EUSTAJEIA DUNAMIKWN SUSTHMATWN

1 EisagwgŠ

O skopŞc tou parŞntoc kefalaŢou eŢnai na parousiŘsei th basikŠ jewrŢa gia th melŚth thc eustŘjeiac enŞc mh grammikoŰ sustŠmatoc. ’Opwc eŢnai gnwstŞ, h genikŠ lŰsh enŞc mh grammikoŰ sustŠmatoc eŢnai exairetikŘ polŰplokh kai den eŢnai dunatŞ na ekfrasjeŢ sunartŠsei twn gnwstŤn sunartŠsewn. Gia to lŞgo autŞ, ja periorisjoŰme sth melŚth thc sumperiforŘc enŞc mh grammikoŰ sustŠmatoc sthn perioqŠ eidikŤn lŰsewn, Şpwc eŢnai ta shmeŢa isorropŢac kai oi periodikŚc troqiŚc. Oi lŰseic autŚc kajorŢzoun katŘ trŞpo krŢsimo thn topologŢa tou qŤrou twn fŘsewn kai sunepŤc, parŘ to Şti oi lŰseic autŚc eŢnai memonwmŚnec, h melŚth touc dŢnei pollŚc qrŠsimec plhroforŢec gia th makroqrŞnia sumperiforŘ tou sustŠmatoc. ShmeiŤnoume akŞma Şti, se antŢjesh me th genikŠ lŰsh tou sustŠmatoc, h eŰresh twn anwtŚrw eidikŤn lŰsewn eŢnai sqetikŘ eŰkolh. O sunŠjhc trŞpoc thc melŚthc enŞc mh grammikoŰ sustŠmatoc sthn perioqŠ enŞc shmeŢou isorropŢac Š miŘc periodikŠc troqiŘc, eŢnai na grammikopoiŠsoume to sŰsthma sthn perioqŠ autŤn twn lŰsewn kai na meletŠsoume to antŢstoiqo grammikŞ sŰsthma. DedomŚnou Şti h majhmatikŠ jewrŢa twn grammikŤn susthmŘtwn eŢnai gnwstŠ, autŞ ja mac dŞsei thn plŠrh lŰsh tou grammikopoihmŚnou sustŠmatoc. Sthn paroŰsa melŚth ja dojeŢ idiaŢterh Śmfash sth metŘbash apŞ to grammikopoihmŚno sto arqikŞ sŰsthma kai ja meletŠsoume poiŘ basikŘ qarakthristikŘ paramŚnoun analloŢwta.

H exŚlixh enŞc dunamikoŰ sustŠmatoc mporeŢ na parastajeŢ gewmetrikŘ wc mia suneqŠc roŠ sto qŤro twn fŘsewn. Me autŞ ton trŞpo mporoŰme na perigrŘyoume tic basikŚc idiŞthtec tou sustŠmatoc, Şpwc p.q. an eŢnai sunthrhtikŞ Š mh sunthrhtikŞ, me aplŚc gewmetrikŚc Śnnoiec oi opoŢec eŢnai eŰkola katanohtŚc. EpŢshc, h suneqŠc roŠ enŞc dunamikoŰ sustŠmatoc mporeŢ na perigrafeŢ, isodŰnama, wc mia diŘkrith apeikŞnish se Śnan upoqŤro tou qŤrou twn fŘsewn, me th mŚjodo thc epifŘneiac tomŠc Poincaré. AutŞ eŢnai idiaŢtera qrŠsimo se sustŠmata me dŰo bajmoŰc eleujerŢac, Şpou o arqikŞc qŤroc twn fŘsewn eŢnai tessŘrwn diastŘsewn, enŤ h epifŘneia tomŠc Poincaré eŢnai dŰo diastŘsewn. Oi periodikŚc troqiŚc, oi opoŢec eŢnai kleistŚc kampŰlec ston tetradiŘstato qŤro twn fŘsewn, antiproswpeŰontai apŞ shmeŢa isorropŢac, kai eŢnai fanerŞ Şti autŞ aplousteŰei th melŚth. Sta epŞmena ja parousiŘsoume th basikŠ jewrŢa thc sumperiforŘc enŞc mh grammikoŰ sustŠmatoc sthn perioqŠ enŞc shmeŢou isorropŢac kai ja dŞsoume aplŘ paradeŢgmata gia kŘje tupikŠ perŢptwsh, gia thn kalŰterh katanŞhsh thc jewrŢac.

2 BasikoŢ orismoŢ

Ja dŞsoume tŤra merikoŰc basikoŰc orismoŰc: AutŞnomo sŰsthma ’Ena autŞnomo dunamikŞ sŰsthma perigrŘfetai apŞ Śna sŰsthma diaforikŤn exisŤsewn thc morfŠc

ẋ = f(x), (1)

Şpou x ∈ R^n f : E → R^n, E anoiktŞ uposŰnolo tou R^n kai f ∈ C^1(E). To dianusmatikŞ pedŢo f dhmiourgeŢ th roŠ

ϕ_t : E → R^n, (2)

h opoŢa ekfrŘzetai apŞ th lŰsh tou sustŠmatoc twn diaforikŤn exisŤsewn (1), thn opoŢa ja paristŘnome wc ϕ_t(x) = ϕ(t, x). H lŰsh autŠ epalhjeŰei ek tautŞthtoc to sŰsthma (1): d dt ϕ(t, x)/_{t=τ} = f(ϕ(τ, x)). (3) EpeidŠ to sŰsthma eŢnai autŞnomo, oi arqikŚc sunjŠkec mporoŰn na jewrhjoŰn Şti antistoiqoŰn sto qrŞno t = 0: x(0) = x_0 ∈ E kai h lŰsh pou antistoiqeŢ se autŚc tic arqikŚc sunjŠkec eŢnai h ϕ(t, x_0), tŚtoia Ťste ϕ(0, x_0) = x_0. Sta epŞmena, th lŰsh ja th sumbolŢzome wc x(t, x_0) Š aplŤc wc x(t).

DunamikŞ sŰsthma ’Ena dunamikŞ sŰsthma sto E orŢzetai wc mŢa C^1 apeikŞnish ϕ : R × E → E, (4) Şpou E anoiktŞ uposŰnolo tou R^n kai an ϕ_t(x) = ϕ(t, x), tŞte h roŠ ϕ_t epalhjeŰei tic sqŚseic: (i) ϕ_0(x) = x gia kŘje x ∈ E (ii) ϕ_t ∘ ϕ_s(x) = ϕ_{t+s}(x) gia kŘje s, t ∈ R kai x ∈ E.

ShmeŢa isorropŢac kai periodikŚc troqiŚc Ac jewrŠsoume to sŰsthma twn diaforikŤn exisŤsewn ẋ = f(x), x ∈ R^n. (5) ’Ena shmeŢo tou qŤrou twn fŘsewn x_0 orŢzetai wc shmeŢo isorropŢac Š krŢsimo shmeŢo an h x(t) = x_0 eŢnai lŰsh tou sustŠmatoc, dhladŠ eŘn to x_0 plhroŢ thn algebrikŠ exŢswsh f(x_0) = 0. MŢa lŰsh γ(t) = ϕ_t(x_0) orŢzetai wc periodikŠ troqiŘ Š kŰkloc eŘn epalhjeŰei th sqŚsh

ϕ_{t+T} (x_0) = ϕ_t(x_0), (6)

Şpou T eŢnai h perŢodoc.

3 GrammikopoŢhsh

3.1 Sthn perioqŠ shmeŢou isorropŢac

’Estw shmeŢo isorropŢac x_0. MporoŰme, qwrŢc apŤleia thc genikŞthtac, na upojŚsoume Şti h arqŠ twn axŞnwn Śqei metatejeŢ sth jŚsh tou shmeŢou isorropŢac, Śtsi Ťste na eŢnai x_0 = 0. MŢa diataragmŚnh lŰsh eŢnai tŤra h x(t), Şpou x eŢnai h metatŞpish apŞ th jŚsh isorropŢac kai jewreŢtai mikrŞ. H lŰsh autŠ epalhjeŰei to sŰsthma (5), ẋ = f(0) + Df(0)x + ..., x ∈ R^n, (7)

Şpou anaptŰxame to dexiŞ mŚloc se seirŘ Taylor kai apaleŢyame touc Şrouc deutŚrac kai anwtŚrac tŘxewc. LambŘnontac upŞyin Şti f(0) = 0, Śqoume telikŘ to grammikŞ sŰsthma

ẋ = A x, (8)

Şpou o pŢnakac A = Df(0) dŢdetai apŞ th sqŚsh

Df(0) = ∂f_1 ∂x_1 . . . ∂f_1 ∂x_n . . . . . . . . . ∂f_n ∂x_1 . . . ∂f_n ∂x_n x=0 . (9)

H lŰsh autoŰ tou sustŠmatoc ja kajorŢsei th sumperiforŘ tou sthn perioqŠ tou shmeŢou isorropŢac, se grammikŠ prosŚggish. KrŢsimo rŞlo sthn poiotikŠ sumperiforŘ thc lŰsewc paŢzoun oi idiotimŚc tou pŢnaka A, apŞ tŢc opoŢec exartŘtai h eustŘjeia tou sustŠmatoc. ApŞ th jewrŢa twn grammikŤn diaforikŤn exisŤsewn eŢnai gnwstŞ Şti h lŰsh eŢnai peratwmŚnh mŞnon Ştan Şlec oi idiotimŚc Śqoun mh jetikŞ pragmatikŞ mŚroc.

