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Abstract
A symplectic mapping is constructed for the study of the dynamical evolution of

Edgeworth-Kuiper belt objects near the 2:3 mean motion resonance with Neptune.
The mapping is six-dimensional and is a good model for the Poincaré map of the
“real" system, that is, the spatial elliptic restricted three-body problem at the 2:3
resonance, with the Sun and Neptune as primaries. The mapping model is based
on the averaged Hamiltonian, corrected by a semianalytic method so that it has the
basic topological properties of the phase space of the real system both qualitatively
and quantitatively. We start with two dimensional motion and then we extend it
to three dimensions. Both chaotic and regular motion is observed, depending on
the objects’ initial inclination and phase. For zero inclination, objects that are
phase-protected from close encounters with Neptune show ordered motion even at
eccentricities as large as 0.4 and despite being Neptune-crossers. On the other hand,
not-phase-protected objects with eccentricities greater than 0.15 follow chaotic
motion that leads to sudden jumps in their eccentricity and are removed from the
2:3 resonance, thus becoming short period comets. As inclination increases, chaotic
motion becomes more widespread, but phase-protection still exists and, as a result,
stable motion appears for eccentricities up to e � 0 � 3 and inclinations as high as
i � 15o, a region where plutinos exist.

Keywords: Edgeworth-Kuiper belt, Plutinos, resonance, chaotic motion.

1. Introduction

The recent discovery of small objects orbiting in the Solar system beyond the orbit
of Neptune, in the Edgeworth-Kuiper (hereafter called E-K) belt, has drawn the
interest to the study of the dynamical evolution of these objects. The motion of the
E-K belt objects is determined by the gravitational attraction of the Sun and the
main perturbing planet is Neptune. The basic model on which we shall base our
study is the three-dimensional elliptic restricted three-body problem: The Sun and
Neptune, called primaries, revolve in fixed elliptic orbits around their common
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center of mass and a small body, a member of the E-K belt, moves under the
gravitational attraction of the primaries.

One of the questions that arise is whether the orbits of the discovered objects
are regular for time-scales of the age of the solar system, or whether some of these
objects are already in slowly diffusing orbits and may escape from this resonance
region due to chaotic evolution. The latter may either lead them to enter the inner
solar system and eventually become short period comets, or to be expelled to the
outermost regions of the solar system. These questions will be addressed in the
following.

At the time of writing this paper, more than 360 objects have been discovered in
the region between 35 and 50 AU from the Sun (see e.g. Jewitt et al. 1998, Jewitt
and Luu 2000). More than 35 of these objects have semimajor axes close to 39.4
AU, that is, they are locked in a 2:3 mean motion resonance with Neptune. Most
of the 2:3 resonant objects have inclinations less than 10o and eccentricities up to
0.25. However, objects with highly inclined orbits have also been observed, Pluto
being one of them. On the other hand, the maximum observed eccentricity at the
2:3 resonance reaches the value of 0.40. From the above facts one can assume that
a resonance protection mechanism may have a “regularizing" effect on orbits with
high eccentricities, which might otherwise be strongly chaotic and leave the 2:3
resonance region.

One of the scopes of this work is to investigate the region in phase space where
these protection mechanisms are actually effective, while, on the other hand, it is
also interesting to observe how the chaotic evolution of orbital elements begins,
due to the gradual weakening of resonance protection. We use a mapping model,
constructed in such a way that its topology has all the basic features of the physical
model. In this way we can study the mechanisms that play an important role in
the evolution of a small body and the factors that generate chaotic motion, without
being “lost" in unnecessary details that may obscure our understanding.

The dynamical mechanisms in the 2:3 resonance have already been investigated
in several studies: Levison and Stern (1995) studied the stability of orbits at the 2:3
resonance using numerical integration. The work of Duncan et al. (1995) is also
based on numerical integration. They explored the whole area between 30 and 50
AU with particular interest to 3:4 and 2:3 mean motion resonances with Neptune.
Furthermore, Morbidelli et al. (1995) investigated the resonant structure of the E-K
belt by both analytic and numerical means. Using an averaged three-dimensional
model that takes into account both Neptune’s and Uranus’ perturbations, they stud-
ied the basic mean motion resonances with Neptune up to 50 AU, as well as secular
resonances. A more recent work is the one of Morbidelli (1997), who studied
exclusively the dynamical structure of the 2:3 resonance through the evolution
of proper elements and with focus on slowly diffusing orbits. In all the above
works, for the numerical integrations the authors used the symplectic integration
technique developed by Wisdom and Holman (1991). Malhotra (1996) studied the
dynamics of the major mean motion resonances with Neptune from the 5:6 (at 34
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AU) up to the 1:3 resonance (at 62.6 AU). Her study was based on computing
Poincaré surfaces of section of the planar circular restricted three-body problem
near these resonances. A circular orbit for Neptune was also considered by Yu
and Tremaine (1999), who studied the four-body problem Sun-Neptune-Pluto - 2:3
resonant E-K object, (called Plutino) and thus determined the effect of Pluto on
the stability of the Plutinos’ orbits. Gallardo and Ferraz-Mello (1998) studied also
the dynamics of the 2:3 resonance in the E-K belt. Maran and Williams (2000)
studied the dynamical evolution of bodies initially situated in the Uranus-Neptune
region, to investigate whether some bodies could evolve to the E-K belt and thus
populate this region. Nesvorný and Roig (2000) made a systematic study of the 2:3
resonance and compared the results to the observed resonant population. A review
of the dynamical structure of the E-K belt and the origin of the Jupiter family of
comets is made by Morbidelli (1999) and Jewitt (1999).

Our approach is semi-analytic. Instead of using numerical integration, we con-
struct a symplectic mapping model that is valid near the 2:3 resonance. Symplec-
tic mappings have already proved to be a useful tool in the study of asteroidal
resonances (see e.g. Wisdom 1983, 1985, Hadjidemetriou 1991, 1993, Roig and
Ferraz-Mello 1999). In this work, we apply the methodology of Hadjidemetriou to
the spatial elliptic restricted three body problem at the 2:3 resonance, with the Sun
and Neptune as primaries. This system is hereafter called the “real" system. The
mapping derived in this way is six-dimensional and for its construction we use the
averaged Hamiltonian of the real system, expressed in 2:3 resonant action-angle
variables.

