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Definition: Quantum Algorithm

Quantum Algorithm is a unitary operator I/ acting on one input state
lin) and a measure of the values of some g-bits in the output state.
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(P is the projection corresponding to the measure)
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Necessary Steps to Construct a Quantum Algorithm

@ Theory to construct an Unitary Operator U using Quantum Gates
(i) What are the set of necessary gates for the construction of any Unitary
Operators ? (Universal Quantum Gates set)
(i) How to construct one Unitary Operator from the set of Universal
Quantum Gates?
@ What are the Problems, which can be treated by applying a Quantum
Algorithm?
(i) Oracles (Deutsch Algorithm)
(ii) Factorization (Shor Algorithm)
(i) Searching (Grove Algorithm)




Universal Quantum Gates

Definition Universal Quantum Gates

Universal Quantum Gates = Set of gates such that, any unitary operator is
approximated by a quantum circuit using only these gates
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Theorem
The "two level” Unitary Matrices are Universal for the set of the Unitary
Matrices

U unitary matrix ~» U =W Vs---VyD

where Vj. two level matrices and D a diagonal

Example for the 7 x 7 matrices
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Step 2
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is unitary matrix
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Any Control C™(U) gate is analyzed in one g-bit gates and and
control-NOT gates
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For the Toffoli gate V' = 13- (I +i X)
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Corollary: Structure of n g-bit gates

Any n g-bit gate (i.e. 2" Unitary Matrices) can be analyzed in two level
matrices and diagonal matrices

A

Corollary: Structure of control C"(U) gates

Any control C™(U) gate can be analyzed by a quantum circuit containing
one-gbit and control-NOT gates

A,




Gray Codes- Gate analysis of a two-level matrix
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Gray code
initial 001 |T)
000 |0)
010 |2)
final 110 |6)
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initial ~ |00011) 3)
|00010)  |2)
|00000)  0) e~ | Vg 15 =
[00100)  [4)

final [01100)  |I2)

Definition: Gray Code

A list of binary numbers, such that any adjacent numbers differ by one bit

ex. |3) = [2) — [0) — [1) — |12)

3 = [2) [2) - [0) [0) — [4) |2 — [12)
1) — |00

| 2
|0001 00010)  |00010) — [00000)  |00000) — [00100)  [00100) — [01100)




Corollary: Structure of n g-bit gates

Any n g-bit gate (i.e. 2" Unitary Matrices) can be analyzed in two level
and diagonal matrices

A

Corollary: Structure of control C"(U) gates

Any control C™(U) gate can be analyzed by a quantum circuit containing
one-gbit and control-NOT gates

Corollary: Structure of level two gates

| A

Any control two level gate can be analyzed by a quantum circuit
containing one-gbit and control-NOT gates
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Theorem: The one-gbit and control-NOT gates are Universal Gates

Any gate can be analyzed by a quantum circuit containing one-gbit
and control-NOT gates




Deutsch algorithm

The Deutsch Oracle

This oracle (Deutsch 1989) answers the following question:
Suppose we have a function

f:4{0,1} — {0,1}
which can be either | constant | or | balanced |.

The function is constant if f(0) = f(1)
balanced if f(0) # f(1)

Classically it would take two evaluations of the function to tell whether
it is one or the other.

In Quantum Mechanics we need only one quantum evaluation of the
function.
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Deutsch-Jozsa algorithm

The Deutsch- Jozsa Oracle
This oracle (Deutsch-Jozsa 1992) answers the following question:
Suppose we have a function

f:{0,1}" 57 — f(7) € {0,1}
which can be either | constant | or | balanced |.

The function is

constant if VZ and 5 € {0,1}" ~~ f(Z) = f(7)

balanced if the function is 0 on half of its arguments
and 1 on the other half

Classically it would take 27! + 1 evaluations of the function to tell
whether it is one or the other.

In Quantum Mechanics we need only one quantum evaluation of the
function.
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Bernstein-Vazirani Algorithm

The Bernstein-Vazirani Oracle
This oracle answers the following question:
Suppose we have a function

f:{0,1}">7— f(z) =35 -7 € {0,1}
Find 5
Classically it would take 2™ evaluations of the function to find s

In Quantum Mechanics we need only one quantum evaluation of the
function.
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