’Ena shmeŢo isorropŢac orŢzetai wc uperbolikŞ shmeŢo Ştan den upŘrqei idiotimŠ tou A me mhdenikŞ pragmatikŞ mŚroc.

3.2 Sthn perioqŠ periodikŠc troqiŘc

’Estw h periodikŠ troqiŘ Γ : x = γ(t), periŞdou T . Mia geitonikŠ troqiŘ mporeŢ na grafeŢ upŞ th morfŠ

x(t) = γ(t) + ξ(t), (10)

Şpou ξ(t) eŢnai h metatŞpish thc diataragmŚnhc troqiŘc apŞ thn periodikŠ troqiŘ, gia thn Ţdia qronikŠ stigmŠ. To grammikopoihmŚno sŰsthma sthn perioqŠ thc periodikŠc troqiŘc dŢdetai apŞ to sŰsthma ξ̇ = A(t) ξ, (11)

Şpou o pŢnakac A(t) = Df(γ(t)), Df(γ(t)) = ∂f_1 ∂x_1 . . . ∂f_1 ∂x_n . . . . . . . . . ∂f_n ∂x_1 . . . ∂f_n ∂x_n x=γ(t) . (12)

O pŢnakac A eŢnai Śnac periodikŞc pŢnakac me perŢodo T . H lŰsh tou sustŠmatoc (11) eurŢsketai apŞ th jewrŢa Floquet kai kajorŢzei thn eustŘjeia thc periodikŠc troqiŘc, se grammikŠ prossŚggish.

4 GenikŠ lŰsh grammikoŰ sustŠmatoc

JewroŰme to grammikŞ sŰsthma ẋ = A(t) x, x ∈ R^n. (13) H genikŠ lŰsh tou eŢnai grammikŞc sunduasmŞc n grammikŘ anexŘrthtwn lŰsewn kai mporeŢ na ekfrasjeŢ upŞ th morfŠ

x(t) = Φ(t) C, (14) Š x(t) = [ Φ(t)Φ(0)^{−1} ] x_0, (15)

Şpou Φ(t) eŢnai Śnac n × n pŢnakac pou oi stŠlec tou eŢnai grammikŘ anexŘrthtec lŰseic kai C eŢnai Śna n × 1 diŘnusma. EŢnai fanerŞ Şti kai oi stŠlec tou pŢnaka Φ(t)Φ(0)^{−1} eŢnai epŢshc grammikŘ anexŘrthtec lŰseic.

KŘje pŢnakac Φ(t) pou oi stŠlec tou Śqoun autŠ thn idiŞthta onomŘzetai jemeliŤdhc pŢnakac lŰsewn. An eŢnai kai Φ(0) = I, tŞte h lŰsh ekfrŘzetai sunartŠsei twn arqikŤn sunjhkŤn x(0) wc

x(t) = Φ(t) x(0). (16)

Sta epŞmena ja meletŠsoume ton jemeliŤdh pŢnaka lŰsewn sto grammikŞ sŰsthma me stajeroŰc suntelestŚc ẋ = A x, A stajerŞc.

’Ena basikŞ erŤthma pou ja exetŘsoume eŢnai to pŤc sqetŢzetai h roŠ tou grammikopoihmŚnou sustŠmatoc sthn perioqŠ tou shmeŢou isorropŢac me th roŠ tou mh grammikoŰ sustŠmatoc. PŞte sumpŢptoun poiotikŘ kai pŞte Şqi;

5 EustŘjeia shmeŢwn isorropŢac grammikoŰ sustŠmatoc

JewroŰme to mh grammikŞ sŰsthma ẋ = f(x), x ∈ R^n kai upojŚtoume Şti h arqŠ x = 0 eŢnai shmeŢo isorropŢac, f(0) = 0. To grammikopoihmŚno sŰsthma sthn perioqŠ tou shmeŢou isorropŢac eŢnai to

ẋ = A x, (17)

SqŠma 1: To portrŚto fŘsewc tou sustŠmatoc (19)

Şpou A = Df(0) eŢnai Śnac stajerŞc n × n pŢnakac. H genikŠ lŰsh autoŰ tou sustŠmatoc eŢnai h

x(t) = e^{tA} x_0, (18)

Şpou e^{tA} eŢnai o jemeliŤdhc pŢnakac lŰsewn.^1 Wc portrŚto fŘsewc (phase portrait) orŢzoume to sŰnolo Şlwn twn lŰsewn sto R^n. ParŘdeigma: JewroŰme to sŰsthma ( ẋ_1 ẋ_2 ) = ( −1 0 0 2 ) ( x_1 x_2 ) , (19)

h lŰsh tou opoŢou eŢnai h x_1(t) = x_{10} e^{−t}, x_2(t) = x_{20} e^{2t}. To portrŚto fŘsewc dŢdetai sto sqŠma 1.

5.1 GenikŠ lŰsh tou sustŠmatoc ẋ = A x

O pŢnakac A eŢnai diagŤnioc ’Estw Şti A = λ_1 0 . . 0 λ_n . (20)

1OrismŞc: e^B = I +^B_{1!} +^{B2}_{2!} + ... +^{Bn}_{n!} + ...

Sthn perŢptwsh autŠ upŘrqoun n grammikŘ anexŘrthtec lŰseic thc morfŠc x_i = e^{λit} x_{i0}, i = 1, 2, ...n. (21) O pŢnakac A den eŢnai diagŤnioc Oi idiotimŚc tou A eŢnai pragmatikŚc kai diŘkritec: OnomŘzoume U_1, U_2, ..U_n ta idiodianŰsmata tou pŢnaka A, ta opoŢa sqhmatŢzoun bŘsh ston R^n. O pŢnakac P = [U_1, U_2, ..U_n] eŢnai antistrŚyimoc kai o metasqhmatismŞc P^{−1}A P diagwniopoieŢ ton A,

P^{−1}A P = diag [λ_1, λ_2, ..λ_n].

O metasqhmatismŞc y = P^{−1} x metasqhmatŢzei to sŰsthma ẋ = A x sto sŰsthma ẏ = B y, Şpou o pŢnakac B eŢnai diagŤnioc, B = P^{−1}A P me diagŤnia stoiqeŢa tic idiotimŚc tou pŢnaka A. H lŰsh wc proc y eŢnai h

y(t) = e^{λ1t} 0 . . 0 e^{λnt} y(0),

kai telikŘ, h lŰsh wc proc thn arqikŠ metablhtŠ x, eŢnai h x(t) = [ P Λ(t) P^{−1} ] x(0)

Şpou Λ(t) = diag [ e^{λ1t}, ...e^{λnt} ] . O pŢnakac P Λ(t) P^{−1} eŢnai o jemeliŤdhc pŢnakac lŰsewn e^{tA}.

Oi idiotimŚc tou A eŢnai migadikŚc kai diŘkritec:

’Estw A Śnac 2n × 2n pŢnakac me 2n diŘkritec idiotimŚc λ_j = α_j ± i β_j kai W_j = U_j ±iV_j , j = 1, 2, ..n, ta antŢstoiqa idiodianŰsmata. O 2n×2n pŢnakac P = [V_1 U_1 ...V_n U_n] eŢnai antistrŚyimoc kai

P^{−1} A P = diag [ α_j −β_j β_j α_j ] . H lŰsh tou sustŠmatoc eŢnai h x(t) = P ( diag e^{αj t} [ cos β_jt − sin β_j t sin β_jt cos β_j t ]) P^{−1} x(0).

O 2 × 2 pŢnakac sthn anwtŚrw sqŚsh paristŘnei strofŠ katŘ β_j t rad.