The mapping model is not meant to be a substitute for direct numerical inte-
grations, but to provide a model for the Poincaré map of the original dynamical
system. In this way we can obtain a good view of the dynamics of the system.
Although the equations of the mapping are not very simple and involve the solution
of three implicit equations, still the mapping is much faster than direct numerical
integrations. In fact, the mapping’s “step-size" is more than 500 times larger than
the step-size needed for integrating the outer solar system with any conventional
numerical integration method. In addition, the mapping is expected to conserve
better the accuracy. On the other hand, as also argued by Gallardo and Ferraz-Mello
(1998), “the most serious difficulty presented by complete numerical integrations,
is the large number of variables involved and the impossibility of a complete,
methodical search". Compared to direct numerical integrations, a mapping has the
advantage that it gives us only the essential information, because it provides output
at discrete time intervals and enables us to monitor directly the evolution of those
elements that determine the dynamics of the resonance, such as the resonant angle
σ. In this way we are not lost in unnecessary details that obscure the dynamics of
the system. Morbidelli (1996) and Nesvorný and Roig (2000), in order to avoid
unmanageable numerical output obtained from direct numerical integrations, used
a running window for a fixed time interval and kept the maxima (or minima) only
of the elements of the motion from one window to the next. The Poincaré map in
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fact provides a similar procedure. In this latter case we go directly from one time
to the next, in a finite time interval, which is the equivalent of the running window,
only now we do not have to compute all the intermediate points.

Another advantage of a mapping model, compared to direct numerical integra-
tions, is that with the mapping we can start with a simple model, for example the
circular planar problem, and then add one after the other the perturbations, for
example e

���
� 0 and i

�
� 0, and study what is really more important in the evolution

of the system.
In order for the mapping model to be realistic, it must be topologically equiva-

lent to the Poincaré map on a surface of section of the real system. This means that
the fixed points of the symplectic mapping model that we develop should coincide
with the fixed points of the Poincaré map, both qualitatively and quantitatively.
We remind at this point that it is the position and stability character of the fixed
points that determine the topology of the phase space. From the method of con-
struction of the symplectic map (see Hadjidemetriou 1991) the fixed points of the
mapping model coincide with the fixed points of the averaged Hamiltonian near
the resonance for which the model is constructed. If the averaged Hamiltonian is
accurate, then its fixed points coincide with the corresponding periodic orbits of
the “real model" (in our case the elliptic restricted problem at this resonance) and
consequently they coincide with the corresponding fixed points of the Poincaré
map. Thus, finally, we see that the mapping model has the same topology as the
Poincaré map, if the averaged Hamiltonian on which it is based, is good. The prob-
lem however is that the averaged Hamiltonian does not contain all the fixed points
that correspond to the periodic orbits of the real system. (This is true not only
for the present resonance, but for many other inner or outer resonances). These
periodic orbits are in fact the resonances and usually it is the high eccentricity
resonances that are missing from the averaged Hamiltonian. This is due to the
fact that the system is nonintegrable and the perturbation series that give the aver-
aged Hamiltonian do not converge. We have developed a semianalytic method to
reintroduce the missing high eccentricity resonances and make the model realistic.

The mapping model is based on the averaged Hamiltonian. This means that the
singularities in the real model, due to close encounters with Neptune, do not appear.
However, the main effect of a close encounter is the generation of instability at this
region of phase space, and this instability is “inherited" to the periodic orbits /
fixed points of the averaged Hamiltonian (properly corrected) and the mapping. In
this way the essential dynamics of the phase space of the real system survive in
the mapping model. On the other hand, close to a stable 2:3 resonance it is the
resonance itself that defines the structure of the topology of the phase space, in
particular the islands of stability, and not the neighboring resonances. Of course,
if the islands of neighboring resonances overlap, chaotic diffusion may appear. So,
the results obtained from an averaged Hamiltonian corresponding to a resonance,
are valid close to this resonance only. As for the unstable resonances, chaos already
exists, so the effect of the neighboring resonances will not make any difference.
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2:3 RESONANT TRANS-NEPTUNIAN MOTION 5

In the present study we did not include the effect of the secular resonances,
due to the gravitational perturbation from the other planets of the Solar System.
The basic dynamics is determined by the gravitational perturbation of Neptune.
All perturbations from other planets, though important for the evolution of the
system, can be seen as modifications of the basic model. The phase space of the
basic model is shaped by the periodic orbits-fixed points of the mapping and their
stability. For this reason it is important for our model to include all the fixed points,
in the correct position and the correct stability. These fixed points do not survive
additional perturbations from other planets, but the basic structure does not change
dramatically. Therefore, the knowledge of the dynamics of the basic model will be
very helpful in our study of the complete model and particularly in locating the
regions of stable motion or the regions of chaotic diffusion.

We also note that in the 2:3 resonance, most secular resonances do not play an
important role, as shown by Knezevic et al. (1991) and Morbidelli (1999), apart
from the area of very small eccentricities, which is affected by the ν18 resonance
(see also Gallardo and Ferraz-Mello, 1998).

In section 2 we study the families of periodic orbits of the restricted three-body
problem, circular and elliptic, at the 2:3 resonance, in order to compare them with
the fixed points of the averaged Hamiltonian and check its range of validity. In
section 3 we present the averaged Hamiltonian at this resonance and in section
4 we construct the mapping model and discuss its validity, compared to the real
model. Finally, in section 5 we present the results obtained using our mapping for
a 100 Myr integration of E-K belt objects near the 2:3 resonance with Neptune.

2. The Restricted Three Body Problem at the 2:3 Resonance

We present in this section the dynamical structure of the restricted three body prob-
lem at the 2:3 resonance, as it is determined by the families of periodic orbits and
their stability. We also present some invariant curves of the Poincaré mapping on a
surface of section, for the circular case, for different values of the Jacobi energy, or,
equivalently, different values of the eccentricity of the resonant motion. In section
4 we compare all these characteristics with the mapping model.

The coordinate system that we use is the rotating reference frame xOy, with
origin at the center of mass of Sun and Neptune and the positive x-axis pointing
towards Neptune. The units are normalized so that the sum of the masses of the Sun
and Neptune, the semimajor axis of Neptune’s orbit and the gravitational constant
are all equal to unity. In these units, the mass of Neptune is µ � 5 � 178 � 10 � 5 and
the orbital period of Neptune around the Sun, in the rotating frame, is equal to 2π.

