Chapter 11

Techniques of Integration

11.1 Basic Substitution and Formulas

Definition

The indefinite integral of a function f, written

/f(x)dz

/f(.’L‘)d.’L‘ =F(x)+C (C is any constant)

is the most general antiderivative of f; that is,

if and only if F'(x) = f(x).

Basic Formulas: (Memorize this list)

/ v SHC A /d“ —lfu+C, it

/ e'du=e"+C / “du— —

/blnudu— —cosu+C /cosudu—bmquC
/scc udu = tanu + C /csc udu = —cotu+ C
/becutdnudu—se(u{»c /LbLucotudu— —cscu+C
/qum’lu—kc /liuuz =tan"lu+C

u#0

169

u -1
———=sec u+C, |ul>1
/|u|\/u271 ful
/cotudu:ln\sinu\+c

/cscudu:ln|cscufcotu|+c

/kf(u)du = k’/f(u)du if k is a constant
1. /(:L'2 +a)’dx
3. /z%dz
5. /[(z +1)? + €”]d
7. /10 sec® v dw
9. /(sinz + cosz)dx

11. /(secQa: +1)dx

4 3
13. / <5.’1: = + F) dx

15. /zﬂdz
z

17 | Lda

7 /\/Ed.lz
3_ .3 3

10. /I @ dx [I—+Ex2+a2+w+A
T—a 3 2
2

21. /17§4dz [tan_11‘+c}
zV1—a?+4

23. —— | dz

V1—22

3 2 _ .
25. /wdm
z—1
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/tanudu:71n|cosu\+C or In|secul+C
/socudu:ln\secu+tanu\ +C

Jirw+ gt = [ stwan+ [ gt

2. /(r —3)%dx
/aﬂ'dz
x
2z
6. /@dz
z
8. /16(2’+1)dw

10. /(\/5 + secx tanz)dx

2
3 1
12. / <x2 + 323 + ﬁ) dx

5 3 2
18. /w@ (Hi,m‘,: diVide)
1+ 22

3
20. /(i + 27)dx
2 =349

w [ (ot )

3-8
24. —— ]d
/<x2+21+4> I

o
20
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27. / v/ 2pz dz

29. /(1 +2%)ixdr

31 / rdx
' (.’L‘z—l)%

. (z +1)dx
33. /zl + 22 +2

. 4dt
3. / 5t+2

37, / (2z — 5)dx

2 —5x+3

39. /.7: 1 dx

41. /(I;ﬁdx Hint:

x4 2)?
dx
- / NEIEG)

45. / v+ ldr

dt
47.
/1+\/Z

49. /wdz

x

1 / csc? x dx

’ 1+ cotx

53. / 5%
smax

55. / sin v cos 6 dO

<))

57. /zsinz2 dx

59. /co'sxAdI
sin”

614/ s1n7f0i7f3
J (44 cost)z

z+6
(z+2)2

(z+2)+4

(z+2)2

)

deo
28.
/ sec
30. /12(2z3 +1)2%dz
rdx
32. -
/ 322 +1
34. / 2dy
3y—4
z2dx
36. /7363 i
vdv
38. /6@2 —

40. 7(;’ = 3)dy
y? — 6y +1

ydy

42. | 2L

/(1+92)4

4. /U+3dv
v—1

23dx
46. —_—
/ (z* + 16)2

2 2
48, /de

3

50 / cos B df
] 25 3sing

59, / sin 2¢ dt

4 —3cos2t

54. / sin®  cos 0 df

sin\/z
56. / 7z dx

soc2 2
58, /bec t dt
J 1+tan2t

/
/

sin4z cos 4z dx

sec’ ztanz dx
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63.

67.

69.

73.

75.

7.

79.

81.

82.