Oi idiotimŚc tou A eŢnai pragmatikŚc kai migadikŚc, diŘkritec: Ac upojŚsoume Şti o pŢnakac A Śqei k pragmatikŚc idiotimŚc λ_1, λ_2, ...λ_k me antŢstoiqa idiodianŰsmata ta U_1, U_2, ...U_k kai migadikŚc idiotimŚc λ_j = α_j ± iβ_j , j = k + 1, k + 2, ...n me antŢstoiqa idiodianŰsmata ta U_j ± iV_j . O pŢnakac P = [U_1, U_2, ...U_k, V_{k+1}, U_{k+1}, ...V_n, U_n] diagwniopoieŢ ton pŢnaka A,

P^{−1} A P = diag [λ_1, ...λ_k, B_{k+1}, B_n] ,

Şpou

B_j = [ α_j −β_j β_j α_j ] . H lŰsh ekfrŘzetai upŞ th morfŠ x(t) = [ P Λ(t) P^{−1} ] x(0), (22)

Şpou

Λ(t) = diag [ e^{λ1t}, ...e^{λk t}, e^{αj t} ( cos β_jt − sin β_jt sin β_jt cos β_jt )] . parŘdeigma

’Estw Şti A = −0.4 0 0 0 0.1 −16 0 1 0.1 . Oi idiotimŚc tou eŢnai oi λ_1 = −0.4, λ_{2,3} = 0.1 ± 4i kai ta antŢstoiqa idiodianŰsmata eŢnai ta

U_1 = 1 0 0 , W_{2,3} = U_2 ± iV_2 = 0 ±4i 1 .

O pŢnakac P eŢnai o P = 1 0 0 0 4 0 0 0 1

SqŠma 2: To portrŚto fŘsewc tou sustŠmatoc (23)

kai h lŰsh eŢnai telikŘ h

x_1 = e^{−0.4t} x_{10}, x_2 = e^{0.1t} [x_{20} cos 4t − 4 x_{30} sin 4t, ] (23)

x_3 = e^{0.1t} [ 1 4 x_{20} sin 4t + x_{30} cos 4t ] . To portrŚto fŘsewc dŢdetai sto SqŠma 2. PollaplŚc idiotimŚc:

’Estw λ_1 = λ_2 = ... = λ_m, m < n mia pollaplŠ pragmatikŠ idiotimŠ. EŘn sthn idiotimŠ autŠ antistoiqoŰn m grammikŤc anexŘrthta idiodianŰsmata, tŞte gia th genikŠ lŰsh isqŰei h prohgoŰmenh jewrŢa, pou Şlec oi idiotimŚc eŢnai aplŚc. EŘn Şmwc sthn pollaplŠ idiotimŠ, pollaplŞthtac m, antistoiqoŰn ligŞtera tou m idiodianŰsmata, tŞte isqŰoun ta exŠc:

OrŢzoume wc genikeumŚno idiodiŘnusma tou pŢnaka A pou antistoiqeŢ sthn pollaplŠ idiotimŠ λ, th mh mhdenikŠ lŰsh U tou sustŠmatoc (A − λI)^k U = 0, k ≤ m. EpŢshc orŢzoume Śnan pŢnaka N wc mhdenodŰnamo (nilpotent) tŘxewc k eŘn N^{k−1} ≠ 0, N^k = 0

JeŤrhma ’Estw n × n pŢnakac A, me pragmatikŚc idiotimŚc λ_1, λ_2, ...λ_n, merikŚc twn opoŢwn eŢnai pollaplŚc.

- UpŘrqei bŘsh [U_1, U_2, ...U_n] genikeumŚnwn idiodianusmŘtwn sto R^n. - O pŢnakac P = [U_1, U_2, ...U_n] eŢnai antistrŚyimoc. - UpŘrqei pŢnakac S tŚtoioc Ťste A = S + N, Şpou

P^{−1}SP = diag [λ_1, λ_2, ...λ_n]

kai o pŢnakac N = A − S eŢnai mhdenodŰnamoc tŘxewc k ≤ n kai SN = NS. TŞte h lŰsh eŢnai h

x(t) = P diag [ e^{λj t} ] P^{−1} [ I + Nt + ... + N^kt^k k! ] x_0. (24)

EidikŞtera gia thn perŢptwsh pou h idiotimŠ λ eŢnai pollaplŞthtac n, x(t) = e^{λt} [ I + Nt + ... + N^kt^k k! ] x_0. (25)

An oi idiotimŚc enŞc 2n × 2n pŢnaka A eŢnai migadikŚc kai pollaplŚc, oi λ_j = α_j ± iβ_j , j = 1, 2, ..n, tŞte isqŰoun ta exŠc:

- UpŘrqoun genikeumŚna migadikŘ idiodianŰsmata, ta W_j = U_j ± iV_j kai o pŢnakac P = [V_1, U_1, ...V_n, U_n] eŢnai antistrŚyimoc. - UpŘrqei pŢnakac S tŚtoioc Ťste A = S + N, Şpou

P^{−1}SP = diag [ α_j −β_j β_j α_j ] , - o pŢnakac N +A−S eŢnai mhdenodŰnamoc tŘxewc k ≤ 2n kai SN = NS. TŞte h lŰsh eŢnai h x(t) = P diag e^{αj t} [ cos β_j t − sin β_j t sin β_j t cos β_j t ] P^{−1} [ I + ... + N^kt^k k! ] . (26)

6 GrammikŘ sustŠmata sto R^2-PortrŚta fŘsewc

JewroŰme to grammikŞ sŰsthma

ẋ = B x, (27)

SqŠma 3: sŘgma (saddle)

Şpou B eŢnai Śnac stajerŞc 2 × 2 pŢnakac kai x_0 = 0 eŢnai shmeŢo isorropŢac. Je meletŠsoume thn topologŢa tou qŤrou twn fŘsewn, sthn perioqŠ tou shmeŢou isorropŢac x_0 = 0, gia diŘforec periptŤseic tou pŢnaka B.

SAGMA (saddle)

B = ( λ 0 0 μ ) , λ < 0 < μ, (28) H lŰsh autoŰ tou sustŠmatoc eŢnai h B = ( e^{λt} 0 0 e^{μt} ) x_0, (29)

kai to portrŚto fŘsewc dŢdetai sto sqŠma 3: KOMBOS (node) perŢptwsh A

B = ( λ 0 0 μ ) , λ ≤ μ < 0. (30) H lŰsh dŢdetai apŞ tic sqŚseic (29), kai ta portrŚta fŘsewc sthn perŢptwsh autŠ dŢdontai sta sqŠmata 4a kai 4b.

SqŠma 4: KŞmboc (node). Gia λ ≥ μ > 0 h forŘ eŢnai antŢstrofh

B = ( λ 0 0 μ ) , λ < 0 < μ. (31) perŢptwsh B B = ( λ 1 0 λ ) , λ < 0. (32)

H lŰsh dŢdetai apŞ th sqŚsh

x(t) = e^{λt} (I + N t) x_0 = e^{λt} ( 1 t 0 1 ) x_0. (33)

To portrŚto fŘsewc dŢdetai sto sqŠma 4g. Sthn perŢptwsh λ < 0 o kŞmboc eŢnai eustajŠc, enŤ an eŢnai λ > 0, h forŘ sta sqŠmata 4 eŢnai antŢstrofh kai o kŞmboc eŢnai astajŠc. ESTIA (focus) B = ( α −β β α ) , α < 0. (34)

H lŰsh eŢnai h x(t) = e^{αt} ( cos βt − sin βt sin βt cos βt ) x_0. (35)

To portrŚto fŘsewc dŢdetai sto sqŠma 5a, gia β > 0 kai 5b gia β < 0. Sthn perŢptwsh autŠ (α < 0), h estŢa eŢnai eustajŠc. EŘn eŢnai α > 0, h forŘ sta sqŠmata 5 eŢnai antŢstrofh kai h estŢa eŢnai astajŠc.

SqŠma 5: EstŢa: (a) β > 0, (b) β < 0.

SqŠma 6: KŚntro: (a) β > 0, (b) β < 0.

KENTRO (center) B = ( 0 −β β 0 ) , (36)

kai h lŰsh eŢnai h x(t) = ( cos βt − sin βt sin βt cos βt ) x_0. (37)

To portrŚto fŘsewc dŢdetai sta sqŠmata 6a,b gia β > 0 kai β < 0, antŢstoiqa.

Mh grammikŞ sŰsthma ’Ena shmeŢo isorropŢac mh grammikoŰ sustŠmatoc orŢzetai wc sŘgma, kŞmboc, estŢa Š kŚntro an to portrŚto fŘseŤc tou sthn perioqŠ tou shmeŢou isorropŢac x_0 eŢnai isodŰnamo, se grammikŠ prosŚggish, me mŢa apŞ tic parapŘnw periptŤseic, antŢstoiqa.

’Ena shmeŢo isorropŢac x_0 mh grammikoŰ sustŠmatoc ẋ = f(x) onomŘzetai katabŞjra, (sink), an Şlec oi idiotimŚc tou pŢnaka D f(x_0) Śqoun arnhtikŞ pragmatikŞ mŚroc kai phgŠ, (source), an Śqoun Şlec jetikŞ pragmatikŞ mŚroc.