We shall present first the families of periodic orbits of the circular problem,
(circular orbit of the primaries) at the 2:3 resonance, computed for the value of
µ � 5 � 178 � 10 � 5. These periodic orbits are symmetric with respect to the rotating
x-axis. There are two such resonant families, with nearly elliptic orbits of the small
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Figure 1. Configuration of the 2:3 resonant families of periodic orbits of the circular ((a)-(b)) and the
elliptic ((c)-(d)) restricted problems. S: Sun, N: Neptune, p: test-particle. N1 denotes the position of
Neptune at t � 0 and N2 its position at t � T � 2.

body (periodic orbits of the second kind), along which the eccentricity increases,
starting with almost zero values, but the semimajor axis is almost constant, corre-
sponding to the 2:3 resonance. We call them family I and family II, respectively.
The initial conditions of a symmetric periodic orbit of the planar circular three body
problem is defined by x0 and ẏ0 or h, where h is the Jacobi energy, at t � 0 and a
family is represented by a continuous curve in the space x0 ẏ0 or x0 h. In Fig. 2, in
order to make clearer the change of the eccentricity along the family, we present the
families I and II in the eccentricity-energy space (Fig. 2a). The difference between
the families I and II is in the initial configuration, as shown schematically in figures
1a and 1b, for the position of the three bodies at t � 0 and t � T � 2, where T is the
period. We also note that in family I the value of the resonant angle σ at t � 0
(defined in Eq. 1 of section 3) is σ � 0 and the small body lies at the perihelion of
its orbit at t � 0 or t � T � 2, (i.e. when the three bodies are aligned). In family II
it is σ � π and the particle lies at aphelion. Family I is unstable for small values
of the particle’s eccentricity. As the eccentricity increases, we note that there is a
discontinuity in the range e � 0 � 22 to e � 0 � 26, which is due to the fact that we
are close to a collision with Neptune (an actual collision occurs around e � 0 � 24).
Beyond the collision, the stability index of the periodic orbits changes drastically,
and finally, for eccentricities greater than 0.3 the family becomes stable. However,
the importance of these stable periodic orbits on the stability of the system and the
possibility of trapping of an object in their vicinity is negligible. This is due to the
fact that the “islands" around the corresponding stable fixed points of the Poincaré
map on a surface of section are very small (see Fig. 3 for e � 0 � 27 and e � 0 � 47).
The family II is stable for all values of the particle’s eccentricity.

Next, we study the families of periodic orbits of the planar elliptic restricted
three body problem. These families, if they exist, bifurcate from the families I
and II of the planar case at those points where the period is exactly 2π. These are

RESN-2-3.tex; 28/12/2001; 17:42; p.6



2:3 RESONANT TRANS-NEPTUNIAN MOTION 7

����� ����� ���� ���� ����
e

�����

�����

�����

�����

�����

�����

K

II

I

1 �
1 �

co llis ionII

I

I

co llis ion

0,0
0,5

1,0
1,5

2,0
2,5

3,0 -4
-2

0
2

4
60,0

0,1

0,2

0,3

0,4

0,5

0,6

0,7

0,8

0,9

1,0

I

II

II
e

I
e

e'

dy/dtx

Figure 2. (a) The families of 2:3 resonant periodic orbits of the planar circular problem in an
eccentricity - energy diagram. We denote e � 0 if at perihelion and e � 0 if at aphelion. (b) The
families of 2:3 resonant periodic orbits of the elliptic problem that bifurcate from the families of the
circular problem in the x ẏe

�
-space, where e

�
is Neptune’s eccentricity. Families I and II of the circular

problem lie in the e
� � 0 plane. Family Ie is unstable and family IIe is stable. Both bifurcate from a

stable planar periodic orbit of the family II with eccentricity e � 0 � 47. The small gap in Family II,
close to e ��� 0 � 80, is due to collision with Neptune.

also 2:3 resonant families, with parameter the eccentricity e
�

of the primaries. The
numerical computations showed that such a bifurcation point exists only on the
stable family II, at an orbit whose eccentricity is equal to e � 0 � 47. There are two
families of the elliptic problem that bifurcate from this point, families Ie and IIe

(see Fig. 2b). In family Ie the values of the resonant angles are σ � π � ν � 0 (ν is
defined in Eq. 2 of section 3), and in family IIe σ � π � ν � π. The configuration of
these two families is shown in Figs. 1c, 1d. In both cases the particle lies at aphelion
when the three bodies are aligned. Family Ie is unstable (there are two pairs of non
unit eigenvalues of the monodromy matrix, one of them is of the stable type and the
other of the unstable type), while family IIe is stable. However, the pair of unstable
eigenvalues in the family Ie is very close to unity, and as a result, in both families
one of the two stability indices is very close to the critical value � 2. This makes
the computation of stability rather difficult.

There are also families of periodic orbits of the circular three-dimensional prob-
lem, which bifurcate from the stable family II, at σ � π. In fact there exist two
such families. One of them, A1, is stable and bifurcates from a point of the family
II, corresponding to e � 0 � 42 and the other, A23, starts from the point e � 0 � 45 of
the family II and ends up at the point e � 0 � 97 of the same family (Kotoulas and
Hadjidemetriou, 2002). It is expected that, if stable motion is to appear at nonzero
inclinations, it should be in the vicinity of the stable periodic orbits of the circular
three-dimensional problem. The family A23 starts as unstable and ends up as stable
at high eccentricities, so we cannot have stable motion trapped by this family. In
contrast, the family A1 is important in shaping the topology of the phase space,

RESN-2-3.tex; 28/12/2001; 17:42; p.7



8 K. HADJIFOTEINOU, J. HADJIDEMETRIOU

-0.08 -0 .04 0 .00 0 .04 0.08

-0 .08

-0 .04

0 .00

0 .04

0 .08

e=0.05

� � � � � � �

� � � � � � �

(a)

-0 .20 -0.10 0 .00 0.10 0.20

-0.20

-0.10

0.00

0.10

0.20

	 
 � �  � �

	 � � �  � �
e=0.14

(b)

-0 .40 -0 .20 0 .00 0 .20 0 .40

-0 .40

-0 .20

0 .00

0 .20

0 .40 � � � � � � �

� � � � � � �

e=0.27

� � �

chaos

-0 .40 0 .00 0 .40

-0.40

0 .00

0 .40

� � � � � � �

� � � � � � �
e=0.47

(d)

chaos III
I'

I''

Figure 3. Surfaces of section of the Poincaré map of the planar circular problem near the 2:3 reso-
nance. (a) h � � 1 � 525 (N � � 0 � 38, e � 0 � 05). (b) h � � 1 � 515 (N � � 0 � 37, e � 0 � 14). (c) h � � 1 � 487
(N ��� 0 � 34, e � 0 � 27). (d) h ��� 1 � 395 (N ��� 0 � 25, e � 0 � 47). The values of the eccentricity are at
the center of the resonance. N is the action defined in the next section.

because it is stable and consequently, stable motion can be trapped there. The so
called Plutinos (small bodies at the 2:3 resonance with nonzero inclination) are
in fact trapped to the above mentioned stable three-dimensional periodic orbits. It
is worth mentioning that the members of the family A1 have σ � π and ω � 90o

or ω � 270o (when the Sun, Neptune and the small body are on the same line).
These orbits are associated with the Kozai resonance, which is important in the 2:3
resonance (Morbidelli et al. 1955, Nesvorný and Roig, 2000). The Kozai resonance
is centered at e � 0 � 25 and concerns the libration of the argument of perihelion ω
around 90o or 270o. It forces coupled variations of e and i.

