SUMPLEKTIKES APEIKONISEIS KAI EFARMOGES

IWANNHS D. QATZHDHMHTRIOU SpoudastŠrio MhqanikŠc,TmŠma FusikŠc PanepistŠmio JessalonŢkhc

PerŢlhyh: PollŘ dunamikŘ sustŠmata, Şpwc p.q. autŘ pou emfanŢzontai sth melŚth problhmŘtwn sto HliakŞ sŰsthma, mporoŰn na perigrafoŰn se QamiltonianŠ morfŠ. ’Ena QamiltonianŞ dunamikŞ sŰsthma Śqei shmantikŚc idiŞthtec oi opoŢec kajorŢzoun thn exŚlixŠ tou sto qrŞno. MŢa polŰ kalŠ mŚjodoc gia th melŚth thc exŚlixhc enŞc QamiltonianoŰ sustŠmatoc n bajmŤn eleujerŢac sto qŤro twn fŘsewn, 2n diastŘsewn, eŢnai h mŚjodoc thc apeikŞnishc Poincaré se mŢa epifŘneia tomŠc. Me autŞ ton trŞpo, h exŚlixh tou sustŠmatoc perigrŘfetai se Śna qŤro fŘsewn 2n − 2 diastŘsewn kai autŞ kŘnei th melŚth aploŰsterh. AutŞ eŢnai idiaŢtera qrŠsimo se sustŠmata me dŰo bajmoŰc eleujerŢac, Şpou o qŤroc twn fŘsewn eŢnai tessŘrwn diastŘsewn, enŤ h apeikŞnish Poincaré eŢnai se qŤro dŰo diastŘsewn. MŢa basikŠ idiŞthta thc QamiltonianŠc roŠc sto qŤro twn fŘsewn kai thc apeikŞnishc Poincaré eŢnai Şti eŢnai sumplektikŚc.

Ja parousiŘsoume en suntomŢa merikŚc apŞ tic basikŚc idiŞthtec twn QamiltonianŤn susthmŘtwn, dŢdontac Śmfash stic sumplektikŚc idiŞthtec thc QamiltonianŠc roŠc. Sth sunŚqeia ja parousiŘsoume aplŚc sumplektikŚc apeikonŢseic, kajŤc kai mejŞdouc gia thn kataskeuŠ enŞc sumplektikoŰ montŚlou apeikŞnishc.

1 StoiqeŢa apŞ th jewrŢa Hamilton

’Ena QamiltonianŞ sŰsthma orŢzetai apŞ to sŰsthma twn 2n diaforikŤn exisŤsewn q̇ = ∂H/∂p, ṗ = −∂H/∂q, (1) Şpou q = (q_1, q_2, ...q_n), p = (p_1, p_2, ...p_n) oi suzugeŢc metablhtŚc kai H(q_1, q_2, ...q_n, p_1, p_2, ...p_n, t) h sunŘrthsh tou Hamilton.

DiakrŢnoume dŰo periptŤseic:

(a) AutŞnomo sŰsthma: H sunŘrthsh tou Hamilton den exartŘtai rhtŘ apŞ to qrŞno, H(q, p). H troqiŘ eŢnai mia suneqŠc kampŰlh sto qŤro twn fŘsewn qp, 2n diastŘsewn, apŞ to arqikŞ shmeŢo (q_0, p_0) th stigmŠ t = t_0 sto shmeŢo (q, p) th stigmŠ t = T .

(b) Mh autŞnomo sŰsthma: H sunŘrthsh tou Hamilton exartŘtai rhtŘ apŞ to qrŞno, H(q, p, t). H troqiŘ eŢnai mia suneqŠc kampŰlh ston "ektetamŚno" qŤro twn fŘsewn q p t, 2n + 1 diastŘsewn, apŞ to shmeŢo (q_0, p_0, t_0) th stigmŠ t = t_0 sto shmeŢo (q, p, T ) th stigmŠ t = T .

Kai stic dŰo periptŤseic, h roŠ apŞ to shmeŢo (q_0, p_0) thn arqikŠ stigmŠ t_0 sto telikŞ shmeŢo (q, p) th stigmŠ T , eŢnai kanonikŞc matasqhmatismŞc. EŢnai gnwstŞ Şti oi troqiŚc sto qŤro twn fŘsewn den tŚmnontai. Mia basikŠ idiŞthta thc QamiltonianŠc roŠc eŢnai Şti h apeikŞnish sto qŤro twn fŘsewn apŞ to arqikŞ shmeŢo t_0 sto telikŞ shmeŢo t = T eŢnai sumplektikŠ. AutŞ Śqei wc sunŚpeia to Şti o Şgkoc sto qŤro twn fŘsewn diathreŢtai.

2 SumplektikŚc apeikonŢseic

Mia apeikŞnish T sto qŤro twn fŘsewn M^{2n} eŢnai sumplektikŠ an h IakwbianŠ L = D T Śqei thn idiŞthta L^T JL = J. (2) To sŰmbolo^T paristŘnei anŘstrofo kai J eŢnai o 2n × 2n pŢnakac J = ( O_n I_n −I_n O_n ) , (3)

Şpou O_n eŢnai o n × n mhdenikŞc pŢnakac kai I_n eŢnai o n × n monadiaŢoc pŢnakac.

H orŢzousa tou IakwbianoŰ pŢnaka L eŢnai Ţsh proc th monŘda, det(L) = 1, pou shmaŢnei Şti o Şgkoc diathreŢtai.

ParathrŠste Şti an det(A) = 1 kai A eŢnai Śnac 2 × 2 pŢnakac, tŞte o A eŢnai sumplektikŞc. AutŞ den isqŰei en gŚnei gia tuqŞnta n × n pŢnaka A me n > 2.