¥
e
—dzx
/=

/eydy
ey —1
/ dx
J et +1

/ dx
J et +e*

/ sin(lnz)dx

xT

Ina
/e dx
x
/ Inzdx

T

/ dx
J z(1+2Inz)

1+2nz)!
/(+ n ) i

Zz

/ (m;,)% ay

dx
/ V6x — 422

Solution to #82: Let I = /

L7 1o—140—3
I =5sin = +C

11.1 Basic Substitution and Formulas

3

e Tdx
14+e =

o207
ez+1

e cos 0 df

Clnr dz

e
-/
/
/
-/
e

e’ 7FI)2dl

2 3 3
1
- /Mdm
. 1+ a?

80. /tan@ln(cos 0)do

V6x — 422
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xdx
83. —
/ 2+ a1

zdx
Solution for #83: Let H :/ rar

z24+z+1
P ra+l=@"+a++3=(@+1)%+3

letu:;cﬁ—%; du = dx;

1
-5 d 1 d

then H = /(zz :/3“3_7/ Y 5
ut + g w45 2 w4 (?)

In the first integral let w = u? + 3 and we have 2udu = dw

wdu dw 1
T = — =zl C
/71,24—% 2 w 2n|w|+ !

du 2 2u
Also /72 = — tan™! (—) +Cs
uZ + (§> V3 V3

P H:%ln\xz+r+l|7%tan’] (Z%l)wLC

" dx
84. _
/ 22+ 3z +5
dx
8. / 322 — 122 + 16
/ T
J Vidx — a2
87. / b
V9 — 422
dx
88. / 1222 + 56x + 72
8dx
C e
8. / 922 — 122 + 20
90 / dx
/ T
V—22—2x+8
" dx
92. / 222 + 3z + 2

rdx

93. —_—
V3 +4dx — 4a?

% tan~! é(VL —2)+ C]

[% sin~? % + C]

3 tan-1 352 4 0]

[sin’1 ZT“ +C]

173
g, [T
Var — z?
3z — 1)dz
95. —_—
/ 922 + 6z + 26
9. rdx
V6 + x — 222

o7, /d—f
Bz +1)V322+2x -5

e
99. / sin? 0 cos® 0 df
100. / cos™? fsin 0 df
101. / cos® zsin® x dz
102.

sin 0 cos 0 df

103.

/
/

104. / :)“ L
o |
J

cos® 30 d6

cos® z esc® a du
106. sin® =
107. / tan? zsec! @ dz
108. /tan3 Osect 0do
109. /‘tan3 Bsec? 6 d
110. /(tatn2 0 + tan* 0)d6

111. /cot2 3dm

112. / csct ax da
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[—Vidz — 2% + sin~t =2 4 O]

1 —1_4
[m sec m+C]

[% sin® 0 — %sin% 0+ C]

[% 511120+Cl = 7%c0s29+02 = 7i00520+0]

[§sec® 0 — {sect 6+ C]

[—i cot ax — icot(xm —+ C]
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113. /cotzcsczxdz

114. / sin® & dz

115 / sin? z cos? x dx:

116. / tan® z cos® x da

117. /sin4 zcos xdr

118. /cosZzsin?)x dx [% sin bz + ésinz#—C]
119. / cos 5z cos T dr — / sin 5z sin Tz dx

120. / sin™ % ucos® udu

11.2 Integration by Parts

 sin 2z dx

/
/
/
/
/

rdx [%zz tan~t 2 4 %tan’lzf %I+C]
127. /sin_1 (£> dz, a>0

a
128. / V1—22dx

129. / Inzdx
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130.

131.

132.

133.

134.

135.

136.

137.

138.

139.

140.

141.

142.

143.

144.

145.

146.

147.

148.

/xlnzdz
/‘lenzdz
/‘zfl Inzdx
/sec39d6

/ cos \/y dy
[ e

/ In? 2 dz

e’ sinzx dz

/ e 2 cosxdx

2% sinz dx

sin !/ da
\/E

/ tan~! \/z dz
/z3ez2 dx
/z362” dz

0 sec? ab df

cos 2z sin x dx

/m%’r dx

11.2 Integration by Parts

[2ysin \/j + 4y/5 cos \/y — 4sin /i + C]

[(z+Dtan™' Vo — Vo + C]

[32%sin o+ 22+ 22)VI— 22+ C]