The fact that the Kozai resonance starts around e � 0 � 25, although the bifur-
cation point of family A1 is at e � 0 � 42, may be due to the effect of the other
major planets, which are absent from the simple three-body model. It seems that
the effect of the other planets, apart from Neptune, is important in shaping the
Kozai resonance, and may be responsible for shifting the resonance.

Finally, we show in Fig. 3 the structure of the phase space of the Poincaré
mapping of the circular restricted problem on the surfaces of section y � 0, h � h i,
(ẏ � 0), where hi are different Jacobi energy levels. Instead of the usual presentation
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of the mapping on the plane x � ẋ, we used the axes ecos
�
σ � , esin

�
σ � , for compar-

ison with the mapping that we will construct in section 4. In panel 3c there is
widespread chaos at σ � 0, because this region corresponds to an unstable periodic
orbit of the family I which is close to a collision with Neptune (Fig.2a). In panel
3d there is an island corresponding to the family II at σ � π and three more islands
(the thicker points) corresponding to the family I, which is also stable at this region,
but these islands are very thin. One island (I) is at σ � 0 and the other two (I

�
� I
� �
)

are nonsymmetric, close to σ � π, and they are inside the island of family II. (The
triple island is due to the fact that the periodic orbit of the family I intersects the
x-axis at three different points with ẏ � 0). From figure 3 we notice that for h i

greater than � 1 � 515 (which at the resonance center corresponds to values of e
greater than 0.14), the motion near the unstable fixed point becomes chaotic. As
the energy level (and consequently the eccentricity) increases, the chaotic regions
become more widely spread. Even for values of e greater than 0.3, where both fixed
points of the Poincaré map become stable, large chaotic regions appear around the
(thin) islands of the stable fixed points. These findings are in accordance with those
of Malhotra (1996) for the 2:3 resonance.

3. The averaged Hamiltonian

We consider the averaged Hamiltonian expressed in the 2:3 resonant action-angle
variables:

S ��� a
�
1 ��� 1 � e2 � � σ � � 2λ

� �
3λ � ω̃ (1)

N ��� a
�
2 � 3 � � 1 � e2 cos i � � ν � 2λ

�
� 3λ

�
ω̃
�

(2)

Sz
��� a � 1 � e2

�
1 � cos i � � σz

� � 2λ
� �

3λ � Ω (3)

where a � e � i are the semimajor axis, the eccentricity and the inclination and λ � ω̃ � Ω
are the mean longitude, the longitude of perihelion and the longitude of the ascend-
ing node of the test particle. The corresponding primed quantities refer to Neptune.
In these variables, the averaged Hamiltonian of the spatial elliptic restricted three
body problem is (Šidlichovský, p.c.)

H � H0
�

µH1
�

µe
�
H2
�

µe
�
2H3
�

µs2H4
�

µss
�
H5
�

µs
�
2H6
�

µe
�
s2H7

�
µe
�
ss
�
H8
�

µe
�
s
�
2H9 (4)

where we defined s � sin i
2 � s

�
� sin i�

2 and

H0
� 2
�
N � S � Sz � � 1

18
�
N � S � Sz � 2
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H1
� ��� A2

�
eA23 cosσ

�
e2 � A3

�
A35 cos2σ � � e3 � A24 cosσ

�
A45 cos3σ � �

H2
� ��� A13 cos ν

�
e � A1 cos

�
σ
�

ν � � A34 cos
�
σ � ν � � � e2 � A14 cos ν

�
A29 cos

�
2σ
�

ν � � A44 cos
�
2σ � ν � � �

H3
� ��� A4

�
A30 cos2ν

�
e � A8 cos

�
σ
�

2ν � � A25 cosσ
�

A40 cos
�
σ � 2ν � ���

H4
� � � A5

�
A31 cos2σz

�
e � A9 cos

�
σ � 2σz � � A26 cos σ

�
A41 cos

�
σ
�

2σz � ���
H5

� ��� A7 cos
�
σz
�

ν
�

α � � A32 cos
�
σz � ν � α � � e � A10 cos

�
σz � σ � ν � α �

�
A22 cos

�
σz
�

σ
�

ν
�

α � � A28 cos
�
σ � σz � ν � α � � A42 cos

�
σz
�

σ � ν � α � � �
H6

� ��� A6
�

A33 cos
�
2ν
�

2α � � e � A11 cos
�
σ
�

2ν
�

2α � � A27 cos σ

�
A43 cos

�
σ � 2ν � 2α � � �

H7
� ��� A16 cosν

�
A19 cos

�
2σz
�

ν � � A37 cos
�
2σz � ν � �

H8
� ��� A12 cos

�
σz
�

α � � A18 cos
�
σz
�

2ν
�

α � � A20 cos
�
σz � α �

�
A38 cos

�
σz � 2ν � α � �

H9
� � � A17 cosν

�
A21 cos

�
ν
�

2α � � A39 cos
�
3ν
�

2α � � �
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2:3 RESONANT TRANS-NEPTUNIAN MOTION 11

The parameter α is defined by α � Ω
�
� ω̃

�
and e and s are expressed in terms of

the actions S � N � Sz as:

e2 �
S
�
5S � 6N

�
6Sz �

9
�
N � S � Sz � 2 � s2 �

Sz

2
�
2S � 3N

�
3Sz � �

The inclinations i and i
�

are with respect to the invariable plane. In the present
case, where we study only the three body system Sun - Neptune - small body, i

�
is

constant. The values of the constants Ai are given in the Appendix.

3.1. CIRCULAR PLANAR MODEL

For e
�

� 0 and s � s
�

� 0 that is, i � i
�

� 0) in (4), we have the averaged Hamiltonian
of the planar circular problem near the 2:3 resonance. In this case, the Hamiltonian
depends on the variables S � σ � N � ν only. Furthermore, the angle ν is ignorable
and as a result, N � N0

� const . Consequently, the averaged model of the planar
circular restricted three body problem has one degree of freedom, in the action S
and the angle σ, while the value of N0 appears as a fixed parameter.