’Enac sumplektikŞc metasqhmatismŞc eŢnai kanonikŞc metasqhmatismŞc. ’Enac kanonikŞc metasqhmatismŞc q, p → Q, P dhmiourgeŢtai apŞ mia genŚteira sunŘrthsh.

JewrŠsate th genŚteira sunŘrthsh thc morfŠc F (q, P ). O metasqhmatismŞc

p_i = ∂F ∂q_i , Q_i = ∂F ∂P_i , (i = 1, 2, ...n) (4) eŢnai kanonikŞc metasqhmatismŞc. O metasqhmatismŞc autŞc eŢnai se peplegmŚnh morfŠ. PrŚpei epomŚnwc oi exisŤseic na lujoŰn kai na dŞsoun th lŰsh upŞ th morfŠ q, p → Q, P .

3 AutŞnoma - mh autŞnoma QamiltonianŘ sustŠmata

3.1 MetasqhmatismŞc mh autŞnomou se autŞnomo sŰsthma

’Ena mh autŞnomo sŰsthma n bajmŤn eleujerŢac metasqhmatŢzetai se Śna sŰsthma n + 1 bajmŤn eleujerŢac, Şpou o qrŞnoc kai h enŚrgeia emfanŢzontai wc Śna nŚo zeŰgoc suzugŤn metablhtŤn. Ja parousiŘsoume th mŚjodo me Śna parŘdeigma. Ac jewrŠsoume th QamiltonianŠ H(q_1, q_2, p_1, p_2, t). (5) O qŤroc twn fŘsewn tou autŞnomou sustŠmatoc eŢnai exadiŘstatoc kai oi suzugeŢc metablhtŚc eŢnai oi q̄_1 = q_1, q̄_2 = q_2, q̄_3 = t, (6) p̄_1 = p_1, p̄_2 = p_2, p̄_3 = −H.

ApodeiknŰetai Şti h nŚa autŞnomh QamiltonianŠ eŢnai h H̄(q̄_1, q̄_2, q̄_3, p̄_1, p̄_2, p̄_3) = H(q̄_1, q̄_2, p̄_1, p̄_2, q̄_3) + p̄_3 (7) kai oi nŚec, autŞnomec, exisŤseic tou Hamilton eŢnai oi q̄_1^′ = ∂H/∂p̄_1, p̄_1^′ = −∂H/∂q̄_1, q̄_2^′ = ∂H/∂p̄_2, p̄_2^′ = −∂H/∂q̄_2, (8) q̄_3^′ = ∂H/∂p̄_3, p̄_3^′ = −∂H/∂q̄_3, Şpou o tŞnoc sumbolŢzei paragŤgish wc proc to nŚo "qrŞno" ζ.

3.2 MetasqhmatismŞc autŞnomou se mh autŞnomo sŰsthma

Ena autŞnomo sŰsthma me n bajmoŰc eleujerŢac mporeŢ na metasqhmatisjeŢ se Śna mh autŞnomo sŰsthma me n − 1 bajmoŰc eleujerŢac. ’Estw Şti h sunŘrthsh tou Hamilton eŢnai h H(q_1, q_2, ...q_n, p_1, p_2, ...p_n). (9) Oi troqiŚc sto qŤro twn fŘsewn M^{2n}, keŢntai sthn pollaplŞthta thc enŚrgeiac H(q_1, q_2, ...q_n, p_1, p_2, ...p_n) = h. (10)

LŰnoume thn exŢswsh thc enŚrgeiac wc proc p_1 kai brŢskoume p_1 = K(q_1, q_2, ...q_n, p_2, ...p_n, h). (11) OrŢzoume tŤra nŚo "qrŞno" T me th sqŚsh q_1 = −T, (12) kai wc nŚec suzugeŢc metablhtŚc Q, P orŢzoume tic (Q_2, Q_3, ...Q_n) = (q_2, q_3, ...q_n), (P_2, P_3, ...P_n) = (p_2, p_3, ...p_n). (13) ApodeiknŰetai Şti oi troqiŚc sthn pollaplŞthta thc enŚrgeiac H(q, p) = h ikanopoioŰn tic kanonikŚc exisŤseic dP_i dT =^{∂K}_{∂Qi} , dQ_i dT = −^{∂K}_{∂Pi} , (i = 2, 3, ...n) (14)

me sunŘrthsh Hamilton K(−T, q_2, ...q_n, p_2, ...p_n; h). (15) Oi exisŤseic tou nŚou qŤrou twn fŘsewn eŢnai 2n − 2.

4 MetatropŠ miac suneqoŰc roŠc se diŘkrith apeikŞnish - ApeikŞnish Poincaré

4.1 AutŞnomo sŰsthma

JewroŰme th QamiltonianŠ H(q_1, ...q_n, p_1, ...p_n). (16) H troqiŘ ston 2n diastŘsewn qŤro twn fŘsewn keŢtai sthn pollaplŞthta thc enŚrgeiac H(q_1, ...q_n, p_1, ...p_n) = h. (17) OrŢzoume thn epifŘneia tomŠc H(q, p) = h, q_1 = 0. (18) H epifŘneia tomŠc eŢnai mia epifŘneia 2n − 2 diastŘsewn ston 2n diastŘsewn qŤro fŘsewn p q.