7 AnalloŢwtoi upoqŤroi

JewroŰme to grammikŞ sŰsthma ẋ = A x, x ∈ R^n, (38) Şpou A n × n stajerŞc pŢnakac. Ja ekfrŘsoume th lŰsh autoŰ tou sustŠmatoc gia tic parakŘtw periptŤseic:

IdiotimŚc tou A pragmatikŚc kai aplŚc

’Estw Şti oi idiotimŚc tou A eŢnai oi λ_1, λ_2, ...λ_n, oi opoŢec eŢnai aplŚc. H lŰsh tou sustŠmatoc (38) eŢnai h

x(t) = P e^{λ1t} 0 . 0 e^{λnt} P^{−1} x_0, (39)

Şpou P = [U_1, U_2, ...U_n] kai U_i ta idiodianŰsmata pou antistoiqoŰn stic idiotimŚc λ_i. AnalŰoume tŤra tic arqikŚc sunjŠkec x_0 wc grammikŞ sunduasmŞ twn idiodianusmŘtwn U_i,

x_0 = P C = c_1U_1 + ... + c_nU_n, (40)

Şpou C eŢnai Śna n × 1 diŘnusma me stoiqeŢa c_1, c_2, ...c_n. H lŰsh, me th boŠjeia twn exisŤsewn (39) kai (40), ekfrŘzetai upŞ th morfŠ

x(t) = P e^{λ1t} 0 . 0 e^{λnt} C,

Š x(t) = c_1U_1e^{λ1t} + ... + c_nU_ne^{λnt}. (41)

IdiotimŚc tou A migadikŚc kai aplŚc

’Estw Şti oi idiotimŚc tou pŢnaka A eŢnai migadikŚc kai aplŚc, oi z_j = α_j ± iβ_j kai W_j = U_j ± iV_j ta antŢstoiqa idiodianŰsmata, j = 1, 2, ...n. H lŰsh eŢnai h x(t) = P ( diag e^{αj t} [ cos β_j t − sin β_j t sin β_j t cos β_j t ]) P^{−1} x_0,

Şpou P = [V_1U_1, ...V_nU_n] 2n × 2n pŢnakac. Oi arqikŚc sunjŠkec x_0 mporoŰn na ekfrasjoŰn wc grammikŞc sunduasmŞc twn dianusmŘtwn V_j, U_j , x_0 = P C = c_1V_1 + c_2U_1 + ...

kai h lŰsh eŢnai h x(t) = P ( diag e^{αj t} [ cos β_j t − sin β_jt sin β_j t cos β_jt ]) C, kai telikŘ

x(t) = e^{α1t} [c_1 (V_1 cos β_1t + U_1 sin β_1t) + c_2 (−V_1 sin β_1t + U_1 cos β_1t)]+.... (42) ApŞ tic parapŘnw dŰo periptŤseic (pragmatikŤn kai migadikŤn idiotimŤn) prokŰptei Şti an oi arqikŚc sunjŠkec eŢnai katŘ mŠkoc enŞc idiodianŰsmatoc, tŞte diegeŢretai mŞnon o antŢstoiqoc ekjetikŞc Şroc. EidikŤtera: PragmatikŚc idiotimŚc

’Estw Şti eŢnai x_0 = c U_1.

H lŰsh eŢnai, sŰmfwna me ton tŰpo (41), h

x(t, cU_1) = c U_1e^{λ1t}. (43)

To sŰnolo autŤn twn shmeŢwn apoteloŰn mia eujeŢa parŘllhlh proc to idiodiŘnusma U_1, h opoŢa apeikonŢzetai ston eautŞ thc me th lŰsh tou sustŠmatoc, dhladŠ paramŚnei analloŢwth. O monodiŘstatoc autŞc qŤroc onomŘzetai analloŢwtoc upoqŤroc. An λ_1 < 0, onomŘzetai eustajŠc analloŢwtoc upoqŤroc kai sumbolŢzetai wc E^s kai an λ_1 > 0 onomŘzetai astajŠc analloŢwtoc upoqŤroc kai sumbolŢzetai wc E^u.

MigadikŚc idiotimŚc

’Estw Şti eŢnai

x_0 = c_1 V_1 + c_2U_1.

H lŰsh tou sustŠmatoc eŢnai, sumfwna me ton tŰpo (42), h

x(t) = e^{α1t} (c_1 [V_1 cos β_1t + U_1 sin β_1t] + c_2 [−V_1 sin β_1t = U_1 cos β_1t]) . (44) ApŞ th lŰsh (44) prokŰptei Şti to sŰnolo Şlwn twn shmeŢwn pou apoteloŰn th lŰsh autŠ eurŢskontai se Śna epŢpedo to opoŢo orŢzetai apŞ ta dianŰsmata V_1 kai U_1. O disdiŘstatoc autŞc qŤroc eŢnai analloŢwtoc wc proc th lŰsh kai onomŘzetai analloŢwtoc upoqŤroc. EŘn eŢnai α_1 < 0 onomŘzetai eustajŠc kai sumbolŢzetai wc E^s kai eŘn eŢnai α_1 > 0 ŞnomŘzetai astajŠc kai sumbolŢzetai wc E^u.

EŘn stic anwtŚrw dŰo periptŤseic, pragmatikŠc Š migadikŠc idiotimŠc, eŢnai λ_1 = 0 Š α_1 = 0, o analloŢwtoc upoqŤroc onomŘzetai kentrikŞc upoqŤroc kai sumbolŢzetai wc E^c.

AnŘloga isqŰoun kai gia pollaplŚc idiotimŚc. H morfŠ thc lŰshc eŢnai anŘlogh me tic parapŘnw. H diaforŘ eŢnai Şti pŚran tou ekjetikoŰ Şpou pou emfanŢzetai se kŘje perŢptwsh, kai o opoŢoc kajorŢzei to eŢdoc thc eustŘjeiac, emfanŢzontai kai Şroi me dunŘmeic tou t. ParadeŢgmata analloŢwtwn upoqŤrwn

Ja parousiŘsome diŘfora paradeŢgmata analloŢwtwn upoqŤrwn se dunamikŘ sustŠmata pou orŢzontai apŞ to sŰsthma twn diaforikŤn exisŤsewn ẋ = Ax, Şpou A stajerŞc pŢnakac. ParŘdeigma 1

JewroŰme ton pŢnaka A, A = ( 0 1 0 −4 ) , o opoŢoc Śqei tic idiotimŚc λ_1 = 0, λ_2 = −4 kai ta antŢstoiqa idiodianŰsmata U_1 = [1, 0], U_2 = [1, −4]. H lŰsh dŢdetai apŞ tic sqŚseic

x = x_0 + y_0 ( 1 4 − 1 4 e^{−4t} ) , y = y_0e^{−4t}, kai parathroŰme Şti stic arqikŚc sunjŠkec x_0 = k, y_0 = 0, Şpou k aujaŢreto, antistoiqeŢ h lŰsh x(t) = k, y(t) = 0. SunepŤc, h grammŠ h parŘllhlh proc to diŘnusma [1, 0] paramŚnei analloŢwth sth roŠ e^{tA}. To diŘnusma autŞ eŢnai to idiodiŘnusma U_1 pou antistoiqeŢ sthn idiotimŠ λ_1 = 0. O monodiŘstatoc autŞc qŤroc eŢnai o analloŢwtoc kentrikŞc upoqŤroc E^c. EpŢshc, parathroŰme Şti stic arqikŚc sunjŠkec x_0 = k, y_0 = −4k, antistoiqeŢ h lŰsh x(t) = ke^{−4t}, y(t) = −4ke^{−4t} kai sunepŤc h grammŠ h parŘllhlh proc to diŘnusma [1, −4] paramŚnei analloŢwth sth roŠ e^{tA}. To diŘnusma autŞ eŢnai to idiodŘnusma U_2 kai o anwtŚrw monodiŘstatoc qŤroc eŢnai o analloŢwtoc upoqŤroc E^s.

ParŘdeigma 2

JewroŰme ton pŢnaka A,

A = −1 −1 0 1 −1 0 0 0 2 .

Oi idiotimŚc tou eŢnai oi λ_{1,2} = −1 ± i, λ_3 = 2 kai o jemeliŤdhc pŢnakac lŰsewn eŢnai o

e^{tA} = e^{−t} [ cos t − sin t sin t cos t ] 0 0 e^{2t} .

