the
true model, and all the other models are very different. Then the error growth constants αij , α̂ij will
have to be small for all j and, conversely, the constants αji, α̂ji will be large for all j. This is just a
quantitative way to say that the error of model Mi has to be “small” compared to the error of other
models. But what constitutes a small error? To determine this, we must compare the error growth
constants with some error baseline. This baseline is provided by the γi and δi constants, which belong
to the second category and provide bounds to the error of every model. In other words, the γi and δi

constants provide some baseline against which we can measure the smallness of the error of the most
succesful model.

From the above discussion, the following behavior can be expected from the partition algorithm. In
the first few epochs of identification, we start with models that are widely different (they correspond
to points in the parameter space that are far apart from each other). Of all these models, one (the
truest) will be closest to the actual system, in the sense that it fits the observations relatively well; the
rest of the models are so different from the truest model, that they will not fit the observations well.
So the error growth rate constants (which are expected to be large for models that are distant from
the true model) will be small for the truest model, and we will have quick convergence.
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However, after several epochs we will end up with all models being in the same relatively small
part of the parameter space and hence they will be almost equally good in fitting the observations.
Then the error rate constants will all be close to 1 and the convergence will be slower. Eventually,
all the models will have almost the same performance, and Conditions 1(b) or 2 will not be satisfied.
Then convergence is not guaranteed, and the algorithm produces conditional probabilities that are all
approximately equal; no one model has consistently higher probability.

We observe the behavior as expected when we run the algorithm on a difficult real system identifi-
cation problem. As long as the algorithm chooses between models that are widely different, choice is
easy and performance correct. When the choice is narrowed to a small region of the parameter space,
the algorithm reaches its discrimination limit. However, good enough parameters have been identified
at this point that a close fit to the observed data is possible. This is reflected in the fact that the best
model selected reproduces very accurately the observed behavior of the physical DC motor. Note also
the tolerance to the crude modeling of the noise statistics.

In conclusion, the analysis of the convergence of partition algorithm justifies in a precise manner
the commonsense belief that “a model that fits well the observations is very likely to be the correct
model”. Also, the behavior of the algorithm at the limit of its resolution is explained. Finally, the
application of the algorithm to a real-world problem proves its efficiency.
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