EŘn h epifŘneia tomŠc epilegeŢ katŘllhla, h (suneqŠc) troqiŘ sto qŤro twn fŘsewn tŚmnei thn epifŘneia tomŠc sta shmeŢa A_1, A_2, ...A_n, ... Ta shmeŢa autŘ orŢzontai apŞ tic suntetagmŚnec q_2, q_3, ...q_n, p_2, p_3, ...p_n. Me autŞ ton trŞpo orŢzetai mia apeikŞnish se Śna qŤro 2n − 2 diastŘsewn, h opoŢa onomŘzetai apeikŞnish Poincaré . EŢnai fanerŞ Şti Śna shmeŢo thc apeikŞnishc orŢzei akribŤc thn katŘstash tou sustŠmatoc, diŞti eŢnai q_1 = 0 kai to p_1 upologŢzetai apŞ thn exŢswsh

H(q_1 = 0, q_2, ...q_n, p_1, ...p_n) = h. (19)

Sthn exŢswsh autŠ ja prŚpei na kajorŢsoume to prŞshmo tou p_1.

ParŘdeigma 1:

JewroŰme Śna autŞnomo sŰsthma dŰo bajmŤn eleujerŢac me sunŘrthsh Hamilton H = 1 2 ( p_1^2 + p_2^2 ) + V (x_1, x_2) (20)

kai orŢzoume thn epifŘneia tomŠc me tic sqŚseic

H(q, p) = h, x_2 = 0, me p_2 > 0. (21)

O qŤroc fŘsewn tou sustŠmatoc (20) eŢnai o 4-diŘstatoc qŤroc x_1 x_2 p_1 p_2 kai h apeikŞnish Poincaré eŢnai ston disdiŘstato qŤro x_1 p_1.

ParŘdeigma 2:

JewroŰme Śna autŞnomo sŰsthma me treic bajmoŰc eleujerŢac, to opoŢo orŢzetai apŞ th sunŘrthsh tou Hamilton H = 1 2 ( p_1^2 + p_2^2 + p_3^2 ) + V (x_1, x_2, x_3). (22)

Wc epifŘneia tomŠc orŢzoume thn epifŘneia

H(q, p) = h, x_3 = 0, me p_3 > 0. (23)

O qŤroc twn fŘsewn tou sustŠmatoc (22) eŢnai o 6-diŘstatoc qŤroc x_1 x_2 x_3 p_1 p_2 p_3 kai h apeikŞnish Poincaré gŢnetai ston 4-diŘstato qŤro x_1 x_2 p_1 p_2.

4.2 Mh autŞnomo sŰsthma

JewroŰme Śna mh autŞnomo sŰsthma n bajmŤn eleujerŢac, to opoŢo orŢzetai apŞ th sunŘrthsh tou Hamilton H(q_1, ...q_n, p_1, ...p_n, t), (24) h opoŢa eŢnai T −periodikŠ wc proc to qrŞno, H(q, p, t + T ) = H(q, p, t). (25) H troqiŘ tou sustŠmatoc eŢnai mia suneqŠc kampŰlh ston ektetamŚno qŤro twn fŘsewn q p t. EpŢ thc kampŰlhc autŠc paŢrnoume ta shmeŢa pou antistoiqoŰn se akŚraia pollaplŘsia thc periŞdou T , dhladŠ sta shmeŢa Şpou t_ν = νT, ν = 1, 2, 3, ..... 2n. ’Etsi orŢzetai mia apeikŞnish 2n diastŘsewn sto qŤro q_1, ...q_n, p_1, ...p_n, h opoŢa eŢnai h apeikŞnish Poincaré.

’Enac Řlloc trŞpoc na doŰme thn apeikŞnish Poincaré eŢnai na jewrŠsoume ton "ektetamŚno" qŤro fŘsewn q_1, ...q_n, p_1, ...p_n, t, kai na pŘroume tic tomŚc thc troqiŘc tou sustŠmatoc sto qŤro autŞ me ta epŢpeda t = νT , ν = 1, 2, 3, .... EŘn probŘlloume Şla autŘ ta shmeŢa sto qŤro twn 2n diastŘsewn q p, ja pŘroume mia apeikŞnish h opoŢa eŢnai h apeikŞnish Poincaré . H apeikŞnish Poincaré gia mh autŞnomo QamiltonianŞ sŰsthma, Şpwc orŢsjhke parapŘnw, onomŘzetai kai stroboskopikŠ apeikŞnish.

ParathrŠsate thn omoiŞthta metaxŰ thc apeikŞnishc Poincaré se autŞnomo sŰsthma 3 bajmŤn eleujerŢac kai se Śna mh autŞnomo sŰsthma 2 bajmŤn eleujerŢac: kai sta dŰo h apeikŞnish gŢnetai se qŤro 4 diastŘsewn. Ja analŰsoume perissŞtero autŞ me ta parakŘtw: To mh autŞnomo QamiltonianŞ sŰsthma 2 bajmŤn eleujerŢac H(x_1, x_2, p_1, p_2, t) (26) metasqhmatŢzetai sto autŞnomo sŰsthma 3 bajmŤn eleujerŢac H̄ = H(x̄_1, x̄_2, p̄_1, p̄_2, x̄_3) + p̄_3, (27) sŰmfwna me Şsa anafŚrame prohgoumŚnwc. H stroboskopikŠ apeikŞnish tou prŤtou sto qŤro x_1 x_2 p_1 p_2 eŢnai isodŰnamh me thn apeikŞnish Poincaré tou deŰterou, sthn epifŘneia tomŠc H̄ = stajerŞ, x̄_3 = 0, mod 2π, (28) diŞti x̄_3 eŢnai o qrŞnoc. H apeikŞnish autŠ eŢnai ston 4-diŘstato qŤro x̄_1, x̄_2, p̄_1, p̄_2, o opoŢoc sumpŢptei me to qŤro x_1, x_2, p_1, p_2.