For each value of N0, the fixed points (S0 � σ0) of the averaged Hamiltonian are
obtained from the solution of the system of equations

Ṡ � � Hσ
� 0 � σ̇ � HS

� 0 �

where the subscripts denote partial differentiation. The values of N0 that correspond
to the 2:3 resonance lie in the range � 0 � 38 � N � 0 � 77.

It is easy to see that for each N0, the values of σ that satisfy the equation Hσ
� 0

are σ0
� 0 � π. As a result, the averaged circular problem has two families of fixed

points with N as a parameter: family I
�

(for σ0
� 0) which is found to be unstable

and family II
�

(for σ0
� π) which is stable, for all values of N.

The above two families I
�

and II
�

should coincide with the corresponding fam-
ilies I and II of the families of periodic orbits of the circular restricted three body
problem. Families I and I

�
have σ0

� 0 and they are very close as far as the position
is concerned. There is a difference only near the “close approach area". This is due
to the fact that the averaged model cannot describe well the Neptune-particle close
approach. Concerning the stability, family I is stable beyond the collision area,
while family I

�
is unstable for all e.

On the contrary, the families II and II
�
, (both with σ0

� π), are close both with
respect to the position and to the stability.

3.2. ELLIPTIC PLANAR MODEL

As regards the planar elliptic problem (e
� �

� 0 but s � s
�

� 0), the averaged system
has two degrees of freedom, and therefore the independent variables are the four
variables σ � S � ν � N. The families of fixed points are now obtained from the solution
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12 K. HADJIFOTEINOU, J. HADJIDEMETRIOU

of the system
Ṡ � � Hσ

� 0 � σ̇ � HS
� 0

Ṅ � � Hν
� 0 � ν̇ � HN

� 0
for a fixed value of e

�
. It is easy to see that the equations Hσ

� 0 and Hν
� 0 are

satisfied for the following sets of values of the angles σ and ν:

σ0
� 0 � ν0

� 0 � π �
σ0

� π � ν0
� 0 � π �

Not all these combinations however are acceptable solutions of the above sys-
tem. The correct solution is σ0

� π and ν0
� 0 � π only (these values correspond

to the family II), and the corresponding values for S0 � N0 should be such that the
fixed point, for e

�
� 0, to correspond to the value e � 0 � 47, which is the value of the

eccentricity of the fixed point of the circular family from which bifurcate the two
families Ie and IIe of fixed points of the elliptic problem. The numerical computa-
tions showed that this is not the case, and in order to have the bifurcation of the
families of fixed points of the elliptic problem from the correct point, at e � 0 � 47, a
small correction term Hc

�
N � is added to the Hamiltonian H . The exact value of this

term will be discussed in the next section. With this correction term, we restore the
bifurcation point to its correct position, as determined from the families of periodic
orbits discussed in the previous section. What is of importance is that, since the
correction term depends only on N, its inclusion does not alter the properties of the
families of fixed points, I

�
and II

�
, of the circular problem.

The reason why the bifurcation point results offset at the averaged system, is
possibly connected to the fact that the averaged Hamiltonian is expanded up to the
third order in e. As a result, the averaged model has to be corrected, in order to
cover also the high eccentricities.

We call the family of fixed points of the elliptic problem with σ0
� π, ν0

� 0
family I

�
e and the family with σ0

� π � ν0
� π family II

�
e. The parameter that varies

along each of the two families is e
�
. The family I

�
e is found to be unstable. There

are two pairs of eigenvalues of the monodromy matrix, that determine the stability,
one of them being of the stable type and the other of the unstable type, exactly like
in the non-averaged model. Family II

�
e is stable. It was found, from the numerical

computations, that the families I
�
e and II

�
e are very close to the families Ie and IIe,

respectively, for values of e
�
up to 0.02. Note that the current value of Neptune’s ec-

centricity is smaller than 0.02, but it can grow to larger values due to perturbations
from other planets.

3.3. CIRCULAR THREE-DIMENSIONAL MODEL

The averaged system of the spatial circular problem (e
�

� 0, s
�

� 0) has two degrees
of freedom, with independent variables the four variables σ � S � σz � Sz. The fixed
points should be obtained from the solution of the system

Ṡ � � Hσ
� 0 � σ̇ � HS

� 0
Ṡz

� � Hσz
� 0 � σ̇z

� HSz
� 0 �
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2:3 RESONANT TRANS-NEPTUNIAN MOTION 13

However, the averaged model (4) does not contain the above mentioned fixed
points/periodic orbits, as we verified by numerical computations. In order to restore
to the model the missing fixed points that correspond to three-dimensional periodic
motion, and thus introduce the Kozai resonance to our model, we added to the
averaged Hamiltonian (4) a correction term, Hi, obtained semianalytically, which
will be defined in the next section.

4. The symplectic mapping model

For the construction of the mapping to model the spatial elliptic problem, we use
the averaged Hamiltonian described in the previous section with two modifica-
tions: The term H1 is replaced with H1c and the term Hc is added. The corrected
Hamiltonian is H

�
,

H
�

� H0
�

µH1c
�

µe
�
H2
�

µe
�
2H3
�

µs2H4
�

µss
�
H5
�

µs
�
2H6�

µe
�
s2H7

�
µe
�
ss
�
H8
�

µe
�
s
�
2H9
�

Hc
�

Hi � (5)

where

H1c
� �

�
A2
�

eA23 cosσ
�

e2 � A3
�

A35 cos2σ � � εe3 � A24 cos σ
�

A45 cos3σ � �
and

Hc
� β
�
ε � N2

�
α
�
ε � N � Hi

� Sz
�
α1S2

�
α2S
�

α3 � �

The term Hc is the correction term mentioned in the previous section, and is added
in order to reposition the bifurcation point in the right place, at e=0.47. The cor-
rection factor ε is introduced in the term of order e3 of H1, and affects the region
of stability around the fixed points of the mapping, in the planar circular case, as
we will explain later in this section. For ε � 1 � 2 the values of the constants β and
α are empirically found to be:

β � � 0 � 003287 � α � � 0 � 001966 �

The term Hi is added in order to introduce to the three-dimensional model the
fixed points corresponding to the periodic orbits of the circular three-dimensional
problem. As mentioned before, these periodic orbits are associated with the Kozai
resonance, which plays an important role in the dynamics of this problem. These
fixed points are missing from the original version of the averaged model (4). As
shown in Kotoulas and Hadjidemetriou (2002), there exists a family of stable peri-
odic orbits of the three-dimensional circular restricted problem that bifurcates from
a point of the stable family II (Figure 2a) of planar periodic orbits at e � 0 � 42.
However, Morbidelli et al. (1995) have shown, by taking into account the effect
of all major planets, that the Kozai resonance starts at e � 0 � 25, as mentioned in
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�D� �E�

