
f(x) = f(x1, x2, . . . , xi, . . . , xn)

∂f

∂xi
= fxi

=

= lim
h→0

f(x1, x2, . . . , xi + h, . . . , xn) − f(x1, x2, . . . , xi, . . . , xn)

h

f(x, y) = sin(x2 + y3)

fx =
∂f

∂x
= 2x cos(x2 + y3), fy =

∂f

∂y
= 3y2 cos(x2 + y3)

fxy =
∂2f

∂x ∂y
=

∂

∂x

(
∂f

∂y

)
= 6xy2 cos(x2 + y3) =

=
∂

∂y

(
∂f

∂x

)
=

∂2f

∂y ∂x
= fyx

fxx =
∂

∂x

(
∂f

∂x

)
=

∂2f

∂x2
= 2cos(x2 + y3) − 4x2 sin(x2 + y3)

fx(
√

π,0) ≡ ∂f

∂x

∣∣
x=

√
π,y=0

= 2
√

π cos
(
(
√

π)2 + 03
)
= −2

√
π

A C0(A)
A C1

fx, fy C2

fxx, fxy, fyy

f(x, y) ∈ C2(A) � fxy =
∂2f

∂x ∂y
=

∂2f

∂y ∂x
= fyx

fx fy

A � f(x, y) A

‖ ∇ f ‖< M A � f(x)
A

f(x)

lim
x′→x

f(x′) − f(x) − 〈x′ − x,∇f(x)〉
‖ x′ − x ‖ = 0

f(x′) − f(x) − 〈
x′ − x,∇f(x)

〉
=‖ x′ − x ‖ φ

(
x′, x

)
f(x) lim

x′→x
φ

(
x′, x

)
= 0

f(x, y) ∈ C1(A) A
⇒ f(x, y)

f(x, y) ⇒ f(x, y) ∈ C0(A)



Jordan

R ⊃ [a, b] 
 t
1:1−→ x(t) = (x1(t), x2(t), . . . , xn(t)) ∈ R

n

xi(t), i = 1,2, . . . , n

ẋ(t) =
d

dt
(x(t)) =

(
x′
1(t), x′

2(t), . . . , x
′
n(t)

)

d

dt
(x(t)) = lim

t′→t

x(t′) − x(t)

t′ − t

d

dt
(f(x(t))) =

〈
d

dt
x(t), ∇f(x(t))

〉

df = 〈dx, ∇f〉

λ, μ ∈ R, d (λf + μg) = λdf + μdg
d (f g) = fdg + gdf

x∗
x y

f(y) − f(x) = 〈y − x, ∇f(x∗)〉

f(x, y) ∈ C2(A) � fxy =
∂2f

∂x ∂y
=

∂2f

∂y ∂x
= fyx

Δx,h(f (x, y)) = f(x + h, y) − f(x, y)
Δy,k(f (x, y)) = f(x, y + k) − f(x, y)

� ∃ k1 : |k1

k
| < 1

Δy,k(f(x, y)) = f(x, y + k) − f(x, y) = kf(x, y + k1)

� lim
k→0

Δy,k(f(x, y))

k
= fy(x, y)

� lim
h→0

Δx,h(f(x, y)) = fx(x, y)

Δx,h ◦ Δy,k(f(x, y)) =
= Δx,h(f(x, y + k) − f(x, y)) =
= f(x + h, y + k) − f(x + h, y) − f(x, y + k) + f(x, y)

Δy,k ◦ Δx,h(f(x, y)) =
= Δx,h(f(x + h, y) − f(x, y)) =
= f(x + h, y + k) − f(x, y + k) − f(x + h, y) + f(x, y)

Δx,h ◦ Δy,k(f(x, y)) = Δy,k ◦ Δx,h(f(x, y))

lim
h→0

(
lim

(k)→0

Δx,h ◦ Δy,k(f(x, y))

hk

)
=

∂2f

∂x ∂y

lim
k→0

(
lim

(h)→0

Δy,k ◦ Δx,h(f(x, y))

hk

)
=

∂2f

∂y ∂x

⇒ ∂2f

∂x ∂y
=

∂2f

∂y ∂x