5 IdiŞthtec thc apeikŞnishc Poincaré

Mia periodikŠ troqiŘ enŞc QamiltonianoŰ sustŠmatoc antistoiqeŢ se Śna (Š perissŞtera) ametŘblhta shmeŢa AutŞ prokŰptei amŚswc apŞ ton orismŞ thc apeikŞnishc Poincaré . Ef’ Şson h troqiŘ eŢnai periodikŠ, autŠ ja epanŚrqetai sto Ţdio shmeŢo sthn epifŘneia tomŠc. H apeikŞnish eŢnai sumplektikŠ H apŞdeixh ja gŢnei me Śna parŘdeigma:

JewroŰme th sunŘrthsh tou Hamilton H(x_1, x_2, p_1, p_2) (29) kai orŢzoume thn epifŘneia tomŠc me tic sqŚseic H(x, p) = h, x_2 = 0. (30) H apeikŞnish gŢnetai ston disdiŘstato qŤro x_1 p_1 kai ekfrŘzetai upŞ th morfŠ x_1 = x_1(x_{10}, p_{10}), p_1 = p_1(x_{10}, p_{10}). (31) JewroŰme tŤra Şlec tic troqiŚc me thn Ţdia enŚrgeia h. Oi troqiŚc autŚc brŢskontai sthn pollaplŞthta H(x_1, x_2, p_1, p_2) = h. H roŠ epŘnw sthn pollaplŞthta eŢnai QamiltonianŠ, kai h sunŘrthsh tou Hamilton eŢnai thc morfŠc K(x̄_1, p̄_1, T ; h), Şpwc prokŰptei apŞ thn parŘgrafo 3.2. H sunŘrthsh autŠ eurŢsketai wc exŠc: ApŞ thn exŢswsh H(x_1, x_2, p_1, p_2) = h lŰnoume wc proc p_2 kai orŢzoume tic metablhtŚc x̄_1 = x_1, p̄_1 = p_1, T = −x_2, Şpou T eŢnai o nŚoc "qrŞnoc". H nŚa sunŘrthsh tou Hamilton eŢnai h K = p_2(x̄_1, p̄_1, −T ; h).

H roŠ h opoŢa orŢzetai apŞ th QamiltonianŠ K eŢnai sumplektikŠ gia kŘje timŠ tou "qrŞnou" T = −x_2. Ara: h apeikŞnish apŞ to arqikŞ shmeŢo T = 0 sto epŞmeno shmeŢo T = 0, dhladŠ x_2 = 0, eŢnai epŢshc sumplektikŠ.

Ac jewrŠsoume tŤra, genikŤtera, th sunŘrthsh tou Hamilton H(q_1, ...q_n, p_1, ...p_n) (32) kai orŢsoume thn epifŘneia tomŠc me tic sqŚseic H(q, p) = h, q_n = 0. (33) H apeikŞnish eŢnai ston (2n − 2)-diastŘsewn qŤro q_1, q_2, ...q_{n−1}, p_1, p_2, ...p_{n−1} kai Śqei th morfŠ q_i = q_i(q_1, q_2, ...q_{n−1}, p_1, p_2, ...p_{n−1}), p_i = p_i(q_1, q_2, ...q_{n−1}, p_1, p_2, ...p_{n−1}), i = 1, 2, ...n − 1. (34) O IakwbianŞc pŢnakac thc apeikŞnishc (34) ikanopoieŢ th sumplektikŠ idiŞthta L^T JL = J. (O pŢnakac L eŢnai o pŢnakac thc grammikopoihmŚnhc apeikŞnishc). H eustŘjeia enŞc ametŘblhtou shmeŢou thc apeikŞnishc (dhladŠ miac periodikŠc troqiŘc tou QamiltonianoŰ sustŠmatoc), kajorŢzetai apŞ tic idiotimŚc tou pŢnaka L. LŞgw thc sumplektikŠc idiŞthtac tou pŢnaka L, oi idiotimŚc tou Śqoun tic parakŘtw idiŞthtec:

- An λ mia idiotimŠ, 1/λ eŢnai epŢshc idiotimŠ.

- Oi idiotimŚc eŢnai suzugeŢc migadikŚc (diŞti o L eŢnai pragmatikŞc).

- SunŚpeia twn parapŘnw eŢnai Şti se Śna QamiltonianŞ sŰsthma den Śqoume potŚ asumptwtikŠ eustŘjeia (diŞti den eŢnai dunatŞn na eŢnai Şlec oi idiotimŚc apolŰtwc mikrŞterec thc monŘdac).

6 AnalloŢwtec kampŰlec

6.1 OloklhrŤsimo sŰsthma

Ja parousiŘsoume th basikŠ idŚa gia thn Űparxh analloŢwthc kampŰlhc me Śna parŘdeigma. JewroŰme th QamiltonianŠ H(x_1, x_2, p_1, p_2), (35)

gia thn opoŢa upojŚtoume Şti eŢnai oloklhrŤsimh kai thn apeikŞnish Poincaré h opoŢa orŢzetai apŞ thn epifŘneia tomŠc H(x, p) = h, x_2 = 0. (36)

Ta diadoqikŘ shmeŢa thc apeikŞnishc eŢnai ta shmeŢa (x_{1n}, p_{1n}), sto epŢpedo x_1 p_1. EpeidŠ h (35) eŢnai oloklhrŤsimh, upŘrqei kai Śna Řllo, anexŘrthto oloklŠrwma thc kŢnhshc, Śstw to G(x_1, x_2, p_1, p_2) = c. SunepŤc, ta diadoqikŘ shmeŢa thc apeikŞnishc, (x_1, x_2 = 0, p_1, p_2(x_1, p_1; h)) epalhjeŰoun to oloklŠrwma