ApŞ ta parapŘnw eurŢsketai Şti Śqoume Śna monodiŘstato astajŠ upoqŤro, ton E^u = [0, 0, 1] pou antistoiqeŢ sthn pragmatikŠ idiotimŠ λ_3 = 2 kai Śna disdiŘstato eustajŠ analloŢwto upoqŤro, ton E^s = span [(1, 1, 0), (1, −1, 0)], pou antistoiqeŢ sth migadikŠ idiotimŠ λ_{1,2}.

ParŘdeigma 3

JewroŰme ton pŢnaka A,

A = 0 0 0 0 0 0 0 0 1 .

Oi idiotimŚc tou eŢnai oi λ_1 = 0, λ_2 = 0, λ_3 = 1 kai ta antŢstoiqa idiodianŰsmata eŢnai ta U_1 = [1, 0, 0], U_2 = [0, 1, 0], U_3 = [0, 0, 1], opŞte h lŰsh mporeŢ na ekfrasjeŢ wc

x(t) = c_1 1 0 0 + c_2 0 1 0 + c_3e^t 0 0 1 .

ParathroŰme Şti oi analloŢwtoi upoqŤroi eŢnai oi

E^c = span [(1, 0, 0), (0, 1, 0)] , E^u = [0, 0, 1], E^s = Ø.

ParŘdeigma 4

JewroŰme ton pŢnaka A,

A = 0 −1 0 1 0 0 0 0 2 .

Oi idiotimŚc tou eŢnai oi λ_{1,2} = 0 ± i, λ_3 = 2 kai ta antŢstoiqa idiodianŰsmata eŢnai ta W_{1,2} = [1, 1, 0] ± i[1, −1, 0], U_3 = [0, 0, 1], kai h lŰsh mporeŢ na ekfrasjeŢ wc

x(t) = cos t − sin t 0 sin t cos t 0 0 0 1 x_{10} x_{20} 0 + e^{2t} 0 0 x_{30} .

Oi analloŢwtoi upoqŤroi eŢnai oi

E^c = span [(1, 1, 0), (1, −1, 0)] , E^s = Ø, E^u = [0, 0, 1].

8 ApŞ to grammikopoihmŚno sto mh grammikŞ sŰsthma

Ja jewrŠsoume to mh grammikŞ sŰsthma ẋ = f(x), x ∈ R^n, (45) kai upojŚtoume Şti upŘrqei shmeŢo isorropŢac x_0, opŞte kai f(x_0) = 0. ’Opwc anafŚrame kai prohgoumŚnwc, mporoŰme pŘntote na upojŚsoume,

SqŠma 7: Oi analloŢwtoi upoqŤroi kai oi antŢstoiqec eustajeŢc kai astajeŢc topikŚc pollaplŞthtec

qwrŢc apŤleia thc genikŞthtac, Şti x_0 = 0. Ja xekinŠsoume apŞ th melŚth tou grammikopoihmŚnou sustŠmatoc sto x_0, to

ẋ = Ax, A = Df(x_0), (46)

Şpou A eŢnai Śnac n × n stajerŞc pŢnakac.

Ja exetŘsoume prŤta thn perŢptwsh pou oi idiotimŚc tou pŢnaka A Śqoun Şlec mh mhdenikŞ pragmatikŞ mŚroc. AutŞ shmaŢnei Şti Śqoume mŞno eustajeŢc Š astajeŢc analloŢwtouc upoqŤrouc E^s, E^u sto grammikŞ sŰsthma. Ja meletŠsoume pŤc metasqhmatŢzontai oi qŤroi autoŢ Ştan metabaŢnoume apŞ to grammikŞ sto mh grammikŞ sŰsthma.

Ja dŞsoume prŤta merikoŰc basikoŰc orismoŰc: TopikŠ eustajŠc pollaplŞthta S

S = {x ∈ S/ϕ_t(x) → x_0 kajŤc t → ∞ kai ϕ_t(x) ∈ S gia t ≥ 0}. (47)

TopikŠ astajŠc pollaplŞthta U

U = {x ∈ U/ϕ_t(x) → x_0 kajŤc t → −∞ kai ϕ_t(x) ∈ U gia t ≤ 0}. (48)

ApodeiknŰetai Şti sto mh grammikŞ sŰsthma, sthn perioqŠ tou shmeŢou isorropŢac x_0, upŘrqei mia eustajŠc pollaplŞthta S kai mia astajŠc pollaplŞthta U oi opoŢec efŘptontai, sto x_0, stouc qŤrouc E^s kai E^u, antŢstoiqa, kai Śqoun tic Ţdiec diastŘseic Şpwc ka ta E^s, E^u. AutŞ apeikonŢzetai sqhmatikŘ sto sqŠma 7.

Ta prohgoŰmena anafŚrontai sthn topologŢa tou qŤrou twn fŘsewn sthn perioqŠ tou shmeŢou isorropŢac kai orŢsame thn topikŠ eustajŠ kai astajŠ pollaplŞthta. Ja exetŘsome tŤra pŤc epekteŢnontai oi Śnnoiec autŚc se olŞklhro to qŤro. DŢnome touc parakŘtw orismoŰc: EustajŠc pollaplŞthta (global stable manifold)

W^s = ⋃ t≤0 ϕ_t(S). (49)

AstajŠc pollaplŞthta (global unstable manifold)

W^u = ⋃ t≥0 ϕ_t(U). (50)

H W^s eurŢsketai an afŠsome ta shmeŢa sthn S na kinhjoŰn pŢsw sto qrŞno kai h W^u an afŠsome ta shmeŢa thc U na kinhjoŰn emprŞc sto qrŞno.

Ja parousiŘsome tŤra ta basikŘ shmeŢa thc jewrŢac me orismŚna paradeŢgmata. parŘdeigma 1

JewroŰme to sŰsthma twn diaforikŤn exisŤsewn

ẋ_1 = −x_1 ẋ_2 = −x_2 + x^3_1 ẋ_3 = x_3 + x^2_1,

sto opoŢo upŘrqei to shmeŢo isorropŢac x_0 = 0. To grammikopoihmŚno sŰsthma sthn perioqŠ tou shmeŢou isorropŢac eŢnai to

ẋ_1 = −x_1 ẋ_2 = −x_2 ẋ_3 = x_3,

kai h lŰsh tou eŢnai h

x_1 = x_{10}e^{−t}, x_2 = x_{20}e^{−t}, x_3 = x_{30}e^t.

ApŞ th lŰsh autŠ prokŰptei Şti h eustajŠc pollaplŞthta E^s eŢnai to epŢpedo x_1, x_2 kai h astajŠc pollaplŞthta E^u eŢnai o Řxonac x_3.

SqŠma 8: H sqŚsh metaxŰ twn eustajŤn kai astajŤn upoqŤrwn E^s, E^u kai twn eustajŤn kai astajŤn pollaplotŠtwn S, U.

H lŰsh tou mh grammikoŰ sustŠmatoc eŢnai h x_1 = x_{10}e^{−t}, x_2 = x_{20}e^{−t} + x^2_{10} ( e^{−t} − e^{−2t} ) , x_3 = x_{30}e^t + x^2_{10} 3 ( e^t − e^{−2t} ) . ApŞ th lŰsh autŠ prokŰptei Şti h eustajŠc pollaplŞthta E^s eŢnai h S = {x_0 ∈ R^3/ x_{30} = − 1 3 x^2_{10}} kai h astajŠc pollaplŞthta eŢnai h U = {x_0 ∈ R^3/ x_{10} = x_{20} = 0}.

H lŰsh h opoŢa antistoiqeŢ stic arqikŚc sunjŠkec thc eustajoŰc pollaplŞthtac eŢnai h x_1 = x_{10}e^{−t}, x_2 = x_{20}e^{−t} + x^2_{10} ( e^{−t} − e^{−2t} ) , x_3 = − x^2_{10} 3 e^{−2t}, kai h lŰsh h opoŢa antistoiqeŢ stic arqikŚc sunjŠkec thc astajoŰc pollaplŞthtac eŢnai h x_1 = 0, x_2 = 0, x_3 = x_{30} e^t.

SqŠma 9: Oi qŤroi S, U, E^s kai E^u.

Oi eustajeŢc kai astajeŢc pollaplŞthtec S, U prokŰptoun apŞ tic lŰseic autŚc kai parousiŘzontai sto sqŠma 8, mazŢ me touc eustajeŢc kai astajeŢc upoqŤrouc E^s, E^u. parŘdeigma 2

JewroŰme to mh grammikŞ sŰsthma ẋ_1 = − x_1 − x^2, ẋ_2 = x_2 + x^2_1, to opoŢo Śqei to shmeŢo isorropŢac x_0 = (0, 0). To grammikŞ sŰsthma sthn perioqŠ tou shmeŢou isorropŢac eŢnai to ẋ_1 = −x_1, ẋ_2 = x_2, kai h lŰsh tou eŢnai h x_1 = x_{10}e^{−t}, x_2 = x_{20}e^t.