�F� �G�

Figure 4. The mapping of the planar circular restricted problem. (a) N � � 0 � 38 (e � 0 � 05).
(b) N � � 0 � 37 (e � 0 � 14). (c) N � � 0 � 34 (e � 0 � 27). (d) N � � 0 � 25 (e � 0 � 47). The axes are
x � ecos σ � y � esinσ. Chaotic motion starts at N ��� 0 � 35 and becomes more evident at N

�
� 0 � 34.

section 2. For this reason the correction term is defined in such a way that the
bifurcation point is close to the value e � 0 � 25. The coefficients in Hi are

α1
� � 0 � 087345684 � α2

� 0 � 02793443 � α3
� � 0 � 00004569 �

In this way we have introduced, indirectly, the effect of the other planets in our
mapping model.
The mapping is then obtained from the generating function

W � σnSn � 1
�

νnNn � 1
�

σznSzn � 1

�
TH

� �
σn � Sn � 1 � νn � Nn � 1 � σzn � Szn � 1 �

through the equations:

σn � 1
� ∂W � ∂Sn � 1 � νn � 1

� ∂W � ∂Nn � 1 � σzn � 1
� ∂W � ∂Szn � 1 � (6)

Sn
� ∂W � ∂σn � Nn

� ∂W � ∂νn � Szn
� ∂W � ∂σzn (7)

or

σn � 1
� σn

�
T∂H

� � ∂Sn � 1 � Sn
� Sn � 1

�
T∂H

� � ∂σn � (8)

νn � 1
� νn

�
T∂H

� � ∂Nn � 1 � Nn
� Nn � 1

�
T∂H

� � ∂νn � (9)

σzn � 1
� σzn

�
T∂H

� � ∂Szn � 1 � Szn
� Szn � 1

�
T∂H

� � ∂σzn � (10)
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2:3 RESONANT TRANS-NEPTUNIAN MOTION 15

where T � 6π is the synodic period of a 2:3 resonant periodic orbit.
By its construction this mapping is symplectic. Since it is in implicit form,

in order to obtain the values of the variables at time tn � 1
�

�
n
�

1 � T for certain
values of the parameters e

�
� s
�
, one first has to solve numerically the system (7) for

Sn � 1 � Nn � 1 � Szn � 1 and then substitute these values to Eqs. (6) in order to find also
σn � 1 � νn � 1 and σzn � 1 .

In the planar circular case the mapping is two dimensional (the canonical vari-
ables being only S � σ) and its generating function is

F � σnSn � 1
�

TH
� �

σn � Sn � 1 � N0 � �
where now H

�
is given by (5) for e

�
� 0 � s � s

�
� 0. The equations of the mapping

are Eqs. (8), for e
�

� 0 � s � s
�

� 0. The fixed points in this case are defined by

σn � 1
� σn

� σ0 � Sn � 1
� Sn

� S0 �

For ε � 1, the fixed points of the two-dimensional mapping, for a fixed value
of N, coincide quantitatively with those of the averaged circular problem for the
same N (because they are derived from the same equations). However, as shown
by Hadjidemetriou (1993), the stability indices of the fixed points of the averaged
model and the mapping model do not coincide in all cases. In the present case,
the family of fixed points of the circular model with σ0

� π is stable only up to
e � 0 � 41 - a region that does not include the bifurcation point of the families of the
planar elliptic problem. At this point, the correction coefficient ε was introduced,
in order to correct the stability region. After experimenting with various values, we
chose ε � 1 � 2 as the most appropriate value. With this correction, the family of
fixed points of the mapping with σ0

� π (named family II
� �
) is stable for e up to

0.55, while the family with σ0
� 0 (family I

� �
) is all unstable, exactly like family I

�

of the averaged system.
In the four-dimensional planar elliptic case, the fixed points of the mapping are

defined by

σn � 1
� σn

� σ0 � Sn � 1
� Sn

� S0 � νn � 1
� νn

� ν0 � Nn � 1
� Nn

� N0 �

As in the averaged planar elliptic system, the two families of fixed points that bifur-
cate from the family II

� �
, at the point e � 0 � 47, are: family I

� �
e with σ0

� π � ν0
� 0

and family II
� �
e with σ0

� π � ν0
� π � For ε � 1 � 2, family I

� �
e is found to be unstable,

with a critical single instability analogous to those of families Ie and I
�
e, while

family II
� �
e is stable up to e

� �

0 � 16.
Taking into account all the above corrections, we present in Fig.4 the mapping,

using the same values of the resonant action N as the ones that were used to com-
pute the surfaces of section of the Poincaré map shown in Fig.3. For N � � 0 � 38
(e � 0 � 05) all the curves of the mapping are regular and the whole structure coin-
cides with that of the Poincaré map for the same N. In our mapping the ordered
motion continues for values of N up to � 0 � 36, and chaotic motion starts for values
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16 K. HADJIFOTEINOU, J. HADJIDEMETRIOU

of N larger than N � � 0 � 35 (e � 0 � 23). In the Poincaré map the chaotic motion
starts for smaller values of e. The reason for the late development of the chaotic
motion in the mapping is, as mentioned above, the loss of information of the av-
eraged system (on which the mapping model is based) on the behaviour near the
“collision area" of the unstable family of the real system.

Considering all the above, we come to the conclusion that our mapping model
represents well (both qualitatively and quantitatively) the planar elliptic restricted
problem near the 2:3 resonance for values of e

�
up to 0.02 and for all orbits with

eccentricities as large as 0.55. The good coincidence is due to the fact that in
this region, the mapping model has the same fixed points, with the same stability
properties, as the “real" system and consequently is a good approximation of the
Poincaré map. We shall use this mapping model to study, in the next section, the
dynamics of a particle at the 2:3 resonance.

5. The dynamics of 2:3 resonant trans-Neptunian objects

5.1. PLANAR ORBITS

In order to study the dynamics of 2:3 resonant E-K belt objects, we first used the
four-dimensional mapping (setting s � s

�
� 0) to integrate planar orbits for 108

years. Several initial conditions were tried: most with initial semimajor axis equal
to a0=39.4 AU (i.e. at the 2:3 resonance with Neptune), but also with a0 ranging
from 38 to 41 AU. The initial eccentricities ranged from 0.05 to 0.45. Two different
cases were considered: orbits starting near perihelion (σ0

� 0) and near aphelion
(σ0

� π). As we have mentioned in section 2, the latter are phase-protected from
close encounters with Neptune. The results are presented in Figs. 5a,b and show
the initial conditions (σ0 near 0 and near π, respectively) for which the orbits
remain regular or become chaotic within the time-span of 100 million years. In
both figures, the vertical dashed line shows the exact position of the 2:3 resonance,
while the solid line denotes the lower border of the (a0 � e0) region where orbits are
initially Neptune-crossing.