G(x_1, x_2 = 0, p_1, p_2(x_1, p_1; h)) = c. (37)

H exŢswsh autŠ paristŘnei mia kampŰlh sto epŢpedo x_1 p_1, me parŘmetro th stajerŘ c (gia thn Ţdia timŠ thc enŚrgeiac h), epŢ thc opoŢac keŢntai Şla ta shmeŢa thc apeikŞnishc. AutŞ shmaŢnei Şti h kampŰlh autŠ apeikonŢzetai ston eautŞ thc me thn apeikŞnish Poincaré kai onomŘzetai analloŢwth kampŰlh. SunepŤc, apodeŢxame Şti se Śna oloklhrŤsimo QamiltonianŞ sŰsthma Şla ta diadoqikŘ shmeŢa thc apeikŞnishc Poincaré keŢntai se omalŚc kampŰlec (tic analloŢwtec kampŰlec). Sthn perŢptwsh autŠ lŚme Şti h kŢnhsh eŢnai taktikŠ Š organwmŚnh.

EŢnai fanerŞ Şti o sullogismŞc autŞc mporeŢ na epektajeŢ kai se sustŠmata me n > 2 bajmoŰc eleujerŢac. Sthn perŢptwsh autŠ, antŢ gia analloŢwtec kampŰlec Śqoume analloŢwtec epifŘneiec.

6.2 Mh oloklhrŤsimo sŰsthma

EŘn Śna QamiltonianŞ sŰsthma n bajmŤn eleujerŢac den eŢnai oloklhrŤsimo, Śqei ligŞtera tou n oloklhrŤmata (se enŚllixh). AutŞ shmaŢnei Şti ta diadoqikŘ shmeŢa thc apeikŞnishc den periorŢzontai plŚon se mia omalŠ kampŰlh, Š epifŘneia, kai eŢnai dunatŞn na eŢnai diaskorpismŚna se mia olŞklhrh perioqŠ tou qŤrou twn fŘsewn. AutŞ eŢnai sunŚpeia thc Űparxhc qaotikŠc kŢnhshc sto sŰsthma. Sta perissŞtera mh oloklhrŤsima sustŠmata Şmwc, upŘrqoun kai perioqŚc Şpou h kŢnhsh, gia kaje praktikŠ efarmogŠ, emfanŢzetai wc organwmŚnh, dhladŠ upŘrqoun analloŢwtec kampŰlec Š epifŘneiec (entŞc twn orŢwn thc akrŢbeiac twn upologismŤn). DhladŠ sta sustŠmata autŘ sunŠjwc sunupŘrqoun h tŘxh kai to qŘoc.

7 SqedŞn oloklhrŤsima dunamikŘ sustŠmata

JewroŰme Śna sŰsthma tou opoŢou h QamiltonianŠ Śqei th morfŠ H = H_0(q_1, q_2, p_1, p_2) + ϵH_1(q_1, q_2, p_1, p_2), (38) Şpou ϵ parŘmetroc, h opoŢa jewreŢtai mikrŠ, kai H_0 eŢnai h QamiltonianŠ enŞc oloklhrŤsimou sustŠmatoc. EpeidŠ h H_0 eŢnai oloklhrŤsimh, upŘrqei kanonikŞc metasqhmatismŞc apŞ tic kanonikŚc metablhtŚc q_1, q_2, p_1, p_2 se metablhtŚc drŘsewc-gwnŢac J_1, J_2, θ_1, θ_2, Ťste h QamiltonianŠ stic nŚec metablhtŚc na Śqei th morfŠ H = H_0(J_1, J_2) + ϵH_1(J_1, J_2, θ_1, θ_2). (39) Ja exetŘsoume prŤta thn adiatŘrakth kŢnhsh kai sth sunŚqeia th diataragmŚnh kŢnhsh.

7.1 AdiatŘrakth kŢnhsh

H roŠ h opoŢa orŢzetai apŞ th QamiltonianŠ H_0(J_1, J_2) dŢdetai apŞ tic exisŤseic J_1 = J_{10}, J_2 = J_{20}, θ̇_1 = n_1, θ̇_2 = n_2, (40) Şpou n_1 = ∂H_0/∂J_1, n_2 = ∂H_0/∂J_2, (41) oi dŰo basikŚc suqnŞthtec tou sustŠmatoc. ApŞ tic exisŤseic (40) kai (41) prokŰptei Şti h kŢnhsh gŢnetai se Śna 2-torus, me stajerŚc aktŢnec J_1, J_2 kai stajerŚc suqnŞthtec n_1, n_2. JewroŰme tŤra thn apeikŞnish Poincaré , orŢzontac thn epifŘneia tomŠc me tic sqŚseic H_0(J_1, J_2) = h, θ_2 = 0 mod 2π, (Š J_2 = J_{20} θ_2 = 0). (42) H apeikŞnish dŢdetai tŞte apŞ tic exisŤseic J_1 → J_1, θ_1 → θ_1 + 2π^{n1}_{n2} , (43) me parŘmetro thn enŚrgeia h (Š th drŘsh J_2).

Se kŘje epanŘlhyh thc apeikŞnishc, h metabolŠ thc gwnŢac θ_1 apŞ to Śna shmeŢo tomŠc sto epŞmeno dŢdetai apŞ th sqŚsh Δθ_1 = 2π n_1 n_2

. (44) H gwnŢa Δθ_1 onomŘzetai gwnŢa strofŠc kai exartŘtai apŞ th drŘsh J_1 (kai thn enŚrgeia h Š th drŘsh J_2, oi opoŢec jewroŰntai wc parŘmetroi sthn apeikŞnish (43) ). H apeikŞnish (43) onomŘzetai strofikŠ apeikŞnish (twist map).