EŢnai fanerŞ Şti Şti oi analloŢwtoi upoqŤroi E^s kai E^u eŢnai oi Řxonec x_1 kai x_2, antŢstoiqa.

Gia na broŰme thn eustajŠ topikŠ pollaplŞthta, eurŢskoume th lŰsh tou mh grammikoŰ sustŠmatoc proseggistikŘ gia mikrŘ x: XekinoŰme apŞ Śna shmeŢo x_{10} = α_1, x_{20} = 0, α_1 ≪ 1, tou eustajoŰc analloŢwtou upoqŤrou E^s, polŰ kontŘ sthn arqŠ, kai h lŰsh se grammikŠ prosŚggish eŢnai h x_1 = α_1e^{−t}, x_2 = 0.

H epŞmenh prosŚggish eŢnai h

x_1 = α_1e^{−t} + O(α^4_1), x_2 = − 1 3 α^2_1e^{−2t} + O(α^4_1),

opŞte h exŢswsh thc kampŰlhc pou paristŘnei thn eustajŠ pollaplŞthta eŢnai h

S : x_2 = − x^2_1 3 + O(x^5_1).

OmoŢwc brŢsketai kai h astajŠc topikŠ pollaplŞthta

U : x_1 = − x^2 3 + O(x^5_2).

Oi qŤroi S, U, E^s kai E^u gia to sŰsthma autŞ dŢdontai sto sqŠma 9.

Gia na broŰme thn prosseggistikŠ lŰsh ergazŞmaste wc exŠc: GrŘfoume to mh grammikŞ sŰsthma upŞ th morfŠ ẋ = B x + G(x), Şpou x = ( x_1 x_2 ) , B = ( −1 0 0 1 ) , G = ( −x^2 x^2_1 )

kai G(x) eŢnai o mŠ grammikŞc Şroc. O jemeliŤdhc pŢnakac lŰsewn Φ(t) tou grammikoŰ mŚrouc ẋ = Bx eŢnai o

Φ(t) = ( e^{−t} 0 0 e^t )

kai grŘfetai upŞ th morfŠ Φ(t) = U(t) + V (t), Şpou U(t) = ( e^{−t} 0 0 0 ) + V (t) = ( 0 0 0 e^t ) .

ParathroŰme Şti isqŰoun oi sqŚseic Φ̇ = BΦ, U̇ = BU, V̇ = BV. H lŰsh u tou mh grammikoŰ sustŠmatoc plhroŢ thn oloklhrwtikŠ exŢswsh u = U(t) ( α_1 0 ) + ∫_t 0 U(t − s)G(u(s))ds − ∫_∞ t V (t − s)G(u(s))ds, kai antistoiqeŢ sth lŰsh me arqikŚc sunjŠkec polŰ kontŘ stic x_{10} = α_1, x_{20} = 0, α_1 ≪ 1 (apodeŢxte to!).

H lŰsh thc oloklhrwtikŠc exŢswshc mporeŢ na brejeŢ proseggistikŘ, me diadoqikŚc proseggŢseic wc exŠc: UpojŚtoume Şti h lŰsh grŘfetai upŞ morfŠ seirŘc, wc

U = u^0 + u^1 + u^2 + ...

katŘ tic dunŘmeic tou α_1 kai qrhsimopoioŰme tic anadromikŚc sqŚseic

u^{n+1} = U(t) ( α_1 0 ) + ∫_t 0 U(t − s)G(u^n(s))ds − ∫_∞ t V (t − s)G(u^v(s))ds, gia n = 0, 1, 2, .., xekinŤntac apŞ u^0 = 0.

H eustajŠc kai h astajŠc pollaplŞthta W^s kai W^u, antŢstoiqa, eurŢskontai apŞ thn arijmhtikŠ oloklŠrwsh tou mh grammikoŰ sustŠmatoc kai dŢdontai sto sqŠma 10. Wc arqikŚc sunjŠkec gia thn eustajŠ pollaplŞthta W^s ja pŘroume Śna shmeŢo epŘnw ston eustajŠ analloŢwto upoqŤro E^s, polŰ kontŘ sto shmeŢo isorropŢac x_0 = (0, 0) kai ja oloklhrŤsoume gia t → −∞. OmoŢwc, gia thn astajŠ pollaplŞthta W^u ja pŘroume Śna shmeŢo epŘnw ston astajŠ analloŢwto upoqŤro E^u kai ja oloklhrŤsoume gia t → ∞.

ApŞ th lŰsh tou grammikoŰ sustŠmatoc kai thn proseggistikŠ lŰsh tou mh grammikoŰ sustŠmatoc brŢkame touc analloŢwtouc upoqŤrouc sthn perioqŠ tou shmeŢou isorropŢac, oi opoŢoi dŢdontai sto sqŠma 9. ParathroŰme Şti katŘ th metŘbash apŞ to mh grammikŞ sto grammikŞ sŰsthma, Śqoume diatŠrhsh tou eustajoŰc kai tou astajoŰc upoqŤrou.

SqŠma 10: (a) H eustajŠc pollaplŞthta W^s, (b) h astajŠc pollaplŞthta W^u, (g) O qŤroc twn fŘsewn, Şpou h eustajŠc kai h astajŠc pollaplŞthta tŚmnontai sto omoklinikŞ shmeŢo 0.

AutŠ h idiŞthta, pou eŢdame se autŞ to sugkekrimŚno parŘdeigma, isqŰei genikŘ, gia uperbolikŘ shmeŢa isorropŢac, Şpwc prokŰptei apŞ to epŞmeno jeŤrhma (to opoŢo parousiŘzoume qwrŢc apŞdeixh): JeŤrhma eustajoŰc pollaplŞthtac

JewroŰme to dunamikŞ sŰsthma ẋ = f(x), x ∈ R^n, to opoŢo Śqei to shmeŢo isorropŢac x_0 = 0, (f(0) = 0). DŢdontai ta exŠc: - E anoiktŞ uposŰnolo tou R^n pou periŚqei to 0. - f ∈ C^1(E).

- ϕ_t h roŠ tou dunamikoŰ sustŠmatoc.

- UpojŚtoume Şti o pŢnakac Df(0) tou grammikoŰ sustŠmatoc Śqei k idiotimŚc me arnhtikŞ pragmatikŞ mŚroc kai n − k idiotimŚc me jetikŞ pragmatikŞ mŚroc.

TŞte upŘrqei mia k-dim diaforŢsimh pollaplŞthta S, efaptŞmenh ston eustajŠ upoqŤro E^s sto shmeŢo 0, Śtsi Ťste gia kŘje t ≥ 0, eŢnai ϕ_t(S) ∈ S, kai gia kŘje x_0 ∈ S eŢnai

lim_{t → ∞} ϕ_t(x_0) = 0.

EpŢshc upŘrqei mia (n − k)-dim diaforŢsimh pollaplŞthta U, efaptŞmenh ston eustajŠ upoqŤro E^u sto shmeŢo 0, Śtsi Ťste gia kŘje t ≤ 0, eŢnai ϕ_t(U) ∈ U, kai gia kŘje x_0 ∈ U eŢnai lim t → −∞ ϕt(x0) = 0. SŰmfwna me to jeŤrhma autŞ, diathroŰntai o eustajŠc kai o astajŠc upoqŤroc sthn perioqŠ tou shmeŢou isorropŢac, an o pŢnakac Df(x_0) tou grammikoŰ sustŠmatoc den Śqei idiotimŚc me mhdenikŞ pragmatikŞ mŚroc.

Ta prohgoŰmena anafŚrontan sto pŤc metasqhmatŢzetai Ş eustajŠc kai o astajŠc upoqŤroc, Ştan metabaŢnome apŞ to grammikŞ sto mh grammikŞ sŰsthma. Ja exetŘsoume tŤra pwc metasqhmatŢzetai to sŰnolo twn troqiŤn, sthn perioqŠ tou shmeŢou isorropŢac, katŘ th metŘbash apŞ to grammikŞ sto mŠ gramikŞ sŰsthma. Ja dŞsoume prŤta Śnan orismŞ:

OrismŞc: DŰo autŞnoma sustŠmata diaforikŤn exisŤsewn, p.q. ta (1): ẋ = f(x) kai (2): ẋ = Ax, x ∈ R^n eŢnai topologikŘ isodŰnama sthn perioqŠ thc arqŠc 0 (dhladŠ Śqoun thn Ţdia poiotikŠ domŠ) an upŘrqei omoiomorfismŞc H, pou apeikonŢzei Śna anoiktŞ sŰnolo U pou periŚqei thn arqŠ, se Śna anoiktŞ sŰnolo V pou periŚqei thn arqŠ, o opoŢoc apeikonŢzei tic troqiŚc tou (1) sto U se troqiŚc tou (2) sto V kai diathreŢ ton prosanatolismŞ.