From Fig. 5a it is obvious that almost all orbits that are not phase-protected and
have semimajor axes near the center of the 2:3 resonance, are chaotic and become
Neptune-crossing within 108 years. Even at eccentricities as small as 0.1, the orbits
at the resonance center are chaotic and are expected to leave the resonance at longer
time intervals. This finding agrees with the structure of the Poincaré surfaces of
section of the circular problem (see Fig. 3).

From Fig. 5b, we see that the phase-protected orbits remain regular even within
the Neptune-crossing area and for eccentricities as large as 0.4. Away from the
resonance region, orbits beyond the solid line become again strongly chaotic. It is
worth noticing how the width of the ordered zone surrounding the resonance line
rapidly decreases as the eccentricity increases below the Neptune-crossing line.
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Figure 5. Distribution of planar orbits in a a0 � e0 diagram produced from integration with the
four-dimensional mapping. The full circles represent regular orbits, the crossed circles chaotic or-
bits and the crosses denote chaotic Neptune-crossing (NC) orbits. The vertical dashed line shows
the exact position of the 2:3 resonance, while the solid line denotes the lower border of the
Neptune-crossing area. (a) Orbits with σ0

� 0. (b) Orbits with σ0 � π (phase-protected).

Finally, a slight displacement from the exact resonance at e � 0 � 4 gives rise to
chaotic orbits. We must note here that the upper limit of the area of ordered motion
is a little overestimated, due to the absence of Uranus’s perturbations from the
model. In fact, orbits with e

�
0 � 37 may be subjected to close encounters with

Uranus (see e.g. Gallardo and Ferraz-Mello, 1998).
For most of the initial conditions that we tested, apart from the evolution of the

various orbital elements, we also monitored the behaviour of the critical angles σ
and ν8

� ω̃ � ω̃
�

� �
�
σ
�

ν � . For regular planar orbits, the resonant angle σ librates
about 180o while ν8 circulates. The period of σ-libration in all tested regular orbits
remained smaller than the period of circulation of ω̃ � ω̃

�
. Note that the circulation

of ω̃ � ω̃
�
is coupled with the oscillation of e (see also Morbidelli et al. 1995). The

above features are apparent in Figs. 6a-c. However, as e increases, the difference
between the periods of σ and ω̃ � ω̃

�
becomes smaller.

Regarding the amplitude Aσ of σ-libration, as also found by Malhotra (1996), in
general the amplitude increases with decreasing libration period. At the resonance
center Aσ is small (less than 10o). However, as we move away from the resonance,
the amplitude increases. From our numerical integrations of the mapping we found
that, for planar orbits, the critical value of Aσ for the onset of chaotic motion in
less than 108 years is about 120o. A typical chaotic orbit is shown in Figs. 6d-f,
where the association of the large σ-libration amplitude with the chaotic property
is clear. At such a large libration amplitude, the particle is no more phase-protected
and it is susceptible to a close approach with Neptune. This is in accordance with
the findings of other authors: Using the planar circular model, Malhotra (1996)
observed that orbits with Aσ � 140o become chaotic in 105 years, while in their
three-dimensional integration with the four giant planets, Duncan et al. (1995)
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Figure 6. Evolution of planar orbits with σ0 � π � (a)-(c): regular orbit with a0 � 39 � 4, e0 � 0 � 3 �
(d)-(f): chaotic orbit with a0 � 39 � 7, e0 � 0 � 3.

found that 2:3 resonant orbits with Aσ � 130o become chaotic after at most 108

years.
The transition of an orbit’s behaviour from regular to chaotic is characterized

by a conversion of the σ-libration to circulation. At the same time, the ω̃ � ω̃
�

circulation is converted to a libration about 0 (see Morbidelli et al. 1995). This is
apparent in Figs 6d-f: the orbit starts a little away from the exact resonance. The
initial amplitude of σ-libration is larger than 120o and quickly the orbit evolves
into a σ-circulation.

In Figs. 7a-c we present an example of a planar chaotic orbit, starting with
σ0

� 0 exactly at the 2:3 resonance, with initial eccentricity equal to e0
� 0 � 19.

Examining the evolution of its perihelion q (Fig. 7c) we notice that, after about
56 Myr, a close approach to Neptune possibly appears and changes drastically
the orbital elements, causing a sudden jump of the eccentricity up to about 0.55.
Consequently, the object leaves the resonance, as can be seen from its semimajor
axis (Fig. 7b), which up to that time had remained constant. From that point on, the
evolution will be, either to enter the inner solar system and, after a close approach
with the giant planets, eventually become a short period comet, or to be expelled
in the outermost regions of the solar system. It was found (not shown in the figure)
that both σ and ω̃ � ω̃

�
circulate throughout the whole integration.

In Figs. 7d-e we present another chaotic orbit, which starts with σ0
� 0 exactly

at the resonance, with initial eccentricity equal to e0
� 0 � 23. The chaotic jumps

in the eccentricity appear much earlier in this case (at about 9 Myr). From Fig.
7e we notice, as also shown by Holman and Wisdom (1993), that before the close
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Figure 7. Chaotic evolution of planar orbits with a0 � 39 � 4, σ0 � 0. (a)-(c):e0 � 0 � 19 �
(d)-(f):e0 � 0 � 23 � In panel (f) the axes are x � ecos 9 σ : ν ; , y � esin 9 σ : ν ; .

encounter, e and q evolve in such a way that the semimajor axis remains constant
(shown in the figure by the straight diagonal line in the qe-plane). Finally, in Fig.
7f we illustrate, in a surface of section diagram, the passage from low eccentricity
circulations to high eccentricity circulations, that characterizes the strongly chaotic
behaviour.

5.2. THREE-DIMENSIONAL ORBITS

Next, we use the six-dimensional mapping model to study the motion in the three-
dimensional space, for 108 years. We tried various initial conditions with semima-
jor axes from 39 to 39.9 AU, eccentricities from 0.05 to 0.45 and inclinations up to
20o. The initial value of the resonant angle σ was in all cases σ0

� π and we have
taken σz

� 0, ν � 0 or ν � π. The results, concerning whether the orbits remained
regular or had chaotic evolution within the time-span of 108 years, are shown (for
representative values of initial inclinations) in Fig. 8.