AntŢ twn metablhtŤn drŘsewc-gwnŢac J_1, θ_1, orŢzoume tic metablhtŚc Poincaré X = √ 2J_1 cos θ_1, Y = √ 2J_1 sin θ_1, (45)

oi opoŢec eŢnai Śna eŢdoc polikŤn suntetagmŚnwn. Stic metablhtŚc autŚc ta diadoqikŘ shmeŢa thc apeikŞnishc (43) keŢntai se omŞkentrouc kŰklouc aktŢnac ρ = √ 2J_1. Oi kampŰlec autŚc onomŘzontai analloŢwtec kampŰlec. Se mia sugkekrimŚnh analloŢwth kampŰlh, me aktŢna ρ, h gwnŢa strofŠc Δθ_1 kai o lŞgoc n_1/n_2 eŢnai stajerŘ, allŘ metabŘllontai kajŤc h aktŢna ρ metabŘlletai.

SuntonismoŢ ’Opwc anafŚrame, o lŞgoc n_1/n_2 metabŘlletai suneqŤc Ştan h aktŢna ρ metabŘlletai kai sunepŤc, gia orismŚnec analloŢwtec kampŰlec, o lŞgoc autŞc paŢrnei rhtŠ timŠ, n_1 n_2 = s r , Š Δθ_1 = 2π s r . (46)

H antŢstoiqh analloŢwth kampŰlh (kŰkloc) onomŘzetai kampŰlh suntonismoŰ kai ta shmeŢa thc eŢnai (pollaplŘ en gŚnei) ametŘblhta shmeŢa. IdiaŢtero endiafŚron parousiŘzoun oi kampŰlec suntonismoŰ stic opoŢec oi akŚraioi s kai r eŢnai mikroŢ arijmoŢ.

H adiatŘrakth apeikŞnish dhmiourgeŢtai apŞ th genŚteira sunŘrthsh

F = J_{1,n+1}θ_{1,n} + G_0(J_{1,n+1}), (47)

Şpou ∂G_0/∂J_1 = 2πn_1/n_2, (48) mŚsw twn exisŤsewn J_{1,n} = ∂F ∂θ_{1,n} , θ_{1,n+1} = ∂F ∂J_{1,n+1} . (49)

EŢnai fanerŞ Şti h apeikŞnish autŠ eŢnai sumplektikŠ, diŞti dhmiourgeŢtai apŞ genŚteira sunŘrthsh.

7.2 Mh oloklhrŤsimo sŰsthma

’Estw tŤra Şti h parŘmetroc ϵ eŢnai diŘforoc tou mhdenŞc, ϵ ≠ 0. Sthn perŢptwsh autŠ h apeikŞnish Poincaré eŢnai mia diataragmŚnh apeikŞnish thc apeikŞnishc (43) kai onomŘzetai diataragmŚnh strofikŠ apeikŞnish ( perturbed twist map),

J_1 = J_1 + ϵ(...) θ_1 = θ_1 + 2π n_1 n_2 + ϵ(...). (50)

H apeikŞnish autŠ dhmiourgeŢtai apŞ th genŚteira sunŘrthsh

F = J_{1,n+1}θ_{1,n} + G_0(J_{1,n+1}) + ϵG_1(J_{1,n+1}, θ_{1,n}), (51)

h opoŢa mporeŢ na jewrhjeŢ wc diataragmŚnh genŚteira sunŘrthsh thc adiatŘrakthc genŚteirac sunŘrthshc (47).

Gia thn kataskeuŠ enŞc montŚlou pou na antiproswpeŰei thn pragmatikŠ diataragmŚnh apeikŞnish, autŞ to opoŢo zhtoŰme eŢnai h eŰresh thc G_1 h opoŢa orŢzei th diataraqŠ.

8 ParadeŢgmata sumplektikŤn apeikonŢsewn

8.1 O sumplektikŞc oloklhrwtŠc

JewroŰme th QamiltonianŠ enŞc sustŠmatoc dŰo bajmŤn eleujerŢac H = H(q, p), (52) kai tic antŢstoiqec kanonikŚc exisŤseic q̇ = ∂H/∂p, ṗ = −∂H/∂q. (53) H lŰsh, se prŤth prosŚggish, apŞ to shmeŢo (q_0, p_0) sto shmeŢo (q, p), sto qronikŞ diŘsthma τ, (τ ≪ 1)), dŢdetai apŞ tic sqŚseic

q_1 = q_0 +

∂H(q_0, p_0) ∂p τ, p_1 = p_0 −

∂H(q_0, p_0) ∂q τ, (54)

kai to sfŘlma eŢnai O(τ^2). H apeikŞnish autŠ den eŢnai sumplektikŠ, diŞti det | | | | ∂(q_1, p_1) ∂(q_0, p_0) | | | | ≠ 1. (55)

TropopoioŰme tŤra thn proseggistikŠ lŰsh (54) antikajistŞntac to p_0 me p_1:

q_1 = q_0 +

∂H(q_0, p_1) ∂p τ, p_1 = p_0 −

∂H(q_0, p_1) ∂q τ. (56)

To sfŘlma sth nŚa lŰsh (56) eŢnai epŢshc thc tŘxewc τ^2, dhladŠ thc Ţdiac tŘxewc Şpwc kai h lŰsh (54). AutŞ to opoŢo kerdŢzoume me autŠ thn antikatŘstash eŢnai Şti h nŚa apeikŞnish eŢnai sumplektikŠ. AutŞ to diapistŤnoume apŞ to Şti h (56) dhmiourgeŢtai apŞ th genŚteira sunŘrthsh

F = q_0p_1 + τH(q_0, p_1), (57)

Şpwc mporeŢ eŰkola na epalhjeujeŢ. ParathrŠsate Şti h IakwbianŠ orŢzousa thc apeikŞnishc (56) eŢnai Ţsh proc th monŘda.