An epŢ plŚon o H diathreŢ thn parametropoŢhsh me to qrŞno, tŞte ta dŰo sustŠmata lŚgontai topologikŘ suzhgŠ.

Wc parŘdeigma anafŚroume ta sustŠmata

(1) : ẋ = Ax, A = ( −1 −3 3 −1 ) , kai (2) : ẏ = By, B = ( 2 0 0 −4 ) . ParathroŰme Şti oi pŢnakec A kai B sundŚontai metaxŰ touc me th sqŚsh B = RAR^{−1}, R = 1 √ 2 ( 1 −1 1 1 )

kai epomŚnwc o metasqhmatismŞc y = Rx metasqhmatŢzei to sŰsthma (1) sto sŰsthma (2). ’Ara, ta dŰo autŘ sustŠmata eŢnai topologikŘ isodŰnama, kai o metasqhmatismŞc y = Rx matasqhmatŢzei to portrŚto fŘsewc tou enŞc sustŠmatoc sto portrŚto fŘsewc tou Řllou, Şpwc faŢnetai sto sqŠma 11.

Gia to pŤc metabŘlletai h topologŢa tou qŤrou twn fŘsewn katŘ th metŘbash apŞ to grammikŞ sto mh grammikŞ sŰsthma, isqŰei to akŞloujo jeŤrhma:

SqŠma 11: Ta portrŚta fŘsewc twn susthmŘtwn (1) kai (2)

JeŤrhma Hartman-Grobman

DŢdontai ta exŠc:

- E anoiktŞ uposŰnolo tou R^n pou periŚqei thn arqŠ O. - f ∈ C^1(E).

- ϕ_t: h roŠ tou ẋ = f(x).

- f(0) = 0, dhladŠ to shmeŢo 0 eŢnai shmeŢo isorropŢac. - A = Df(0): h orŢzousa tou grammikoŰ sustŠmatoc sthn perioqŠ tou shmeŢou isorropŢac.

- Den upŘrqei idiotimŠ tou A me mhdenikŞ pragmatikŞ mŚroc.

TŞte upŘrqei omoiomorfismŞc H enŞc anoiktoŰ sunŞlou U pou periŚqei thn arqŠ, se anoiktŞ sŰnolo V pou periŚqei thn arqŠ, Śtsi Ťste gia kŘje x_0 ∈ U upŘrqei anoiktŞ diŘsthma I_0 ∈ R pou periŚqei thn arqŠ, Ťste giŘ Şla ta x_0 ∈ U kai t ∈ I_0,

H ∘ ϕ_t(x_0) = e^{tA} H(x_0),

dhladŠ apeikonŢzei tic troqiŚc tou ẋ = f(x) sthn perioqŠ tou 0 se troqiŚc tou grammikoŰ sustŠmatoc ẋ = Ax sthn perioqŠ tou mhdenŞc, kai diathreŢ thn parametropoŢhsh.

SŰmfwna me to jeŤrhma autŞ, Ştan den upŘrqoun idiotimŚc tou grammikoŰ sustŠmatoc me mhdenikŞ pragmatikŞ mŚroc, h topologŢa tou qŤrou twn fŘsewn diathreŢtai, katŘ th metŘbash apŞ to grammikŞ sto mh grammikŞ sŰsthma, kai sunepŤc diathreŢtai kai h eustŘjeia Š astŘjeia tou shmeŢou isorropŢac.

SqŠma 12: H kentrikŠ pollaplŞthta den orŢzetai monosŠmanta.

’Ola ta parapŘnw anafŚrontai sthn perŢptwsh pou oi idiotimŚc tou grammikoŰ sustŠmatoc Śqoun pragmatikŞ mŚroc mh mhdenikŞ. To epŞmeno jeŤrhma kajorŢzei to ti gŢnetai sthn perŢptwsh idiotimŤn me mhdenikŞ pragmatikŞ mŚroc.

JeŤrhma kentrikŠc pollaplŞthtac

UpojŚtoume Şti:

- E anoiktŞ uposŰnolo tou R^n pou periŚqei thn arqŠ 0. -f ∈ C^r(E), r ≥ 1. - ϕ_t: h roŠ tou ẋ = f(x).

- f(0) = 0, dhladŠ to shmeŢo 0 eŢnai shmeŢo isorropŢac. - A = Df(0): h orŢzousa tou grammikoŰ sustŠmatoc sthn perioqŠ tou shmeŢou isorropŢac.

- O pŢnakac A Śqei k idiotimŚc me arnhtikŞ pragmatikŞ mŚroc, j idiotimŚc me jetikŞ pragmatikŞ mŚroc kai m = n − j − k idiotimŚc me mhdenikŞ pragmatikŞ mŚroc.

TŞte upŘrqei mia m-dim kentrikŠ pollalŞthta W^c(0) tŘxewc C^r, efaptŞmenh ston kentrikŞ upoqŤro E^c tou ẋ = Ax sto 0, h opoŢa paramŚnei analloŢwth sth roŠ ϕ_t tou ẋ = f(x).

ParŘdeigma kentrikŠc pollaplŞthtac

JewroŰme to sŰsthma

ẋ_1 = x^2_1, ẋ_2 = −x_2, to opoŢo Śqei to shmeŢo isorropŢac x_1 = 0, x_2 = 0. To grammikŞ sŰsthma sthn perioqŠ tou shmeŢou isorropŢac eŢnai to ξ̇_1 = 0, ξ̇_2 = −ξ_2,

me idiotimŚc tic λ_1 = 0, λ_2 = −1 kai idiodianŰsmata ta U_1 = [1, 0], U_2 = [0, 1]. EpomŚnwc, o Řxonac x_2 eŢnai o eustajŠc upoqŤroc E^s kai o Řxonac x_1 o kentrikŞc upoqŤroc E^c.

H lŰsh tou mh grammikoŰ sustŠmatoc eŢnai h

x_1 = x_{10} 1 − tx_{10}

, x_2 = x_{20} e^{−t},

kai me apaleifŠ tou t paŢrnome to portrŚto fŘsewc

x_2 = x_{20} e^{− 1x}10 e^{1x}1 .

Gia x_1 < 0 oi kampŰlec proseggŢzoun thn arqŠ 0 me paragŤgouc pou teŢnoun sto 0. H kentrikŠ pollaplŞthta parousiŘzetai sto sqŠma 12 kai parathroŰme Şti den orŢzetai monosŠmanta.

9 EustŘjeia uperbolikŤn shmeŢwn isorropŢac

Me bŘsh Şla ta prohgoŰmena mporoŰme tŤra na sunoyŢsoume ta sumperŘsmata gia thn eustŘjeia twn shmeŢwn isorropŢac enŞc mh grammikoŰ sustŠmatoc.

OrismŞc: ’Ena shmeŢo x_0 eŢnai eustajŚc an gia kŘje ϵ > 0 upŘrqei δ > 0 tŚtoio Ťste gia Şla ta x ∈ N_δ(x_0) kai t ≥ 0 na eŢnai

ϕ_t(x) ∈ N_ϵ(x_0).

To x_0 eŢnai astajŚc an den eŢnai eustajŚc.

’Estw x_0 shmeŢo isorropŢac tou mh grammikoŰ sustŠmatoc ẋ = f(x), x ∈ R, opŞte eŢnai f(x_0) = 0. JewroŰme ton pŢnaka A = Df(x_0) tou grammikopoihmŚnou sustŠmatoc sto shmeŢo isorropŢac. An to shmeŢo isorropŢac eŢnai uperbolikŞ, dhladŠ kamŢa idiotimŠ tou den eŢnai Ţsh proc mhdŚn, tŞte:

• To shmeŢo isorropŢac eŢnai asumptwtikŘ eustajŚc an kai mŞno an Şlec oi idiotimŚc tou pŢnaka A Śqoun pragmatikŞ mŚroc arnhtikŞ, Re(λ_j ) < 0, j = 1, 2, ...n. • To shmeŢo isorropŢac eŢnai astajŚc an mŢa toulŘqiston idiotimŠ λ tou A Śqei pragmatikŞ mŚroc jetikŞ, Re(λ) > 0. Ta sumperŘsmata autŘ eŢnai sunŚpeia tou jewrŠmatoc thc eustajoŰc pollaplŞthtac kai tou jewrŠmatoc Hartman-Grobman.

An to shmeŢo isorropŢac x_0 enŞc mh grammikoŰ sustŠmatoc eŢnai mh uperbolikŞ, dhladŠ upŘrqei mŢa toulŘqiston idiotimŠ tou pŢnaka A me pragmatikŞ mŚroc Ţso proc mhdŚn, tŞte h eustŘjeiŘ tou mporeŢ na melethjeŢ me th mŚjodo tou Liapunov.