We note that regular orbits appear at relatively large values of the eccentricity
and the inclination. For small values of the inclination (up to i � 5o) the distribution
of regular orbits is almost the same as in the planar case (see Fig. 5b); almost all
orbits around the center of the resonance are regular up to e � 0 � 40. As i increases
to 10o and more, a chaotic gap appears at the center of the resonance, for small
eccentricities. At i � 15o, regular orbits are restricted at large eccentricities and, for
small eccentricities, appear only at the borders of the resonance. Although the area
of ordered motion becomes narrower with the increase of inclination, it covers the
initial conditions of Pluto’s orbit and of many Plutinos that exist at high inclinations
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Figure 8. Distribution of three-dimensional orbits in the a0 � e0 diagram, obtained by integration
with the six-dimensional mapping, for the model which includes the Kozai resonance. The full
circles represent regular orbits, the crossed circles chaotic orbits and the crosses denote chaotic
Neptune-crossing (NC) orbits. The vertical dashed line shows the exact position of the 2:3 resonance,
while the solid line denotes the lower border of the Neptune-crossing area. All orbits have σ0 � π
and initial inclinations: (a) i0 � 1o, (b) i0 � 5o, (c) i0 � 10o, (d) i0 � 15o.

(the actual orbit of Pluto may be chaotic, but this is because of a secular super-
resonance that does not appear in the three-body model).

Furthermore, we must note that, the fact that there exist regions in the a � e
plane which behave chaotically, does not mean that these regions are depleted of
E-K belt objects. In fact, there exist areas where orbits diffuse chaotically, but do
not become Neptune-crossing, at least within the time-span of 108 years (these
orbits are marked with crossed circles). These objects are still members of the E-K
belt and may remain near the 2:3 resonance for billions of years.

Finally, as a check, we repeated the computations of Figure 8, but without the
correction term Hi that introduces the Kozai resonance. We found that no regular
orbits exist at inclinations i � 15o and larger, while at smaller inclinations, the reg-
ular orbits are confined below the Neptune-crossing line, at eccentricities smaller
than 0.2. This shows clearly that the existence or non-existence of fixed points
in a model plays a crucial role in the evolution of the system, because it is the
fixed points that shape the topology of the phase space. In the present case, the
existence of the fixed points corresponding to three-dimensional periodic orbits
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plays a stabilizing role. In fact, it seems that the Plutinos exist due to the fact that
in the real model, stable three-dimensional periodic orbits exist.

6. Conclusions

To summarize the results of the dynamical study with our six-dimensional sym-
plectic mapping, we mention the following: in low inclination orbits, E-K belt
objects at the 2:3 resonance can stay in orbit serenely for billions of years, even
at eccentricities as high as the Uranus-crossing limit, e � 0 � 37. The necessary
condition for the resonance protection mechanism to occur is that, when aligned
with the Sun and Neptune, the object’s position must be at the aphelion of its orbit
(σ0

� π). (Note that this is the configuration of a stable resonant periodic orbit).
If the alignment occurs at other phases, close approaches with Neptune are not
prevented and the object may quickly develop cometary behaviour through chaotic
evolution of its orbital elements.

For high inclinations, chaotic motion appears for small eccentricities at the cen-
ter of the resonance, but there exist regular phase-protected Neptune-crossing orbits
at high eccentricities. The area of regular orbits covers also the region of Pluto’s or-
bit. The boundaries between regular and chaotic regions are not expected to change
much if Uranus’ and other planets’ perturbations are included in the model. This
is so, because in the region under study there are no first-order commensurabilities
with other planets and in practice Neptune’s longitude of perihelion ω̃

�
moves very

slowly.
Besides, by adding the appropriate correction terms in the six-dimensional map-

ping, we shift the bifurcation point of the circular three-dimensional periodic orbits,
thus taking indirectly into account the perturbations of other planets. Our numerical
investigation indicates that the existence of stable three-dimensional periodic orbits
around the area of e � 0 � 25, is crucial for the existence of Pluto and Plutinos in this
region.

Despite the simplicity of the three-body model, our results agree in many as-
pects with the results of other authors, who have used more complete models: e.g.
Morbidelli (1997), Morbidelli et al. 1995 and Duncan et al. (1995). The latter show
that, at small eccentricities (e � 0 � 1), regularity of orbits is destroyed when the
inclination increases to about 12o, because of the existence of the ν18 resonance.
Nesvorný and Roig (2000) have also found regular orbits at large eccentricities and
inclinations, while for i

�
15o and e around 0.13, they mention the existence of the

secular resonance g � s
�

g8 � s8, which may be responsible for destabilizing orbits
at this area.

The regions of ordered motion found in our investigation, cover the orbital
elements of most of the observed occupants of the 2:3 resonance. Therefore, the
fact that these objects remain in resonance after billions of years, is justified by our
findings. Regarding the objects whose elements are outside the regular regions, it
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is possible that their orbits are subjected to slow chaotic diffusion which has not
yet led to dramatic changes in their orbital elements and consequently, they still
remain around the region of the 2:3 resonance.

Appendix

The values of the constants Ai in the Hamiltonian (4) are (Šidlichovský, p.c.):

A2
� 0 � 938131 � A23

� 1 � 895649 � A3
� 0 � 879749 �

A35
� 6 � 305147 � A24

� 0 � 999088 � A45
� 25 � 802899 �

A13
� � 1 � 545532 � A1

� � 1 � 526682 � A34
� � 10 � 151440 �

A14
� 0 � 801084 � A29

� � 4 � 809358 � A44
� � 62 � 054938 �

A4
� 0 � 879749 � A30

� 4 � 069195 � A8
� � 1 � 366665 �

A25
� 4 � 262866 � A40

� 49 � 653681 � A5
� � 3 � 518997 �

A31
� 1 � 749954 � A9

� 2 � 544424 � A26
� � 39 � 799250 �

A41
� 16 � 984195 � A7

� 7 � 037994 � A32
� � 3 � 499908 �

A10
� � 5 � 088848 � A22

� 43 � 590547 � A28
� 36 � 007952 �

A42
� � 33 � 968390 � A6

� � 3 � 518997 � A33
� 1 � 749954 �

A11
� 2 � 544424 � A27

� � 39 � 799250 � A43
� 16 � 984195 �

A16
� 38 � 525032 � A19

� � 9 � 367362 � A37
� � 12 � 679042 �

A12
� � 43 � 161628 � A18

� � 33 � 888435 � A20
� 18 � 734724 �

A38
� 25 � 358083 � A17

� 38 � 525032 � A21
� � 9 � 367362 �

A39
� � 12 � 679042 �
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