H lŰsh (56) eŢnai h aploŰsterh perŢptwsh miac kathgorŢac arijmhtikŠc oloklŠrwshc QamiltonianŤn susthmŘtwn, pou onomŘzontai sumplektikoŢ oloklhrwtŚc. To pleonŚkthmŘ touc Śnanti twn Řllwn mejŞdwn oloklhrŤsewc eŢnai Şti diathroŰn akribŤc mia basikŠ idiŞthta thc Qamiltonianhc roŠc, th sumplektikŠ idiŞthta.

8.2 H tupikŠ apeikŞnish

JewroŰme th QamiltonianŠ tou ekkremoŰc ( pendulum Hamiltonian) H = 1 2 I^2 + K cos θ, (58)

kai tic antŢstoiqec kanonikŚc exisŤseic

θ̇ = I, İ = K sin θ. (59)

H oloklŠrwsh katŘ Śna bŠma Δt = τ dŢnei thn apeikŞnish (sŰmfwna me thn prohgoŰmenh parŘgrafo)

I_{n+1} = I_n + K sin θ_nτ, θ_{n+1} = θ_n + I_nτ, (60)

h opoŢa den eŢnai sumplektikŠ. Thn kŘnoume sumplektikŠ qrhsimopoiŞntac to tŚqnasma thc prohgoŰmenhc paragrŘfou kai paŢrnoume th sumplektikŠ apeikŞnish

I_{n+1} = I_n + K sin θ_nτ, θ_{n+1} = θ_n + I_{n+1}τ. (61)

Gia τ = 1 Śqoume th gnwstŠ strofikŠ apeikŞnish ( standard map)

I_{n+1} = I_n + K sin θ_n, θ_{n+1} = θ_n + I_{n+1}. (62)

9 KataskeuŠ montŚlwn apeikŞnishc

Se pollŘ problŠmata pou antiproswpeŰontai apŞ mia sqedŞn oloklhrŤsimh QamiltonianŠ, thc morfŠc (38), eŢnai qrŠsimo na kataskeuŘsoume Śna montŚlo apeikŞnishc gia na meletŠsoume thn exŚlixh tou sustŠmatoc. H apeikŞnish autŠ prŚpei na proseggŢzei thn apeikŞnish Poincaré kai gia na sumbaŢnei autŞ prŚpei na plhroŰntai oi akŞloujec anagkaŢec sunjŠkec - H apeikŞnish prŚpei na eŢnai sumplektikŠ.

- PrŚpei na Śqei ta Ţdia ametŘblhta shmeŢa Şpwc kai h apeikŞnish Poincaré . - H eustŘjeia twn ametŘblhtwn shmeŢwn prŚpei na eŢnai h swstŠ. - PrŚpei na Śqei tic Ţdiec perioqŚc organwmŚnhc kai qaotikŠc kŢnhshc.

PollŘ fusikŘ sustŠmata emfanŢzontai wc sqedŞn oloklhrŤsima, Şpwc p.q. h kŢnhsh twn planhtŤn sto HliakŞ sŰsthma.

9.1 H mŚjodoc twn sunartŠsewn dŚlta

H mŚjodoc autŠ protŘjhke apŞ ton Chirikov(1986) kai efarmŞsjhke apŞ ton Wisdom(1983, 1985) gia th melŚth twn asteroeidŤn, Şpou gia prŤth forŘ diapistŤjhke Şti eŢnai dunatŞn na emfanisjoŰn qaotikŚc kinŠseic sto HliakŞ sŰsthma.

Ja parousiŘsoume th mŚjodo me Śna aplŞ parŘdeigma. JewroŰme th QamiltonianŠ enŞc sustŠmatoc me dŰo bajoŰc eleujerŢac, thc morfŠc

H = H_0(I) +

K_0 2π cos θ + ∑ n≠0 K_n(I) cos(θ − nt), (63)

Şpou o trŢtoc Şroc sto dexiŞ mŚloc paristŘnei toŰc Şrouc uyhlŠc suqnŞthtac.

ApaloŢfontac touc Şrouc uyhlŠc suqnŞthtac me th mŚjodo tou averaging, paŢrnoume th QamiltonianŠ H = H_0(I) +

K_0 2π cos θ. (64) QŘnetai Śtsi Śnac bajmŞc eleujerŢac (o qrŞnoc).

EpaneisŘgoume tŤra touc Şrouc uyhlŠc suqnŞthtac mŚsw twn 2π-periodikŤn Ťsewn, jŚtontac sth jŚsh tou cos θ cos θ → cos θ × 2πδ_{2π}(t), (65) Şpou δ_{2π}(t) eŢnai h 2π-periodikŠ sunŘrthsh δ. AutŞ apodeiknŰetai wc exŠc:

ApŞdeixh Sthn arqikŠ QamiltonianŠ antikajistoŰme touc Şrouc K_n(I) me touc Şrouc K_0/2π kai Śtsi paŢrnoume th nŚa QamiltonianŠ

H = H_0(I) +

K_0 2π cos θ + ∑ n≠0 K_0 2π cos(θ − nt)

= H_0 +

K_0 2π cos θ [ 1 + 2 ∞∑ n=1 cos nt ]

= H_0(I) + K_0 cos θ × δ_{2π}(t), (66) Şpou

δ_{2π}(t) = 1 2π [ 1 + 2 ∞∑ n=1 cos nt ] ,

= ∑ n δ(t − 2πn). H basikŠ idŚa eŢnai na meletŠsoume to sŰsthma qrhsimopoiŤntac th QamiltonianŠ (66) antŢ thc arqikŠc QamiltonianŠc (63). AutŞ eŢnai eŰkolo diŞti to sŰsthma (66) oloklhrŤnetai amŚswc epeidŠ upŘrqei h sunŘrthsh δ.