10 H mŚjodoc tou Liapunov

Me th mŚjodo tou Liapunov mporoŰme na meletŠsoume thn eustŘjeia enŞc shmeŢou isorropŢac enŞc mh grammikoŰ sustŠmatoc. H mŚjodoc sthrŢzetai sthn eŰresh miŘc sunartŠsewc Liapunov V (x), Şpwc ja deŢxoume sta epŞmena.

’Estw to mh grammikŞ sŰsthma ẋ = f(x), x ∈ C^1(E) kai shmeŢo isorropŢac x_0, f(x_0) = 0. ’Estw akŞma kai mia sunŘrthsh V (x) ∈ C^1(E), (V (x_1, x_2, ...x_n)). H metabolŠ thc sunŘrthshc V (x) katŘ mŠkoc miac troqiŘc dŢnetai apŞ th sqŚsh dV dt = ∂V ∂x_1 ẋ_1 + ... ∂V ∂x_n ẋ_n,

Š suntomŞtera, V̇ (x) = DV (x) f(x). Ja parousiŘsoume qwrŢc apŞdeixh to epŞmeno jeŤrhma:

JeŤrhma tou Liapunov :’Estw E anoiktŞ sŰnolo tou R^n pou periŚqei to shmeŢo isorropŢac x_0. ’Estw akŞma Şti upŘrqei sunŘrthsh V ∈ C^1(E) h opoŢa ikanopoieŢ tic sqŚseic:

V (x_0) = 0 kai V (x) > 0 gia x ≠ x_0.

TŞte

• an V̇ (x) ≤ 0 gia kŘje x ∈ E, to x_0 eŢnai eustajŚc. • an V̇ (x) < 0 gia kŘje x ∈ E − {x_0}, to x_0 eŢnai asumptwtikŘ eustajŚc.

• an V̇ (x) > 0 gia kŘje x ∈ E, to x_0 eŢnai astajŚc.

H sunŘrthsh V (x) me tic parapŘnw idiŞthtec onomŘzetai sunŘrthsh Liapunov .

H sunŘrthsh Liapunov den brŢsketai, en gŚnei, eŰkola. An upŘrqei prŤto oloklŠrwma thc kŢnhshc, eŢnai dunatŞn na Śqei tic idiŞthtec thc sunŘrthshc Liapunov, Şpwc ja doŰme sta paradeŢgmata pou akoloujoŰn. ParŘdeigma 1

JewroŰme to sŰsthma

ẋ_1 = −x^3_2, ẋ_2 = x^3_1,

to opoŢo Śqei to shmeŢo isorropŢac x_0 = (0, 0). H orŢzousa tou grammikopoihmŚnou sustŠmatoc sto shmeŢo isorropŢac eŢnai h

Df(0) = ( 0 0 0 0 ) , (51)

h opoŢa Śqei dŰo mhdenikŚc idiotimŚc, tic λ_1 = 0 kai λ_2 = 0. ParathroŰme Şti h sunŘrthsh V (x) = x^4_1 + x^4_2 eŢnai sunŘrthsh Liapunov, diŞti eŢnai V̇ (x) = 4x^3_1ẋ_1 + 4x^3_2ẋ_2 = 4x^3_1(−x^3_2) + 4x^3_2(x^3_1) = 0

gia kŘje troqiŘ (parathrŠsate Şti h V (x) eŢnai Śna oloklŠrwma tou sustŠmatoc). SŰmfwna me to jeŤrhma tou Liapunov, to shmeŢo isorropŢac x_0 = (0, 0, 0) eŢnai eustajŚc shmeŢo isorropŢac, allŘ Şqi asumptwtikŘ eustajŚc. PrŘgmati, oi lŰseic ϕ_t(x) eŢnai oi kleistŚc kampŰlec x^4_1 + x^4_2.

ParŘdeigma 2

JewroŰme to sŰsthma

ẋ_1 = −2x_2 + x_2x_3, ẋ_2 = x_1 − x_1x_3, ẋ_3 = x_1x_2,

Şpou h arqŠ x_0 = (0, 0, 0) eŢnai shmeŢo isorropŢac. H orŢzousa tou grammikopoihmŚnou sustŠmatoc eŢnai h

Df(0) =

0 −2 0 1 0 0 0 0 0 , (52)

h opoŢa Śqei tic idiotimŚc

λ_1 = 0, λ_{2,3} = ±2i. (53)

ParathroŰme Şti to shmeŢo isorropŢac x_0 = (0, 0, 0) eŢnai Śna mh uperbolikŞ shmeŢo isorropŢac.

Gia thn eŰresh thc sunŘrthshc Liapunov paŢrnoume th sunŘrthsh

V (x) = c_1x^2_1 + c_2x^2 + c_3x^2_3, c_1, c_2, c_3 > 0

kai zhtoŰme na upologŢsoume touc suntelestŚc c_1, c_2, c_3 Ťste na eŢnai V̇ (x) > 0, Š V̇ (x) < 0 sto E. ’Eqoume 1 2 V̇ (x) = (c_1 − c_2 + c_3)x_1x_2x_3 + (−2c_1 + c_2)x_1x_2.

An pŘroume c_2 = 2c_1, c_3 = c_2,

Śqoume V̇ (x) = 0

kai sunepŤc h sunŘrthsh

V (x) = x^2_1 + 2x^2 + x^2_3

eŢnai sunŘrthsh Liapunov. Gia th sunŘrthsh autŠ isqŰoun oi sqŚseic

V (x) = 0 gia x = 0, V (x) > 0 gia x ≠ 0, V̇ (x) = 0 gia x ∈ R3.

(54)

SŰmfwna me to jeŤrhma tou Liapunov h arqŠ (0, 0, 0) eŢnai eustajŚc shmeŢo isorropŢac. ParathrŠste Şti Şlec oi troqiŚc keŢntai sto elleiyoeidŚc x^2_1 + 2x^2 + x^2_3.

ParŘdeigma 3

JewroŰme tŤra to sŰsthma

ẋ_1 = −2x_2 + x_2x_3 − x^3_1, ẋ_2 = x_1 − x_1x_3 − x^3_2, ẋ_3 = x_1x_2 − x^3.

To sŰsthma autŞ Śqei thn arqŠ x_0 = (0, 0, 0) wc shmeŢo isorropŢac kai o pŢnakac A tou grammikopoihmŚnou sustŠmatoc eŢnai o pŢnakac (52) tou prohgoŰmenou paradeŢgmatoc kai sunepŤc kai oi idiotimŚc tou eŢnai oi (54). To shmeŢo autŞ eŢnai Śna mh uperbolikŞ shmeŢo3 isorropŢac kai wc sunŘrthsh Liapunov dokimŘzoume thn antŢstoiqh sunŘrthsh tou paradeŢgmatoc 2, V (x) = x^2_1 + 2x^2 + x^2_3.

ParathroŰme Şti eŢnai prŘgmati sunŘrthsh Liapunov, diŞti isqŰei

V (x) > 0 kai V̇ (x) < 0 gia x ≠ 0.

ParathroŰme Şti sthn perŢptwsh autŠ h arqŠ eŢnai Śna asumptwtikŘ eustajŚc shmeŢo isorropŢac.

ApŞ ta paradeŢgmata pou parousiŘsame faŢnetai kajarŘ Şti Ştan to shmeŢo isorropŢac eŢnai mh uperbolikŞ, dhladŠ Śqei idiotimŚc mŚ pragmatikŞ mŚroc mhdŚn, h metŘbash apŞ to grammikŞ sto mh grammikŞ sŰsthma den eŢnai pŘntote h Ţdia. AutŞ shmaŢnei Şti h topologŢa tou qŤrou twn fŘsewn, sthn perioqŠ tou shmeŢou isorropŢac, metabŘlletai en gŚnei, katŘ th metŘbash apŞ to grammikŞ sto mh grammikŞ sŰsthma.

AnaforŚc

[1] Guckenheimer, J. and Holmes, Ph., 1983: Nonlinear Oscillations, Dynamical Systems, and Bifurcations of Vector Fields, Springer-Verlag.

[2] Jordan, D.W. and Smith, P., 1987: Nonlinear Ordinary Differential Equations, Clarendon Press, Oxford.

[3] Lichtenberg, A.J. and Lieberman, M.A., 1983: Regular and Stochastic Motion, Springer-Verlag.

[4] MpoŰnth,A. 1997: Mh GrammikŚc SunŠjeic DiaforikŚc ExisŤseic, EkdŞseic PneumatikoŰ, AjŠna.

[5] Perko, L., 1996: Differential Equations and Dynamical Systems, Springer-Verlag.