EŰresh thc apeikŞnishc

H nŚa QamiltonianŠ eŢnai h H = H_0(I) +

K_0 2π cos θ × 2πδ_{2π}(t). (67) Gia t = 0^− eŢnai J = J_0, θ = θ_0. ZhtoŰme ta J_1, θ_1 metŘ mia perŢodo 2π, th qronikŠ stigmŠ t = 2π^−. Se autŞ to qronikŞ diŘsthma upŘrqei mŢa Ťsh sto diŘsthma (0^−, 0^+).

Oi kanonikŚc exisŤseic eŢnai oi θ̇ = ∂H_0/∂I, (68) İ = K_0 sin θ × δ_{2π}(t).

Gia na lŰsoume to sŰsthma autŞ parathroŰme Şti h QamiltonianŠ sto diŘsthma (O^+, 2π^−) eŢnai h H_0(I), Řra sto diŘsthma autŞ eŢnai I = I_1. (69) H metabolŠ thc gwnŢac θ sto diŘsthma (O^−, 2π^−) eurŢsketai apŞ th sqŚsh

Δθ = ∫_{2π}− 0^− ∂H_0/∂Idt = ∂H_0(I_1)/∂I × 2π. (70) H metabolŠ thc drŘshc sto diŘsthma (O^−, 2π^−) eurŢsketai apŞ th sqŚsh

ΔI = ∫_{2π}− 0^−

K_0 sin θ × δ_{2π}(t)dt = K_0 sin θ_0. (71)

Gia thn apŞdeixh thc sqŚsewc autŠc elŘbame upŞyh Şti h Ťsh periŚqetai sto diŘsthma (0^−, 0^+), to opoŢo periŚqetai sto diŘsthma oloklŠrwshc, kai epŢshc th sqŚsh

∫_0+

0^− F (t) × δ(t)dt = 1/2[F (0

−) + F (0^+)].

TelikŘ, h apeikŞnish gia mia perŢodo 2π, apŞ 0^− sto 2π^− eŢnai h I_1 = I_0 + K_0 sin θ_0, θ_1 = θ_0 + 2πω_0(I), (72)

Şpou ω_0(I) = ∂H_0/∂I. H apeikŞnish autŠ eŢnai sumplektikŠ kai proŚrqetai apŞ th genŚteira sunŘrthsh F = I_1θ_0 + 2π [ H_0(I_1) +

K_0 2π cos θ_0 ] , (73) mŚsw twn exisŤsewn (49), Şpwc mporeŢ eŰkola na epalhjeujeŢ. Gia H_0 = I^2/4π, Śqoume thn tupikŠ apeikŞnish ( standard map).

Sto shmeŢo autŞ ja prŚpei na anafŚroume Şti h mŚjodoc tou Chirikov den odhgeŢ pŘntote se sumplektikŠ apeikŞnish. ParŘdeigma Ac upojŚsoume Şti h K_0 sth QamiltonianŠ (67) den eŢnai stajerŘ allŘ eŢnai sunŘrthsh tou I, H = H_0 +

K_0(I) 2π cos θ + ∑ n≠0 K_n(I) cos(θ − nt). (74) An ergasjoŰme Şpwc kai prohgoumŚnwc Śqoume ta exŠc: H averaged Hamiltonian eŢnai h H = H_0(I) +

K_0(I) 2π cos(θ) (75) kai h nŚa QamiltonianŠ eŢnai h H = H_0(I) + K_0(I) cos θ × δ_{2π}(t). (76) H apeikŞnish gia mia perŢodo 2π, apŞ t = 0^− se t = 2π^− eŢnai h I_1 = I_0 + 1 2 [K_0(I_0) + K_0(I_1)] sin θ_0, θ_1 = θ_0 + 2πω_0(I_1) + 1 2 [K^′_0(I_0) + K^′_0(I_1)] cos θ_0, (77) Şpou o tŞnoc paristŘnei paragŤgish wc proc I.

H apeikŞnish autŠ den eŢnai sumplektikŠ. Ja Štan sumplektikŠ Řn sto dexiŞ mŚloc oi K_0 kai K^′_0 Šsan sunartŠseic tou I_1 antŢ tou I_0.

AnaforŚc

[1] Arnold, V.I.:(1978) Mathematical methods of classical mechanics, Springer-Verlag. [2] Chirikov,B.V. and Vecheslavov,V.V.:(1986) Chaotic dynamics of comet Haley, preprint 86-184, Institute of Nuclear Physics, Novosibirsk.

[3] Landau, L.D. and Lifshitz, E.M.:(1976), Mechanics, Pergamon, Pergamon Press. [4] Lichtenberg, A.J. and Liebermann, M.A.: 1983, Regular and Stochastic Motion, Springer- Verlag.

[5] Whittaker, E.T.: (1937) A treatise on the analytical dynamics of particles and rigid bodies, Cambridge University Press.

[6] Wisdom, J.(1983): Chaotic Behaviour and the Origin of the 3/1 Kirkwood Gap, Icarus 56, 51-74.

[7] Wisdom, J. (1985): A Perturbative Treatment of Motion Near the 3/1 Commensurability, Icarus 63, 272-289.